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PREFACE 


Often I have considered the fact that most of the difficulties which block the 
progress of students trying to learn analysis stem from this: that although they 
understand little of ordinary algebra, still they attempt this more subtle art. 
From this it follows not only that they remain on the fringes, but in addition 
they entertain strange ideas about the concept of the infinite, which they must 
try to use. Although analysis does not require an exhaustive knowledge of alge- 
bra, even of all the algebraic techniques so far discovered, still there are topics 
whose consideration prepares a student for a deeper understanding. However, in 
the ordinary treatise on the elements of algebra, these topics are either com- 
pletely omitted or are treated carelessly. For this reason, I am certain that the 


material I have gathered in this book is quite sufficient to remedy that defect. 


I have striven to develop more adequately and clearly than is the usual case 
those things which are absolutely required for analysis. Moreover, I have also 
unraveled quite a few knotty problems so that the reader gradually and almost 


imperceptibly becomes acquainted with the idea of the infinite. 


There are also many questions which are answered in this work by means of 
ordinary algebra, although they are usually discussed with the aid of analysis. In 


this way the interrelationship between the two methods becomes clear. 


I have divided this work into two books; in the first of these I have confined 
myself to those matters concerning pure analysis. In the second book I have 


explained those things which must be known from geometry, since analysis is 


Vi 


ordinarily developed in such a way that its application to geometry is shown. In 
both parts, however, I have omitted the elementary matters and developed only 
those things which, in other places, are either completely omitted or only cur- 


sorily treated or, finally, follow from new arguments. 


Thus, in the first book, since all of analysis is concerned with variable quan- 
tities and functions of such variables, I have given a full treatment to functions. 
I have also treated the transformation of functions and functions as the sum of 


infinite series. In addition I have developed functions in infinite series. 


Many kinds of functions whose characteristic qualities are discovered by 
higher analysis are classified. First I have distinguished between algebraic and 
transcendental functions: the former are formed from the ordinary algebraic 
operations on variable quantities; the latter arise from other procedures or from 


the infinite repetition of algebraic operations. 


The primary subdivision of algebraic functions is into that of non-irrational 
and irrational. I have shown how the former can not only be simplified, but also 
factored, and this is very useful in integral calculus. It has been shown to what 
extent irrational functions can be brought to non-irrational form by means of 
suitable substitutions. Both types can be developed in infinite series, but this 
method is usually applied with the greatest usefulness to transcendental func- 
tions. It is clear that the theory of infinite series has greatly extended higher 
analysis. Several chapters have been included in which I have examined the pro- 
perties and summation of many infinite series; some of these are arranged in such 


a way that it can be seen that they could hardly be investigated without the aid 


Vil 
of analysis. Series of this type are those whose summations are expressed either 
through logarithms or circular arcs. However, since these are transcendental 
quantities which can be defined by quadratures of the hyperbola and the circle, 
for the most part they are usually treated in analysis. After that I shall have 
progressed from powers of quantities to exponential quantities, which are simply 
powers whose exponents are variables. From the inverse of these I have arrived 
at the most natural and fruitful concept of logarithms. Whence not only are 
very ample uses of these immediately obtained, but also from them it is possible 
to obtain all those infinite series by which ordinarily these quantities are 
represented. Then there is produced a method of reasonably simple construction 
of tables of logarithms. In a like manner I have turned my attention to circular 
arcs. This type of quantity, although quite different from logarithms, neverthe- 
less, there is such a close mutual relationship that when the latter is viewed as a 
complex quantity, it is converted into the former. Just as logarithms have their 
own particular algorithm, which has most useful applications in all of analysis, I 
have derived algorithms for the trigonometric quantities, so that these calcula- 
tions can be made as easily as for the logarithmic and algebraic quantities. The 
extent of the usefulness of this for the solution of very difficult problems becomes 
clear in several chapters of this book. Indeed, very many other examples from 
analysis could be offered were they not sufficiently known already, and in fact 
more are being found almost daily. But this investigation brings the greatest 
help to the resolution of rational functions into real factors. Since this is so 
important for integral calculus, I have given this diligent attention. I have inves- 


tigated those infinite series which arise from the development of this type of 


Vill 

function, and are known as recurrent series. For these I have given both summa- 
tions and general terms and also other important properties. Since the resolution 
into factors has led to these series, so in turn, I have pondered to what extent 
the product of several factors, and even infinite products, can be expressed in a 
series. This business opened the way to knowledge of a myriad of series. Since a 
series can be expressed as an infinite product, I have found rather convenient 
numerical expressions with the aid of which the logarithms of sines, cosines, and 
tangents can easily be computed. Furthermore, from this same source we can 
derive the solutions of many problems which are concerned with the partition of 
numbers. Questions of this sort would seem to defeat analysis without this help. 
Such a diversity of material might easily have grown into several volumes, but I 
have, as far as possible, expressed everything so succinctly that everywhere the 
foundation is very clearly explained. The further development is left to the 
industry of the readers. In this way they will have an opportunity to try their 
own ingenuity and further develop analysis itself. Nor do I hesitate to proclaim 
that within this book there are contained many things which are clearly new, but 


also some sources have been uncovered from which many significant further 


discoveries can be drawn. 


I have used the same arrangement in the second volume, where I have 
treated those topics which are commonly called higher geometry. Before I discuss 
conic sections, which in other treatments almost always come first, I have pro- 
posed a theory of curves with enough generality that it can advantageously be 


applied to an examination of the nature of any curve whatsoever. I use only an 


equation by which the nature of every curve is expressed, and I show how to 
derive from this both the shape and its primary characteristics. It has seemed to 
me that this is most especially advantageous in the case of conic sections. Until 
this time they have ordinarily been treated only from the geometric viewpoint, or 
if by analysis, in an awkward and unnatural way. I have first explained their 
general properties from the general equation for a second order curve. Then I 
have subdivided them into genera and species, considering whether they have 
branches going to infinity or the whole curve is included in a bounded region. In 
the former case something else has to be considered, that is, how many branches 
extend to infinity and of what nature each of these is; namely, whether or not 
the branch has a straight line asymptote. In this way I have obtained the cus- 
tomary three types of conic section. The first is the ellipse, totally contained in a 
bounded region; the second is the hyperbola, which has four infinite branches 
asymptotic to two straight lines; the third is the parabola with two infinite 
branches without asymptotes. In a like manner I have described third order 
curves, which I have divided into sixteen kinds, after considering their general 
properties. Indeed, to these kinds I have reduced the seventy-two of Newton’s 
classification. I have described this method with such clarity that for curves of 
any higher order whatsoever, a classification may easily be made. I have made a 
test of the method in the case of fourth order curves. Having explained whatever 
concerns the order of a curve, I returned to uncovering the general properties of 
all curves. Thus I have explained a method for defining tangents to curves, their 
normals, and curvature, which is ordinarily measured by the radius of the oscu- 


lating circle. Although all of these nowadays are ordinarily accomplished by 


means of differential calculus, nevertheless, [ have here presented them using only 
ordinary algebra, in order that the transition from finite analysis to analysis of 
the infinite might be rendered easier. I have also investigated points of inflection 
of curves, cusps, double points, and multiple points. The definitions of these 
kinds of points follow without difficulty from the equations. At the same time I 
readily admit that these matters can be much more easily worked out by 
differential calculus. I have touched on the controversy over a second order cusp, 
where both arcs which come together in the cusp curve in the same direction. It 
seems to me that I have settled this question in such a way that there can remain 
no doubt. Finally, I have adjoined several chapters in which I have explained 
how to find curves with certain stated properties. I give the solution to a 
number of problems concerned with circles. Since there are some topic from 
geometry which seem to offer strong support for learning analysis, I have added 
an appendix in which I have presented, using calculus, the theory of solids and 
the surfaces of solids. I have shown, insofar as it is possible to do so through 
equations in three variables, the nature of these surfaces. Then having divided 
surfaces into orders, as was done in the case of curves, according to the power of 
the variables in the equation, I have shown that the only surface of the first order 
is the plane. I have divided surfaces of the second order, by considering their 
parts which extend to infinity, into six types. In a similar way a division can be 
made for surfaces of other orders. I have also considered the intersections of two 
surfaces. These, insofar as they can be understood through equations, I have 


shown generally to be curves which do not lie in a single plane. 


XI 


For the rest, since many things here will be met which have already been 
treated by others I ought to ask pardon, since I shall not have given credit in 
every place to all who have toiled herein. I have endeavored to develop every- 
thing as briefly as possible. If the history of each problem had been discussed, 
that would have increased the size of this work beyond reasonable bounds. Many 
of these problems, whose solutions can be found elsewhere, in this work have 
solutions which arise from different arguments. For this reason I would seem in 
no little part to be exonerated. I do hope that both these things, but also espe- 


cially those which are entirely new, will be acceptable to most of those who enjoy 


this work. 


TRANSLATOR’S INTRODUCTION 


In October, 1979, Professor Andre Weil spoke at the University of Rochester 
on the Life and Works of Leonard Euler. One of his remarks was to the effect 
that he was trying to convince the mathematical community that our students of 
mathematics would profit much more from a study of Euler’s Introductio in 
Analysin Infinitorum, rather than of the available modern textbooks. I found 
that this work had been translated into French, German, and Russian; I could 
find no trace of a translation of the complete work into English. This was the 


impetus for the present translation. 


It is clear from Euler’s preface that the work is strictly pre-calculus; there 
are several places within the text where he remarks that certain topics are better 


left for a treatment by differential or integral calculus. 


I would add a remark on the significance of the plural Infinitorum in the 
title. A literal translation of the title might be An Introduction to the Analysts of 
the Infinittes, which seems a bit awkward. I take the plural to refer to the three 


main topics: infinite series, infinite products, and continued fractions. 


In the translation I have taken some liberties with regard to notation and 
terminology for the sake of ease in reading. When this work was originally pub- 
lished in 1748, Euler had not yet adopted the notation 1 for Vi 4, but I have 
made this substitution. With regard to terminology, Euler called any function 
"rational" provided the variable was not involved in an irrationality. In order to 


conform to the modern understanding of rational function I have translated 


XH 
Euler’s "rational" by the rather awkward "non- irrational ". 


On the other hand, Euler’s reference to "infinitely large" and "infinitely 
small" numbers has been preserved in the translation, since any attempt which 
avoided this would no longer be a work of Euler’s. I have also preserved in 
translation Euler’s terminology for "bifid" and "trifid" functions, due to the lack 


of a better alternative, as well as the fact that these are genuine English words. 


I would like to express thanks to St. John Fisher College for granting me a 
sabbatical leave in order to complete this work. I would also express gratitude 
for the encouragement of the late Walter Kaufmann-Buehler, mathematics editor 
of Springer-Verlag. Finally thanks are due for the patience of my children Jack, 
Paul, Drew, and Anne and for the love of my wife Claire, who typed and retyped 


the whole manuscript. 


One final remark on this work of Euler’s is due to Professor Alberto Dou, 
S.J., of the University of Barcelona, who has translated a number of the works of 
Euler into Spanish. In a recent conversation with him about this translation, he 


said that of Euler’s works, "This is the very best." 
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INTRODUCTION 
TO 
ANALYSIS 


OF THE 


INFINITE 


BOOK I 


Containing 


an explanation of functions of variable quantities; the resolution of functions into 
factors and their development in infinite series; together with the theory of loga- 
rithms, circular arcs, and their sines and tangents, also many other things which 
are no little aid in the study of analysis. 


CHAPTER I 


On Functions in General 


1. A constant quantity is a determined quantity which always keeps the same 


value. 


Quantities of this type are numbers of any sort which keep the same con- 
stant value, once they have been assigned; if it is required to represent constant 
quantities by a symbol, the initial letters of the alphabet are used a, b, c, ete. 
In algebra, where only fixed quantities are considered, these first letters of the 
alphabet usually denote known quantities, while the final letters represent unk- 
nown quantities, but in analysis this distinction is not so much used, since here it 
is more a question of considering the former as constants and the latter as vari- 


ables. 


2. A variable quantity is one which is not determined or ts universal, which 


can take on any value. 


Since all determined values can be expressed as numbers, a variable quantity 
takes on all possible numbers (all numbers of all types). Just as from the ideas 


of individuals the ideas of species and genus are formed, so a variable quantity is 


a genus in which are contained all determined quantities. Variable quantities of 


this kind are usually represented by the final letters of the alphabet z, y, z, etc. 


3. A variable quantity 1s determined when some definite value ts assigned to 
at. 

Hence a variable quantity can be determined in infinitely many ways, since 
absolutely all numbers can be substituted for it. Nor is the symbol of the vari- 
able quantity exhausted until all definite numbers have been assigned to it. Thus 
a variable quantity encompasses within itself absolutely all numbers, both posi- 
tive and negative, integers and rationals, irrationals and transcendentals. Even 
zero and complex numbers are not excluded from the signification of a variable 
quantity. 

4. A function of a vartable quantity is an analytic expression composed in 


any way whatsoever of the variable quantity and numbers or constant quantities. 


Hence every analytic expression, in which all component quantities except 
the variable z are constants, will be a function of that z; thus a + 32; az — 42’; 


az + b Va" — 2z?: ¢*: etc. are functions of z. 


5. Hence a function itself of a variable quantity will be a variable quantity. 


Since it is permitted to substitute all determined values for the variable 
quantity, the function takes on innumerable determined values; nor is any deter- 
mined value excluded from those which the function can take, since the variable 
quantity includes complex values. Thus, although the function V9 — z’, with 
real numbers substituted for z, never attains a value greater than 3, nevertheless, 


by giving z complex values, for instance 51, there is no determined value which 


4 


cannot be obtained from the formula V9 — z*. There do occur, however, some 
apparent functions which retain the same value no matter in what way the vari- 
2 


a — az 


able quantity is changed, for example 2°. 17: which assume the appear- 


a-z 
ance of functions, but really are constant quantities. 
6. The principal distinction between functions, as to the method of combin- 


ing the variable quantity and the constant quantities ts here set down. 


Indeed, it depends on the operations by which the quantities can be 
arranged and mixed together. These operations are addition, subtraction, multi- 
plication, division, raising to a power, and extraction of roots. Also the solution 
of equations have to be considered. Besides there operations, which are usually 
called algebraic, there are many others which are transcendental, such as 
exponentials, logarithms, and others which integral calculus supplies in abun- 


dance. 


In the meantime certain kinds of functions can be noted, such as multiples 


1 
22, 32, <2, az, etc. and powers of z itself as z’, 2°, 27, z |, etc. which, as they 


arise from a single operation, so, expressions which come from any type of opera- 


tion are distinguished by the name of function. 


7. Functions are divided into algebraic and transcendental. The former are 
those made up from only algebratc operations, the latter are those which involve 


transcendental operations. 


Thus multiples and powers of z are algebraic functions; also absolutely all 


expressions which are formed by the algebraic operations previously recalled, 


a+ be” — ¢VQz — 2? 


such as 
a®z — 3b23 


Indeed frequently algebraic functions cannot 


be expressed explicitly. For example, consider the function Z of z defined by the 
equation, Z° = az?Z? — bz*Z? + ez3Z — 1. Even if this equation cannot be 
solved, still it remains true that Z is equal to some expression composed of the 
variable z and constants, and for this reason Z shall be a function of z. Some- 
thing else about transcendental functions should be noted, and this is the fact 
that the function will be transcendental only if the transcendental operation not 
only enters in, but actually affects the variable quantity. If the transcendental 
operations pertain only to the constants, the function is to be considered alge- 
braic. For instance, if ¢ denotes the circumference of a circle with radius equal 
to 1, c will be a transcendental quantity, nevertheless, these expressions: 
c + z, cz’, 42°, etc. are algebraic functions of z. The doubt raised by some as 
to whether such expressions as z° are correctly classified as algebraic is of little 
importance. Indeed some people prefer to call powers of z, in which the 
exponents are irrational such as V2 intercendental functions rather than alge- 


braic. 


8. Algebraic functions are subdivided into non-irrational and irrational func- 
tions: the former are such that the variable quantity is in no way involved with 
irrationality; the latter are those in which the variable quantity is affected by radt- 


cal signs. 


Thus in non-irrational functions there are no other operations besides addi- 
tion, subtraction, multiplication, division, and raising to powers in which the 


a? + 27 


exponents are integers: such, for example, as a + z; a — 2; az; oo 
a z 


az? — bz; etc. are non-irrational functions of z. Such expressions as Ve; 


2 \/ 2 2 
a / — + Zz . . . 
a + Va? — 2? (a — 2z + 2”) ; ——_ are irrational functions of 
at+z 


ww | 


It ts convenient to distinguish these into explicit and implicit irrational func- 


trons. 


The explicit functions are those which are expressed with radical signs, as in 
the given examples. The implicit are those irrational functions which arise from 
the solution of equations. Thus Z is an implicit irrational function of z if it is 
defined by an equation such as Z’ = az or Z* = 6z°. Indeed, an explicit value 
of Z may not be expressed even with radical signs, since common algebra has not 


yet developed to such a degree of perfection. 


9. Non-trrational functions are subdivided into polynomial and rational func- 


tions. 


In a polynomial function the variable z has no negative exponents whatso- 
ever, nor does it contain fractional expressions in which the variable z enters into 
the denominators. Rational functions are understood to be such that the denom- 
inators contain z or those in which negative exponents of z occur. This then is 
the general formula for polynomial functions: 

a + bz + cz? + dz? + ezt + fz? + 
etc. It is impossible to think up a polynomial function which is not included in 
this expression. All rational functions, however, since the sum of several frac- 
tions can be expressed as a single fraction, are contained in the following for- 


mula: 


a + bz + cz? + dz? + ezt + f25 + 
a + Bz + yz? + 822 + ezt + C25 + 


where it should be noted that the constant quantities a, b, c, d, etc. and 
a, B, y, 5, etc., whether they be positive or negative, integers or fractions, 
rational or irrational, or even transcendental, do not change the nature of the 


functions. 


10. Finally, we must make a distinction between single-valued and multiple- 


valued functions. 


A single-valued function is one for which, no matter what value is assigned 
to the variable z, a single value of the function is determined. On the other 
hand, a multiple-valued function is one such that, for some value substituted for 
the variable z, the function determines several values. Hence, all non-irrational 
functions, whether polynomial or rational, are single-valued functions, since 
expressions of this kind, whatever value be given to the variable z, produce a 
single-value. However, irrational functions are all multiple-valued, because the 
radical signs are ambiguous and give paired values. There are also among the 
transcendental functions, both single-valued and multiple-valued functions; 
indeed, there are infinite-valued functions. Among these are the arcsine of z, 
since there are infinitely many circular arcs with the same sine. We shall use 


letters P, Q, R, S, T, etc. for the individual single-valued functions of z. 


11. A two-valued function of z ts one which gives a pair of values for each 


determined value of z. 


Functions of this kind display a square root, such as V2z+z7. Whatever 


value is assigned to z, the expression V 2z+2z” has a twofold signification, either 


positive or negative. In general, Z will be a two-valued function of z if it is 


determined by a quadratic equation Z* — PZ + Q = 0, provided P and Q are 


single-valued functions of z. In this case, Z = 1p + V (1/4)P? — Q, from 


ho 


which it is obvious that for each definite value of z, there correspond a pair of 
determined values of Z. However, it should be noted that the values of the func- 
tion Z are both either real or both are complex. Further, as is clear from the 
nature of the equation, the sum of both values of Z is always equal to P and the 


product is equal to Q. 


12. A three-valued function of z 1s one which gives three determined values 


for any value of z. 


Functions of this kind originate from the solution of cubic equations; if 
P,Q, and R are single-valued functions, and Z> — PZ* + QZ — R = 0, then 
Z is a three-valued function of z, since for an arbitrary definite value of z, three 
values are obtained. These three values of Z, corresponding to each value of z, 
are either all real or one is real and the remaining two are complex. Further, it 
is clear that the sum of the three values is always equal to P, that the sum of the 
products taken in pairs is equal to Q, and that the product of all three is equal 


to R. 


13. A four-valued function of z 1s one which gives four determined values for 


any value of z. 


Functions of this kind come from the solution of biquadratic equations; if 
P,Q@,R, and S_ stand for single-valued functions of z, and 


Z* — Pz? + QZ* — RZ + S = 0, then Z is a four-valued function of z, since 


to each value of z there correspond four values of Z. Hence these four values are 
either all real, or two are real and two complex, or all four are complex. 
Further, the sum of these four values is always equal to P; the sum of the pro- 
ducts of all pairs of values is equal to Q; the sum of the products taken three at 
a time is equal to R, and the product of all four is equal to S$. In an analogous 
manner the nature of five-valued functions and the subsequent multiple-valued 


functions can be seen. 


14. Thus Z ts a multiple-valued function of z which for each value of z, exhi- 
bits n values of Z where n ts a positive integer. If Z is defined by this equation 
Z” — PZ”! + QZ"? — RZ"-3 4 gzr-4— ..- = Q, 

Here it should especially be noted that n must be an integer, and in order 
that the degree of multiple-valuedness of Z as a function of z be decided, the 
equation by which Z is defined must always be reduced to rationality: when this 
is done, the largest power of Z will indicate the number of values corresponding 
to each value of - Further, it should be kept in mind that the letters 
P,Q, &, S, etc. should denote single-valued function of z. If any of them is 
already a multiple-valued function, then the function Z will have many more 
values, corresponding to each value of z, than the exponent of Z would indicate. 
It is always true that if some of the values are complex, then there will be an 
even number of them. From this we know that if n is an odd number, there will 
always be at least one real value of Z. On the other hand, it is possible, if n is 


even, that no value of Z is real. 


15. If Z ts a multiple-valued function of z such that tt always exhibits a single 
real value, then Z imitates a single-valued function of z, and frequently can take 


the place of a stngle-valued function. 


41 1 
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1 
Functions of this kind are P?, P®, P", etc. which indeed give only one real 


value, the others all being complex, provided P is a single-valued function of z. 


m 


For this reason, an expression of the form P”, whenever n is odd, can be 


counted as a single-valued function, whether m is odd or even. However, if n is 


m 


even then P” will have either no real value or two; for this reason, expressions 


m 


of the form P", with n even, can be considered to be two- valued functions, 


provided the fraction cannot be reduced to lower terms. 
| n 


16. If y 1s any kind of functton of z, then likewise, z will be a function of y. 


Since y is a function of z, whether single-valued or multiple-valued there is 
given an equation by which y is defined through z and constant quantities. 
From the same equation z can be defined through y and constants. Since y is a 
variable quantity, z will be equal to an expression composed of y and constants, 
and for this reason it will be a function of y. From this also it is clear to what 
extent z will be a multiple-valued function of y. Thus if y is defined through z 
by the following equation y®? = ayz — bz’, y is a three- valued function of z, 


while z is a two-valued function of y. 


17. If y and x are both functions of z, then y 1s also a function of xr, and x 


in turn ts also a function of y. 


11 


Since y is a function of z, z is also a function of y; in like manner, z is also 
a function of z. Hence a function of y is equal to a function of x. From this 
equation both y through z and, vice versa, x can be defined through y. Now it 
is clear that y is a function of z and g is a function y. Frequently these func- 
tions are not explicit due to defects in algebraic techniques; nevertheless, if the 
reciprocity of the functions is considered attentively, almost all equations can be 
solved. For the rest, through the traditional algebraic methods, from two given 
equations, of which one contains y and z, the other r and z, through the elimi- 
nation of z, one equation is formed which expresses the relationship between z 


and y. 


18. Next we should note some spectal kinds of functions: thus an even func- 


tion of z 1s one which gives the same value whether + k or - k 1s assigned to z. 


An even function of z is z?; whether we assign z = k or z = — k, the 


expression z” gives the same value, namely z? = + k?. In like manner, other 


even functions of z are these powers of z: 2‘, z®, z8 and in general, all powers 


z™, provided m is an even integer, whether positive or negative. Indeed, since 


m m 


z” imitates a single-valued function of z, if n is odd, it is clear that z” is an 


even function of z if m is even and n is odd. For the same reason any expres- 
sion composed in any way from such powers, gives an even function; thus Z is an 
even function of z if Z = a + bz? + cz4 + dz®+ --- | alsoif 


+ bz? + c2t + de® t+ --> i 
— OF 08 1 Oe Ne UT like manner, by introducing fractional 


a + Bz? + yzt + 82° + 
2 


4 
exponents of z, Z is an even function of z if Z = a + bz? + cz’ + +++, or 


if 
u 4 2 

ZL=at bz 3 + cz 3 + dz ° + --: , or if 
2 _4 8 

zZ=- + be Tce - + de” + Expressions of this kind, since all are 
3 5 7 


a + Bz? + yz 5 4+ 82! + 
single-valued functions of z, can be called single-valued even functions of z. 

19. A multiple-valued even function of z 1s one which, even tf for each value 
of z tt gives several determined values, it still gives the same value whether z = k 


orz=-k. 


Let Z be a multiple-valued even function of z. Indeed, the nature of a 
multiple-valued function is expressed through an equation in Z and z in which Z 
has an exponent equal to the number of values involved. It is clear that Z will 
be a multiple-valued even function if, in the equation expressing the nature of Z, 
the variable z everywhere has an even exponent. Thus if Z? = azZ* + bz’, then 
Z is a two-valued function of z; but if Z*> — az*Z* + bz4Z — cz® = 0 then Z is 
a three-valued even function of z. In general, if P, Q, R, S, etc. denote single- 
valued even functions of z, then Z will be a two-valued even function of z if 
Z*>—~ PZ+Q=0. But Z will be a three-valued even function of z if 


Z* — PZ* + QZ — R = 0, and so forth. 


20. Hence an even function of z, whether it ts stngle-valued or multiple- 
valued, will be an expresston consisting of constants and the variable z in which 


everywhere the exponent of z is even. 


Thus, functions of this kind, besides the single-valued functions, examples of 


which were given above, are expressions such as a+ Vb2 — 22. 


2 


1 i 
3 3 \/_4.4)3 
az” + (a°z* — bz”)3; and az? + (.2 + Vat — = ; ete. 


Hence tt ts clear that even functions can thus be defined as functions of z?. 


For if y = z* and Z is any function of y, then replacing z? for y, Z then 
becomes a function of z in which z everywhere has an even exponent. We must 
exclude those cases in which Vy occurs in the expression of Z, and likewise any 


other forms in which upon substituting z? for y, radical signs are eliminated. 
Although y + Vay is a function of y, still when we make the substitution 
y = z’, the same expression is not an even function of z, since y + V ay 


becomes 27 + 2Va. Provided we make these exceptions, this final definitions of 


even functions is good, and quite suitable for the formulation of such functions 


21. An odd function of z is a function whose value changes sign when - z 1s 


substituted for z. 


Thus, all odd powers of z are odd functions of z, such as z!, 23, z°, z', ete. 


m 


“3, 2°, ete. Then also z” is an odd function if m and n are 


Likewise, z~/, z 
both odd integers. In general, every expression composed of terms of this kind 


will be an odd function. The following are of this type; az + bz°, az + az}, 


1 3 5 


z> + az® + bz 3, etc. However, the discovery of functions of this kind and 


their nature is more easily seen from a consideration of even functions. 


22. If an even function of z 1s multiplied by z or by any odd function of z, 


the product ts an odd function of z. 


Let P be an even function of z, so that the value of P remains the same 
when — z is substituted for z. Then, if in the product Pz, — z is substituted 
for z, the product becomes — Pz, so that Pz is an odd function of z. Now let P 
be an even function of z and let @ be an odd function of z, and from the 
definitions it is clear that if — z is substituted for z, the value of P remains the 
same while the value of Q becomes its negative, — Q. Hence the product PQ, 
when — z is substituted for z, becomes — PQ, that is , its negative. Thus PQ 
is an odd function of z. Also, since a + Va? + z? is an even function and z? is 


an odd function of z, the product az* + z?V a? + z? is an odd function of z. In 


+ by? 3 ; 
a + be” | _ wt ba is an odd function of z. From what has 


like manner z , , 
a + Bz a + Bz 
been discussed, it can be seen that if of the two functions P and Q, one is odd 


and the other even and one is divided by the other, the quotient is an odd func- 


Q 


tion. Thus f and > are both odd functions of z. 


Q 
23. If an odd function ts etther multiplied or divided by another odd func- 


tion, the resulting function ts even. 


Let Q@ and S be odd functions of z, so that if z is replaced by — z, Q 


becomes — Q and S becomes — S. It is clear that both the product QS and 
the quotient retain the same value even when z is replaced by — z. Hence 


both are even functions of z. It is also obvious that the square of any odd func- 


tion is even, its cube is odd, its fourth power is even, and so forth. 


24. If y ts an odd function of z, then z ts also an odd function of y. 


I5 


Since y is an odd function of z, if z is replaced by — z, y becomes — y. 
Now if z is defined as a function of y, it follows that when y is replaced by 
— y, 2 must necessarily become ~— z. Hence z is an odd function of y. Thus, 


if y = 2°, so that y is an odd function of z, from the given equation we have 


i 


z = y°® and z is an odd function of y. Also if y = az + bz?, y is an odd func- 
tion of z and in turn from the equation bz? + az = y, the value of z expressed 


in terms of y is an odd function of y. 


25. If the nature of the function y ts defined by an equation of the type just 
discussed, in which for each term the sum of the exponents of y and z are either 


all odd or all even, then y ts an odd function of z. 


If in this kind of equation, in place of z, we write — z, and at the same 
time — y in place of y, all terms of the equation remain the same or become 
negative. In either case the equation remains the same. From this it is clear that 

— y is determined by — z just as + y is determined by + z. For this rea- 
son, if — z is substituted for z, the value of y becomes — y, or y is an odd 
function of z. Thus if y? = ayz + bz? + ¢ or if y> + ay?z = byz? + cy + dz, 
from either equation, y is an odd function of z. 

26. If Z 1s a function of z and Y a function of y such that Y ts defined 


through y and constants, in the same way as Z is defined through z and constants, 


then the functions Y and Z are said to be similar functions of y and z respectively. 


For example if Z = a + bz + cz* and Y=a t+ by + cy”, then Z and Y 
are similar functions of y and z. From this it follows that if Y and Z are simi- 


lar functions of y and z, then if y is written in place of z, the function Z 


16 


becomes the function Y. This similarity is usually expressed by saying that Y is 
such a function of y as Z is of z. We use such expressions whether or not the 
variables z and y depend on each other; thus such a function of y as ay + by? 
is similar to the function a(y + n) + b(y + n) of y + n, since for example 


; + bz + 2? ae 
z= y +n. Further, the function a+ be + ee of z is similar to the func- 


a+ Bz + y2? 


2 
+ + 1 ta. . 
tion ——— be < of —, which is seen by letting y = i and so from these 
z 


az? + Bzt+y z 
examples the idea of similar functions, which is fruitfully used throughout all of 
higher analysis becomes quite clear. This should be enough general information 
about the nature of functions of one variable, since a rather full explanation will 


be given in the following application. 


CHAPTER II 


On the Transformation of Functions. 


27. The form of a function ts changed, either by introducing a different vari- 
able, or if the same variable ts kept, the transformation consists in expressing the 


same function in a different way. 

This is clear from algebra, where the same quantity can be expressed in vari- 
ous ways. Transformations of this kind are exemplified by writing 
(1 — z)(2 — z) for 2 — 32 + z?, or (a + z)° instead of a? + 3a2z + 3az2 + 2°, 


2 
a ; 2 4 / 
or + . instead of —--—— ,or V1 + 2? 4+ z for 1 ; 
a-2z at z a’ — 2? Vit 22-2 


All of these respective expressions differ in form but are truly equivalent. 


Frequently it happens that one of these several expressions is more apt for a 
particular task than the others, and for this reason the most convenient form 


should be chosen. 


The other way in which a function is transformed, namely, the introduction 
of a different variable y for the variable z, where y has a given relationship to z, 
is said to be by substitution. In this way a function may be expressed more suc- 
cinctly or more conveniently. For example, if the function of 2z is 
at — 4a°z + 6a7z? — 4az? + 24, and if for a — z we put y, we obtain this 


much simpler function of y, y*. If we have the irrational function V a? + 2? of 
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z and let z = —— this function becomes a rational function 
y Y 


y. We shall treat this second way of transforming functions in the next chapter, 


while the first way, without substitution, we shall explain in this chapter. 


28. It 1s frequently convenient to factor a polynomial function and thus 


express it as a product. 


When a polynomial function is factored in this way, its nature is more easily 
seen; it is immediately clear for what values of z the function is equal to zero. 
Thus, this function of z, 6 — 7z + z° is transformed into the product 
(1 — z)(2 — z)(3 + z), and from this it is obvious for which three values the 
given function vanishes; namely, if z = 1, or z = 2, or z = — 3, but these pro- 
perties of the function are not so easily understood from the form 6 — 7z + 2°. 
Factors of this kind, in which the variable z occurs without a higher power, are 
called linear factors to distinguish them from composite factors in which z is 
squared or cubed or to some other higher power. In general, then, f + gz is the 
form of a linear factor, f + gz + hz? the form of a quadratic factor, 
f + gz + hz? + 372° the form of a cubic factor, and so forth. It is clear that a 
quadratic factor is the product of two linear factors, that a cubic factor is the 
product of three linear factors, and so forth. Thus, a polynomial function of z in 
which the highest power of z is n will contain n linear factors; from this we also 


know the number of factors if some of the factors are quadratic, cubic, etc. 


29. The linear factors of any polynomial function Z of z are found if the 
function Z 1s set equal to zero and the roots of thts equation are investigated: all 


of the roots give all of the linear factors of the function Z. 
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If from the equation Z = O, there is some root z = f, then z — f is a divi- 
sor and hence a factor of the function Z. Thus by investigating all of the roots 
of the equation Z = 0, namely, z = f[,z = g,z = h, etc. The function Z is 
resolved into its simple factors and transformed into the product 
Z = (z— fz — g)(z — h) etc. Here it is to be noted that if the highest power 


of z in Z has a coefficient different from + 1, then the product (z — f)(z — g) 


etc. must be multiplied by that coefficient. Thus if 
Z=Az™ + Bem 714+ Cz" ~ 7 4 = --- | then 

Z= A(z — fz - glz-—h)--: . Also, if 

Z=A+ Be + C2? + Dz? + Ezt + ---> and the roots of the equation Z = 0 
are found to be f, g, h, 7, °°° , then 

Z=A [ _ 2] (i — | f — :| -++ , On the other hand, from these forms 
it is known if the function Z has a factor z — f or 1 — 7 since if in place of z 


we put f, the value of the function is zero. For if z = f, one factor z — f or 


1 — 7 of the function Z, hence the function Z itself must vanish. 


30. Linear factors are etther real or complex; tf the function Z has complex 


factors, the number of such factors 1s always even. 


Since linear factors come from roots of the equation Z = 0, real roots give 
real factors and complex roots give complex factors. In every equation the 
number of complex roots is even so that the function Z has either no complex 
factor, or it has two or four or six etc. If the function Z has only two complex 


factors, the product of these two will be real, which gives a quadratic real factor, 
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since if we let P be the product of all of the real factors, then the product of the 
two complex factors will be 5, which is real. In the same way, if the function Z 


has four, or six, or eight complex factors, their product is always real, since it is 
equal to the quotient which arises when Z is divided by the product of all the 


real factors. 


31. If Q ts the real product of four complex linear factors, then thts product 


Q can also be represented as the product of two real quadratic factors. 


Now @ has the form z* + Az? + Bz? + Cz + D and if we suppose the Q 
cannot be represented as the product of two real quadratic factors, then we show 
that is can be represented as the product of two complex quadratic factors hav- 
ing the following forms: z* — 2p + qijztrt si and 
z* 2(p — qt)z + r — st. No other form is possible, since the product is real, 
namely, z* + Az? + Bz? + Cz + D. From these complex quadratic factors we 
derive the following four complex linear factors: 

Ioz2-(p+ qt) + Vp? + 2Qpqi - g@-—r- si 
Tl. z— (p+ qi) — Vp? + 2pqi — q? - + - si 
I. z — (p — qi) + Vp* — Qpqi — g? — + + 51 
IV. z—-(p — qi) — Vp? — 2pqi — gq? — r + st. 


For the sake of brevity we let t = p? — q?— r and u = 2pq — s. When the 


first and third of these factors are multiplied, the product is equal to 


a 


1 
2 ., — (21 + 2Vt? + 2), + p> t+ q? — p(2t + 2V ¢t? + uw] 


i 
2 


+ Vie + y2 + al —~9t + 2Vt? + uw] which is real. In like manner the 


product of the second and fourth factors is the real 
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bo |e 


1 
a |. + (21 + OV tq? 4 2)? |, + p? + gq? + p (21 + 2Vt? 4+ u?} 


1 
\ fo. 9 \/.9.9)2 
+ Vt? + y2 + af —2t+2Vt?2 4+ u?} . Thus the proposed product Q, 


which we supposed could not be expressed as two real factors, can be expressed 


as the product of two real quadratic factors. 


32. Whatever number of complex linear factors a polynomial function Z of z 


may have, they can always be patred in such a way that the product of such pairs 


is real. 


Since the number of complex roots is always even, let it be 2n; it is also 
clear that the product of all of these factors is real. Now if there are only two 
complex roots, certainly the product is real; however, if there are four complex 
factors, then, as we have seen the product of all four can be expressed as the pro- 
duct of two real quadratic factors of the form fz” + gz + h. Although the same 
method of proof is not valid for higher powers, nevertheless, there is no doubt 
that the same property holds for any number of complex factors; hence, instead 
of 2n complex linear factors, n real quadratic factors can be introduced. Thus, 
every polynomial function of z can be expressed as the product of real factors, 
either linear or quadratic. Granted that this has not been proved with complete 
rigor, still the truth of the statement will be corroborated in what follows, where 
functions with the form a + bz", a + bz™ + ez2", a + bz” + cz?" + dz?", 


etc. will actually be resolved into such real quadratic factors. 


33. If the polynomial function Z takes the value A when z = a and takes the 


value B when z = 6, then there ts a value of z between a and b for which the 
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function Z takes any value between A and B. 


Since Z is a single valued function of z, for whatever real value is assigned 
to z, there is a real value for the function Z. So in the first case, where z = a, 
Z has the value A, and in the second case, where z = 6, Z has the value B; but 
the function cannot pass from A to B without taking on all of the intermediate 
values. Now if the equation Z— A =O has a real root and also if to 
Z — B = 0 there corresponds a real root, then the equation Z — C = 0 also 
has a real root provided that C lies between A and B. Thus if the expressions 
4 — A and Z — B each has a real linear factor, then any expression Z — C 


also has real linear factor whenever C lies between A and B. 


34. If tn a polynomial function Z the greatest exponent of z ts the odd 
number 2n + 1, then the function Z has at least one real linear factor. 

For instance, if Z = 2°°T) + qz?" + gBz?®-1 4 yz2m-2 4... , and if z 
is set equal to ©, since the values of all of the other terms vanish before that of 


onl — o Tt follows that Z — © has a real 


the first term, Z becomes equal to 
linear factor, namely, z — ©. On the other hand, if we let z = — oo, then 
Z = (—«)?"*! = — ow, so that Z + © has the real linear factor z + ©. Since 
both Z — © and Z + & have real linear factors, it follows that also Z + C will 
have a real linear factor provided that C is between + © and — o, that is if C 
is any real number, whether positive, negative, or zero. For this reason, when 


C’ = 0, the function Z has a real linear factor z — c; the number c lies between 


+ © and — © and hence will be either positive, negative or zero. 
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35. A polynomial function Z in which the greatest exponent of z ts odd will 


have etther one real linear factor or three, or five, or seven etc. 


Since it has been shown that the function Z certainly has at least one real 
linear factor z — c; we suppose that there is another factor z — d. When Z, in 
which the greatest exponent of z is 2n + 1, is divided by (z — c)(z — d), the 
quotient has z with the exponent 2n — 1, which is also odd. It follows that Z 
has another real linear factor. Hence, if Z has more than one real linear factor, 
it will have three, or (since the same argument is valid) five or seven, etc. There- 
fore, the number of real linear factors is odd and, since the total number of 


linear factors is 2n + 1, the number of complex factors is even. 


36. A polynomial function Z in which the greatest exponent of z ts the even 


number 2n, has either two real linear factors, or four, or stz, or etc. 


We suppose that the function Z has an odd number, 2m + 1, of real linear 
factors. If Z is divided by the product of all of these factors, in the quotient the 
greatest exponent of z is 2n — 2m — 1, which is odd. Hence, the function 27 
has another real linear factor, so that the number of real linear factors is at least 
2m + 2, which is even. It follows that every polynomial function has an even 


number of complex linear factors, which fact we had already established. 


37. If in a polynomial function Z the greatest exponent of z 1s an even 
number and the constant term has a negative sign, then the function Z has at least 


two real linear factors. 


Now the function Z with which we are concerned has the following form: 


22h + gz@™"1 + p22" 2 + «++ + nz — A. If we let z = ™, then, as we have 
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seen above, Z = ©, while if we let z = 0, then Z = — A. Hence Z — © has a 
real factor z — © and Z + A has a factor z — 0; from this it follows that, since 
0 lies between — © and A, Z + O has a real linear factor z — ec where c lies 
between 0 and ©. Also, since Z = © when z = — ©, it follows that Z — © has 
a factor z + © and Z + A has a factor z + 0, so that Z + O has a real linear 
factor z + d where d lies between 0 and ©; thus the proposition is proved. 
From this argument it is clear that if Z is such a function as has been here 
described, then the equation Z = 0 must have at least two real roots, one of 
which is positive and the other is negative. Thus the equation 
zit az? + Bz? + yz — a* = 0 has two real roots, one positive and the other 


negative. 


38. If in a rational function the greatest power of the variable z in the 
numerator ts greater than or equal to the greatest power of z in the denominator, 
then this function can be expressed in two parts, the first of which is a polynomial 
function, and the second part ts a rational function in which the greatest power of 


zin the numerator ts less than the greatest power of z in the denominator. 


If the greatest power of z in the denominator is less than that in the 
numerator, then the numerator is divided by the denominator in the usual way 
until the power of z in the quotient would be negative; at this point the division 
process is interrupted so that the quotient will consist of a polynomial part and a 
rational part in which the numerator has a lower degree than the denominator. 


This quotient is equal to the function in question. Thus if the proposed rational 


1+ 23 


function is ; 
1+ - 


, it is determined by division, to obtain 
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+ 94 
$t2 2 2-147. 
1+ z 1+ 2z 


. This kind of rational function in which the degree 
of the numerator is greater than or equal to the degree of the denominator can 
be called, as is done in arithmetic, improper fractions or improper rational func- 
tions, as opposed to proper rational functions in which the degree of the numera- 
tor is less than the degree of the denominator. Hence, an improper rational func- 


tion can be expressed as the sum of a polynomial function and a proper rational 


function; this is accomplished by the ordinary division process. 


39. If the denominator of a rational function has two relatively prime fac- 
tors, then this rational function can be expressed as the sum of two fractions 


whose denominators are equal to the two factors. 


Although this resolution applies to both improper and proper rational func- 
tions, we will for the most part confine our attention to the proper case. In this 
case, when the denominator is expressed as two relatively prime factors, the 
proper rational function is resolved into two other proper rational functions with 
denominators equal to the respective factors. This resolution is unique, provided 
the original function was proper. This fact can be seen more clearly by an exam- 


ple than by an argument. Let us consider the following rational function: 


1 — 22 + 32% — 423 


1 , whose denominator is equal to the product 
1+ 42 


(1 + 2z + 2z27\(1 — 2z + 22”). The given function is to be expressed as the 
sum of two fractions of which the first has 1 + 2z + 2z* and the second has 
1 — 2z + 2z” for denominators. In order to find these fractions, which are 


proper, we let the numerators be a+ bz and c + dz respectively. By 
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hypothesis 
_ 2 3 
Ad — 22 + 32° — 42" _ ot — 1 ~ie@ When we add the 
1+ 424 1+ 22 + 22 1 — 2z + 22 


two fractions we find that the denominator is equal to 1 + 424 and the numera- 
tor is equal to a — 2az + 2az* + bz — 2627 + 2622 + .¢ + 2cz + cz? 
+ dz + 2dz? + 2dz*. Since the denominator of the sum is equal to the 
denominator of the original fraction, the two numerators must be equal. Since 
the number of unknown values, namely, a, 6, c, d is the same as the number of 
terms in the numerator to be equated, and this is unique, we obtain the following 


four equations: 


I. atc=Hl1 I. 2a — 26 + 2c + 2d = 3 
WTse-at+b+2+d=-2 IV. 2b + 2d = — 4. 


Equations II and HI yield a —c = 0 and d —- 6 = - which together with 


atec=landb+d=-2, giveura=+t,c=+t,6=-2,a=--2. 
2 2 4 4 
_ 2 4,3 
Therefore, the proposed fraction arr ae is transformed into these 
+ 42 
1 +) 1 3 
—-—2Z —-—2z 
2 4 2 4 , po , ; 
two: —————, + ———. . In like manner it is easily seen that this 


L+22+227 1-224 2? 
resolution can always be accomplished, since we always introduce the same 
number of unknown values as there are terms in the given numerator. It is com- 
mon knowledge that this resolution will be successful only if the factors of the 


denominator are relatively prime. 


40. A rational function = can be resolved into as many simple fractions of 


the form A as there are different linear factors in the denominator N. 
P~ qe 
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Let this rational function W represent any proper fraction, so that M and 


N are polynomial function of z in which the degree of M is less than that of N. 


If the denominator N is resolved into its linear factors, and they are all different, 
then the expression W can be resolved into as many fractions as there are linear 


factors in the denominator N, since each factor becomes the denominator of a 
partial fraction. Thus, if p — qz is a factor of N, then it will be the denomina- 
tor of a certain partial fraction, and since the degree of the numerator of this 
fraction must be less than the degree of the denominator p — qz the numerator 


must be a constant. It follows that from each linear factor p — qz of the 


denominator N there arises a simple fraction _A and the sum of all of these 
Pp ~ QZ 


fractions is equal to the given fraction ~. 


EXAMPLE 


+2, 
Let the given rational function be u =. Since the linear factors of the 
zZ- 2 


denominator are z, 1 — z, and 1 + z, this function is resolved into these three 


1+ 2 
simple fractions A + 7 B + 7 - = —_—~,, where the constant numera- 
z — 2 Zz Z-g2 


tors A, B, and C have to be defined. When the three fractions are expressed 
with a common denominator, which is z — z®, and the numerator of the sum is 
equated to 1+ 27, there arises the equation 

A + Be + Cz — Az? + Be? - C2? = 14+ 22 =1+4 02 + 27. This gives rise 


to as many equations as there are unknown quantities, A, B, C, that is 
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I. A=1 
mlm Bt+tce=0 
WW -A+B-C=1. 


It follows that B — C = 2, so that A = 1, B = 1, and C = — 1. Thus the 
2 
; 1 
given function Ate is resolved into the expression i + a —-. 
z—- 2° z 1—z 1+ z 


In like manner it can be understood that whatever linear factors the denominator 
N may have, provided they be different, the rational function — can always be 


resolved into the same number of simple fractions. On the other hand, if some of 
the factors are equal, then the resolution must be accomplished in a different 


way, to be explained later. 
41. Stnce each linear factor of the denominator N gives rise to a simple frac- 
tion in the resolution of the given function W? tt 1s shown how, from the 


knowledge of a linear factor of the denominator N, the corresponding simple frac- 


tron can be found. 
Let p — qz be a linear factor of N, so that N = (p — qz)S, where S is a 
polynomial function of z. Let _A be the fraction which corresponds to the 
P~ 4 


factor p — qz, and let the fraction corresponding to the other factor S be equal 


to P so that, according to section 39, M = _A__ + P = __ Ms 
5 N p-~—q SS  (p ~ qz)s 
hence, Pe MAS” Since these two fractions are equal M — AS must be 


S (p — qz)S 
divisible by p — qz and the quotient of M — AS by p — qz is equal to the poly- 


nomial function P. Since p — qz is a divisor of M — AS, M — AS vanishes 


when we let z = ©. Therefore, if we substitute the constant - for z in M and 
q 


29 


S, then M — AS = 0sothat A = a In this way we have found the numera- 


tor A of the required fraction A If for each of the linear factors of the 
P~ 4 


denominator N, provided they are all different, the corresponding simple frac- 


tions are found, the sum of all of these simple fractions will be equal to the given 


function M 
N 


EXAMPLE 
. . 1+ 2? ) 
Thus, in the preceding example —F where M=1+ 2" and 
Z- 2 


N = z — 2°, if we take z as the linear factor, then S = 1 — 2? and for the sim- 


, A 1+ 2? . 
ple fraction rt the numerator A = ———~ = 1 when z = 0, which value z 


1— 2? 


has when the linear factor is set equal to zero. In like manner, if we take 1 — z 


; + 2” 
for the factor of the denominator, then S = z + z? and A = ——. so that 
zt+2z 
A = 1 when 1 — z = 0 and from the factor 1 — z there arises the fraction 
, +27 
u . The third factor 1+ z, since S = z — 2? and A = Ate gives 
1- 2z z— 2 
A = — 1 when 1+ z = Oor z = — 1 and we have the simple fraction leo 
z 
+27 1 1 1 ; ; 
From this rule we see that itzoil + — , as in the previous 
Zz 2° Zz 1-z 1+ z 
example. 
, , ; P 
42. A rational function with the form (pa where the degree of the 
P~ 4 


numerator P is less than the degree of the denominator (p — qz)", can be 


transformed into the sum of parttal fractions of the following form: 
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Ay Bg gy aie a of 


(p — 2)" (p — gz)" (p — gz)?” p— 
the numerators are constants. 

Since the degree of P is less than n, P has the form 
a + bz + cz* + dz? + +--+ + ke”! with n terms, which must equal the 
numerator of the sum of all of the partial fractions after they have been 
expressed with the common denominator (p — gz)"; this numerator has the form 
A + B(p — qz) + C(p — gz)? + D(p — az)? 
+ +++ + K(p — qz)"~'. The degree of this expression is also n — 1 and has 
n unknown quantities A, B, C, -:: , K, which number n is the same as the 


number of terms in P. For this reason, the quantities A, B, C’, etc. can be so 


P 


defined that the rational function oo is equal to 
(p — qz) 
A B C' 
n + n—1 + n—2 
(p ~ qz) (p — qz) (p — qz) 
D K a 
+ ————— + +*° + ——. An easy method for determining these 
(p — qz) p— q@ 


constant numerators will soon be shown. 


43. If the denominator N of the rational function = has a factor (p — qz)’, 


the parttal fractions arising from this factor are found in the following way. 


We have already shown how the partial fractions corresponding to linear 
factors which differ from all other factors are found; now we suppose that there 
are two such equal factors which when combined give a factor (p — qz)* of the 


denominator N. From this factor, according to the preceding section, there arise 


the two partial fractions —_A__ + i Let N = (p — qz)*S, then 


(p — qz)" p— q@ 


3] 


= Se Ci SH 
(p- qz/S (p-— qe) p-@ 


M M A 5 + f where £ stands for the 
N S S 


sum of all of the simple fractions which arise from the factor S of the denomina- 


tor. It follows that P = M — AS — 8B E — qz)S 
5 (p — qz)’S 


; and 


M — AS — B(p — qz)S 


P= 
(p — gz)? 


, which is a_ polynomial function. Hence, 


M — AS — B(p — qz)S is divisible by (p — qz)’, so that it is certainly divisible 
by p — qz. The whole expression M — AS — B(p — qz)S vanishes when 


p— qz=Oorz =; if we let z = ©, then M — AS = 0, 50 that A = 
q q 


that is, the fraction o with z everywhere replaced by Pe gives the value of the 
q 


constant A. After A has been calculated, since M — AS — B(p — qz)S is 


divisible by (p — qz)’, or MAS _ BS is divisible by p — qz. If we put 
DP” 4 
za everywhere, then Ma AS _ BS, SO that 
q Pp — qz 
B= MAS - 1 & — 4), where we note that since M — AS is 
(p —~ qz)S pp - qz\ 8 
divisible by p — qz, the division must first be carried out before substituting L 
q 
for z. That is, let M_— AS = T, then B = = when we let z = ©. Now that 
PDP ~ QZ q 


we have calculated the constant numerators A and B, the partial fractions aris- 


; A B 
ing from the factor (p — qz)* in the denominator N are ——, , + ——. 
(p— gz PT & 


32 


EXAMPLE I 
_ 42 
If the rational function is io then because of the quadratic factor 
2°(1 + 2?) 


z?,§ =1+ 27 and M =1—- 2”. If the partial fractions arising from z? are 


_ 42 
A + B then A = M_i - which is equal to 1 when z = 0. Then 
2 z S 1+ z 
M — AS = — 2z?, which when divided by the linear factor z gives T = — 2z, 
T — 2z 2. 
so that B = ra = Da? When z = 0, B = 0, so that from the factor z“ in 
z 


the denominator there arises only one partial fraction +. 
z 


EXAMPLE I 


23 


=. Since (1 — z)* is 
a — 21 + 24) ( y" is a 


Let the given rational function be 


quadratic factor of the denominator, we have the partial fractions 


aoa + 7 B . Hence, M = 23 and S=1+ 2' while 
— 2 A 
M 2° 1 
A=-——== . If we let 1 — z = 0, or z = 1, then A = —. So that 
S 1+ 2 2 
3 1 1 4 1 3 1 4 . . oe 
M — AS = 2 —- — — —2* = — — + 2° — —2", which quantity divided by 
2 2 2 2 
1—-2z gives T= -— Ady diay 13. Thus 
2 2 2 2 
_ _ _ »2 3 
B= = which gives B=- > when z= 1. The 
z 
1 


partial fractions are ——————- — ———-. 
21-2)? (1 — 2z) 


44. If in the rational function = the denominator N has a factor (p — qz)°, 


then the following partial _— fractions arise from this _—_ factor: 
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A ~~ B ,_¢ 


(p- gz (p-— gz Pm 


Let N = (p — qz)*S and let . be the rational function which arises from 


_ _ _ _ _ 2 
the factor S. Then P = M ~ AS Bip q2)S Clp Y S which is a 


(p — qz)° 


polynomial. Hence, the numerator, M — AS — B(p — qz)S — C(p — qz)’S is 


certainly divisible by p — qz and so it vanishes when p — qz = 0 or z = P. 
q 
M p . ; 
Thus M —- AS =OorA = > when z = ~. First we calculate A in this way. 
q 
Since M — AS is divisible by p — qz, we let T = MAS so. that 
Pp ~— QZ 


T — BS — C(p — qz)S is still divisible by (p — qz)” and hence is equal to zero 


when p — qz = 0. It follows that B= = when z = ©. Now we let 
q 
V= tT BS and V — CS = 0 when p — qz = 0. It follows that C = vV 
p — qz S 
when z = ©. Thus we have found the numerators A, B, and C, and the par- 
q 


tial fractions arising from the factor (p — qz)° of the numerator N will be 
A _,_B ,_¢ 
(p — qz) (p — qz) p— @ 


EXAMPLE 


2 


—_—. From the cubic factor 
(1 — z)(1 + 2°) 


Let the given rational function be 


of the denominator (1 — z)® there arise the following partial fractions: 


Then M = 27 and S = 1+ 2”, so that 


A= when 1—2z=0 or z=1. It follows that A = -. Since 
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ee 
r= MAAS we have ree 2%. 1 ti Since 
1-z 1-z 2 22 
1 1 
2. 2° 1 
B= -—,— when z=1, we obtain B= -— —. Finally, since 
1+ 2? 2 
T — BS T + 8 ~ Set oe 1 
V = — = , we have V = ——~—————. = — 2, It fol 
1-2z 1 —- 1-2 2 
1 
: an Ae i 1 
lows that C = — = - when z = 1, so that C = — —. Now we have 
S 1+ 2? 4 


the partial fractions which arise from the factor (1 — z)® of the numerator: 


merece ee 


45. If the denominator N of the rational function = has a_ factor 
(p — qz)”, then the partial fractions 
A — + __ 8 —— + —_ spt ctttlt is which arise 
(p — qz) (p — qz) (p — qz) p— @ 


therefrom are calculated in the following way. 
Let the denominator N = (p — qz)"Z, then we follow the same kind of 


argument as before. First, we find that A = M when z = 2 and we let 
q 


P= Ma AZ Secondly, B = £ when z = fo and we let Q = Po Ba 
p — qz Z q p— qe 
Thirdly, C = g when z = £ and we let R = Qa Ca Fourthly, D = id 
Z q p— QZ Z 
when z = 2 and we let S = kDa Fifthly, E = 8 when z = fo etc. In 
q P— @ Z 


this way we calculate the individual constant numerators A, B, C, D, etc., and 


so we find all of the partial fractions which arise from the factor (p — qz)" of 
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the denominator N. 


EXAMPLE 
. . : 1+ 2? 5 
Let the given rational function be ——————. From the factor z° of the 
2°(1 + 2°) 


# 
= 


denominator there arise the partial fractions A + + + + In 


5 


BB 
z z4 


G&, Dd 
2° 2 


order to find the constant numerators, we let M = 1+ z2andZ=1+ z° with 


2 
P = 0. Now we begin the calculations. First A = Mi_4it < when z = 0, 
q Z 1+ z 
_ 2 3 
so that A=1. We let p= M44 _2 77 _,_ yp then 
z z 
_ 22 
B= Pe nT when z= 0, SO that B= 0. We let 
Z 1+ z 

_ _ »2 _ 
g = PAB _ 4% yy thn c= & = - when z = 0, so 

z 2 Z 1+ 2° 

_ _ , _ 4B 
that C=1 We let R ¢ C4 fe =-—1- 27 then 
z z 
_ 4 2 
p= t= tse when z=0, so that D=-1 We _iet 
Z 1+ 2z 

_ _ 424 3 oa 
ga RODE Tet Lg then B= 2 = Zt when 

Zz Zz Z 1+ 2° 
z=0, so that EF=0 Thus the required partial fractions are 


1 0 1 1 
st oat 3g let 
z z z z 

46. Given any rational function whatsoever WN? it can be resolved into parts 


and transformed into tts simplest form tn the following way. 


First one obtains all of the linear factors, whether real or complex. Of these 


factors, those which are not repeated are treated individually, and from each of 
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them a partial fraction is obtained from section 41. If a linear factor occurs two 
or more times, then these are taken together, and from their product, which will 
be of the form (p — qz)”, we obtain the corresponding partial fractions from sec- 
tion 45. In this way, since for each of the linear factors partial fractions have 


been found, the sum of all of these partial fractions will equal the given function 
Ny unless it is improper. If it is improper, then the polynomial part must be 
found and then added to the computed partial fractions in order to obtain the 
function = expressed in its simplest form. This is the form whether the polyno- 


mial part is extracted before or after the partial fractions are obtained, since the 
same partial fraction arises from an individual factor of the denominator N 
whether the numerator M itself is used or M increased or diminished by some 


multiple of N. This fact is easily seen by anyone who considers the given rules. 


EXAMPLE 
We seek the simplest expression for the function _$—_+—__.. First 
z°(1 — z)*(1 + z) 
we take the single factor of the denominator 1 + z, which gives P = — 1 while 
q 
M =1 and Z = 2? — 224 + 2°. In order to find the fraction , we let 
z 
1 1 
A= > Te «Chen 2 = — 1. Hence A = — — and from the factor 
z” — Qz* 4+ 2 4 
1 + z there arises the partial fraction qieD Now take the quadratic factor 
z 
(1 — z)*, which gives Po. 1,M=1, and Z = 23 + z*. We let the partial 
q 
fractions arising from this be —_A + B , then A = — when 


1 — 2) 1-2 2 + 24 
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z= 1, sO that A= -. We let 
mM--+z ,- 4,3 —z4 

_ 2 2 _ 2 1 3 

P= ——,_, = OR =l1l tz t+ et -2 so that 
l1-z 1-z 2 


B= = >? __ when z = 1, hence, B = t and the desired 


partial fractions are —*+ + ————. Finally, the cubic factor z® gives 
1 - z) A(1 — z) 


Pe 0,M=1 and Z=1-—2z-— 27+ 23. We let the corresponding partial 

q 

fractions be 4 + 2 + Cz. Then A = M d ; 3 when z = 0, 
z z Z 1l-—2z2-2" +2 

hence A = 1. We let p=M—4 14,7 so. that B= when 

z 
z = 0, hence B= 1. We let Q = = = 2-2 so that c= 2 when 
z 
z = 0, hence C' = 2. Thus the given function —___+__— is expressed in 
z°(1 — z)*(1 + z) 

the form 

S+4+24+—+ .+—1-_1_ There is no polyno- 

z z A 2(1 — z) A(1 — z) A(1 + z) 


mial part since the given function is not improper. 


CHAPTER III 


On the Transformation of Functions by Substitution. 


46. If y ts some function of z, and z is defined by a new variable x, then y 


can also be defined by x. 


Since previously y was a function of z, now a new variable quantity z is 
introduced by which both the y and the 2z can be defined. Thus, if 


1— 2? 1-2 


y = ——7, we let z= . When this value is substituted for z, 
1+ 2? 1+ 2 
y = a If any definite value is assigned to x, values of z and y are then 
+ 2 


determined so that the value of y corresponding to z is found at the same time 


as z. If we let x = =, then z = = and y= < 5 we find that y= < also, if 


. . tz , , 
in the expression , — for y we let z = 7 A new variable may be intro- 
+ 2 


duced for either of two reasons: if the expression of y by z contains a radical, it 
may be removed, or if the relationship between y and z is given by an equation 
of higher order so that y cannot be expressed explicitly in terms of z, then a 
new variable z is introduced in terms of which both y and z can conveniently 
be defined. The main uses of substitutions should be sufficiently clear from these 


remarks, but they may become even clearer from the following. 


47. Ify = Va + bz, then a new vartable x, by which both z and y can be 


expressed without radicals, 1s found tn the following manner. 


Since both z and y are to be functions of xz, whose expressions are not to 


contain radicals, it is clear that this can be done if we let Va + bz = bz. First 
Thus we have 


we have y = br and a+ bz = b’x*, so that z = bx? — 


expressed both y and z by functions of sz without radicals, and since 


y = Va + bz, z becomes bz” — +1 80 that y = bz. 


| 


48. If y =(a+t bz)", then a new variable x by means of which y can be 
expressed without radicals, 1s found as follows. 


m 1 
Let y = 2” so that (a + bz)" = 2” and hence (a + bz)" = x. It fol- 


n 


lows that a + bz = 2" and z = ———~. Thus both y and z are defined by z 


xr” 


without radicals by means of the substitution 2z = 2! which gives 


b 


y = x™. Although neither y can be expressed in terms of z, nor z in terms of 


y without radicals, nevertheless each becomes a function without radicals of the 
new variable z which is introduced by a substitution quite apt for this purpose. 
m 


a+ bz 


n 
7+ | , then a new vartable quantity x is required to 
gz 


49. va | 


express both y and z without radicals. 


It is clear that if we let y = 2”, then we have the required substitution, 


+ n + : . 
since then at be = ¢™”, and so athe = ¢". From this equation we 
f + gz f + gz 
a — fxr” ae : : : : — mM 
have z = —————., and when this substitution is made we obtain y = x. 


n 


gr 
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n m 
From this we can also see that if a+ By} _ jat b , then both y and 
y + 8y f + gz 


z can be expressed in terms of zx without radicals, if each expression is set equal 


_ m _ n 
to 2”. It will result then that y = MY" and z = am fx 


m n 


, and in this 
ro- Bp gr 


case there is no difficulty. 

50. If y = V(a + bz)(c + dz), then a suitable substitution can be found, 
by which y and z can be expressed without radicals, as follows. 

Let Via + bz)(c + dz) = (a + bz)zx, then it is easy to see that an expres- 


sion for z without a radical results, because the value of z is determined by an 


equation which is linear in z. That is, since c + dz = (a + bz)z’, it follows 


that z= rt Because 
ee 

1b alte — qd), b(c — az?) _ be — ad d 

sr Tar bo? —~ ds br? — dd “ 


y = V(a + bz)(c + dz) = (a + bz)x we have y = bc — ad =. It follows 


bx? — d 
that the function y = V(a + bz)(c + dz) containing a radical is expressed, by 


2 


the substitution z = rt as a function without a radical, namely 
ee — 
(bc — ad) . ~ V2? _VvV 
= ; ; ~ For example, if y (a + z)(a — z), since 
re — 

_ _ _ a — ax? 2axz 
b= 1,c =a, and d= ~—1, we let z= ———, and then y = — 
l+ez 1+ 2? 


Hence whenever there are two linear real factors under a radical sign the radical 
can be removed by this method. If, however, the two linear factors under the 


radical are complex, then the following method may be used. 


4] 


51. Lety = Vp + qz + rz*. A suitable substitution for z 1s to be found, 


so that y may be expressed without a radical. 


This can happen in many different ways, depending on whether p and gq 
are positive or negative quantities. Suppose first that p is positive, then let 
p = a’. Even if p is not a perfect square, the irrationality of a will not affect 


the present argument. 


lL If y = Va? + bz + cz”, we let Va? + bz + cz? = a + xz. Then, 


after squaring both sides of the equation, 6 + cz = 2azr + x%z, so that 


z= b= Par i follows that 
r- ec 
2 (b — ) ee 
yeatae = 12 =) y 20 Zax - $t — ar ~ a soa thus 2 and 
zr? — ¢ rz? — ¢ zr? — ¢ 


y are both functions of x without radicals. 


ll. If y = Vaz? + bz + ¢ and we let Vatz? + bz +c = az + 2, 


then bz +c = Qarz + x? and 2 = —— Thus 


— ac + bx — ar’ 


=az +2r= 

y b — Qax 
Il. If p and r are both negative, then, unless gq’ > Apr, the value of y is 
always complex. If indeed gq’? > 4pr, the expression p + qz + rz” can be 


expressed as the product of two linear factors, which reduces to the case of the 


preceding section. Frequently, however, it is more convenient in this case if 


y = Va? + (b + cz)(d + ez), we let y=a+t(b+ecz)z, so _ that 
d — 2ar — bx’ 
d + ez = Qax + br? + cr*z. It follows that z= Se and 
cr" — e€ 
_ _ _ 2 
y = 0c + (ed ~ ber ~ oer Sometimes it may be more convenient to 


Cr — e€ 


42 


express y as Va?z? + (b + cz)(d + ez) and let y = az + (b + cz)zx, so that 


2 
d + ez = Qarz + bx’? + cr*z. It follows that z= ead and 
e — Zar — cz 


— ad + (be — cd)x — abx? 


yr 
e — 2ar — cx” 


EXAMPLE 


If we have the following function of z containing a _ radical 


y= V —1 + 32 - 2° then it can be expressed as 
y= V1-2+ 32-27 = V1 —-(1- z\2- 2). We let y = 1-— (1 — z)z, 


9-2 + x? 


so that —2+2= — 22 + 2% — 2%z. Then z = a and since 
1+e 
— + — 

1-2 = —+7** we have y =1- (1 — z)r = +2254. Now these 
1+e 1+e 


are the cases which indeterminate algebra or the Diophantine method supplies; 
other cases, which are not discussed in this treatise, cannot be reduced to a form 
without radicals by a substitution without radicals. For this reason it is time to 


proceed to another use for substitution. 


52. If y as a function of z is expressed as ay® + bz? + cyY2° = 0, we seek 


a new variable x by means of which y and z can be expressed explicitly. 


Since we do not have a general solution of the given equation 
ay” + bz® + cyYz® = 0, neither y can be expressed as a function of z, nor z 
as a function of y. The following is offered as a remedy for this inconvenience. 
Let y = 2™z" so that ar®”™z°" + bz® + cx¥™z¥" + ® = Q. Now the exponent 
n is to be determined so that from the equation the value of z can be defined. 


There are three ways this can be done. 


I. If we let an = £, then n 
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B/a and having divided the equation by 


22" = 2B we have az" + 6 + cx¥™zY"~BtF =. It follows that 
ee a: 
[ete fed 
z= or z= and 
cx’™ ex ’™ 
_ Bo 
_ pmt = ax"™ — § | By — oB + 08 
cx ’™ 


Il. If we let B = yn + 6 or n = 


equation by 2° we have ar%™z%" ~ 
i 
— | =~ 6 — cxY™ Jon-B | 
a= ar’ ™ 7 
B -— 8 
— mt — 6 — cx’™ | ob — od — By 
Ill. If we letan = yn + 6,orn 
tion by 2°", we have az%™” + 
1 
— ar®™ — cx¥™ |B —an 
Zz = a = 
b 
re 
y = 2™|— ar®™ — exY™ J oB — By - 
a ; 


functions of z which are equal to z 


a, then after having divided the 


B45 + cr¥™ = 0. It follows that 
ym 
_ _ aB — as — 
Ss") P PY and also 
ar’™ 


5/(a — yy) then after dividing the equa- 


bz® ~ °" + ex¥™ = 0. It follows that 
a ¥y 
— ar™™ — ex” | oB — By — a8 and also 
b >] 
ad 


By these three methods we obtain 


and y. Furthermore, any integer except 


zero can be substituted for m and thus the formulas can be reduced to the most 


convenient form. 


EXAMPLE 


Let the function y be determined by the equation y> + z> — cyz = 0. We 
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seek functions of 2 which are equal to y and z. In this case 


a= —-1,b6= —-la=3,8 =3,y=1, and 8=1. Then by the first 


— 1 
3 3 
+ + 1 
method when m = 1, we have z = | and y = [Re] or 
cx cx 


2 
z= —“=— and y= —* _ and each of these is a rational function. The 


1+ 2° 1+ 2° 


1 2 

_ 3 —1)3 
second method gives the following: z = 54] and y = [4 | or 
r 


Co 


z= Alce — 1) and y = Lier - 1)°. The third method _ gives 
x x 


2 1 
z= (cx — z*)? andy = x(cx — 2)*. 


53. These equations, by which y and z as functions of the new vartable x are 


determined, can be found a posteriori. 


We think it may be useful, once we have found the solution, to consider the 


; az™ + br® + cx¥ + +--+ |r 
following. Suppose z = |—_————_- and 
A + Br® + Cr? + 


q 


- 
| , while y? = 2?z7, so that we have 


m4 
| 


_, ax” + bx® + exY + -- 
A + Br® + Cr” + 


=, + 

; az* + br? + ex¥ + ++  .L, ; 

z= yz ? . Since z? = Ad Bred Ce’ po? if instead of x we substi- 
M9 x e . e 


—q r 


tute yz ? , then we have the following result: z? is equal to a quotient whose 


— ag ~ Ba — 9 
numerator is ay*z ? + byPz P + eyY¥z ? + +++ and whose denomi- 


— pw — vq 
nator is A + By*z P + Cy’z ? + +++ . This can also be written as 


45 


a FT PG FT vd 
AzP + By*z P + Cy’z P+ 
7 og — Bg — 9 
=ay*z P + by®z P + cy¥z 2 + +++ | When this equation is multi- 


Og 


plied by z ? we obtain 


ag tr ag —-pqtr ag —vqatr 
Az P + Byz P + Cy’z P + 
ag — Ba ag — Yq 1 
= ay® + by®z P + cy’z ? +--+. Tf we let S25 = , 
p 
a 1 =n, when P = a — B, then q = n, and r = am — Bm — an so 
p 
that there arises the equation 
m — pn m— vn 
Az™ + Bytz *~B + Cy"z%7B 4 
a— y)n 
= ay® + byPz” + cy%z (1-~B) 4... which is solved to give 
a — 8 
ar® + bc? + erY + wee am — Bm — an 
—__ and 
A + Br’ + Cr’ + 
se 
Oy B Yooe.. m— Bm—-an . + 
y = | Oe te te - But if we lep 2274 = m 
A + Br’ + Cr’ + p 
— + — 
and C@— Patt _ n, then m—n= oak YI _ LLL and 
P Pp Pp p 
tam - Se When p=wh, then qgq=m-—n and 
Pp pb. 


r= wm — am + an, so that the following equations result: 


aq -vatr=am—-—an-vm+vun+ pm-amtan 


= vn — vm + pm. 
em — v(m — n) 
Az™ + By*z" + Cy’z b + 
a — m—- n 


= ay” + byPz B torte, which is solved to give 
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ee 
az* + br® + cr¥ + +++ | pm-—am+an 
= | SS and 
A + Br’ + Cr” + 
ma—n 
ar® + br? + cx¥ + +++ J um—amtan 
y = «| . 
A + Br + Cr’ + 


54. If y depends on z in such a way that ay” + byz + cz? + dy + ez = 0, 
then both y and z can be expressed as rational functions of a new variable x tn the 
following way. 


Let y = 72, then having divided by z we obtain 


— dx — e 


ar’z + baz + cz + dx + e = 0 from which we see that z = = 
ax” + br +c 


— dzr* — ex 


——=.—o—o— but if the given equation between y and z is 
ax” + br + ¢ 


and y = 


ay” + byz + cz? + dy + ez + f = 0, then by adding to or subtracting certain 
constants from the two variables, this equation also can be satisfied by rational 


functions of a new variable z. 


5d. If y depends on 2 in such a way that 
3 2 2 3 2 2 
ay” + by“z + cyz” + dz’ + ey” + fyz + gz“ = 0, then both y and z can be 


expressed as rational functions of a new variable x in the following way. 


Let y = zz and when the substitution is made, the whole equation can be 
divided by 2”. The following equation then results: 
az?z + br*z + coz + dz + ex? + fe +g = 0. From this we have 


_ 2 _ _ 3 2 
z= —— ee fe so that y = en — fe ge From these cases 
ax” + br*° + cx + d ax® + br" + cx + d 


it is easily understood how equations of higher degree, by means of which y is 


defined as a function of z should be treated in order to find solutions of the kind 
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we seek. Some of these cases are covered by the formulas given above in section 
53, but since general formulas for cases which frequently occur are not so easily 


found, we have considered some of these separately. 


56. If y depends on z in such a way that ay” + byz + cz” = d, then both y 
and z can be expressed by a new variable x in the following way. 

Let y = zz so that (az* + bt + c)z* = d, z = Vd/(ar? + bx + c) and 
y = «Vd/(ax* + bx + c). In a similar way, if 
ay? + by*z + cyz? + dz? = ey + fz, then we let y = rz. After making the 
substitution and dividing the whole equation by z, the following equation results: 
(az> + bx* + cx + d)z* = ex + f. Thus 
z= V(er + f\(ar* + br? + cx + d) and 
zV (ex + f)(ax? + br® + cx + d). These cases and also some other simi- 


y 


lar solutions are contained in the following section. 


o7. If y depends on z m such a way that 
ay™ + by™ tz + cy™ 22? + dy™ 323 + 
=ay" + By” 12 + yy" 227 + By" 323 + +++, then both z and y can con- 
ventently be expressed by a new variable z. 

Let y = xz and after the substitution is made, provided m is greater than 
n, we divide the whole equation by 2” to obtain 
(ax™ + br™ 1 + cx™™ 2 + +++ )g™™" =ar" + Ba™ ! + yr"? + 
From this it follows that 


1 


az" + Bx® | + yor 2 + 8c" 3 + +++ | mon 
z= and 


ax™ + br™ 1 + ex™72 + dr™ 3 4+ 
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solution 


1 
n n-—1 n—2 n—-3 _ 
+ + + oe 6 m n . 
y = | oe ee Now _ this 


ax™ + br™ 1 + ex™ 2? + dr™ 3 + 
holds if in the equation which expressed the relationship between y and z, there 
are in each term only two possible total degrees of y and z. In the case treated 


here the total degree of y and z is either m or n. 


58. If in the equation giving the relationship between y and z there are three 
different combined powers, such that, the largest total degree differs from the mid- 
dle total degree by the same amount as the middle total degree differs from the 
smallest, then y and z can be expressed in terms of the new variable x by solving a 


quadratic equation. 


If we let y = zz and then divide by the least power of z, then z can be 
expressed in terms of x by means of the quadratic formula. This will become 
clear from the following examples. 


EXAMPLE I 


Let ay? + by?z + cyz? + dz? = Qey* + 2fyz + Qqz° + hy + jz. When 
we let y = xz and then divide by z we obtain 
(ax? + br? + cx + d)z” = Qex? + fxr + g)z + hx + gj. From this quadratic 


equation in z we find that 


_ ex? + fr +g +V(ex® + fx +g)? + (ax® + bx® + cx + d)(hx + 3) 


ax? + br? + ex +d 


and from this we find y = zz. 


EXAMPLE II 


Let y® = 2az> + by + cz. When we let y = xz and divide by z we have 


+Vq2 + be® + e7? 
az! = Qaz* + br + c. From this we obtain 27 = at Va’ + be + ox and 


Pa 
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EXAMPLE Il 


Let y!® = Qayz® + byz? + cz‘ in which the total degrees are 10, 7, and 4. 


We let y = zz then divide by z* which results in 2!°z® = Qerz3 + br + c¢ or 


,o = Qarz2> + bx + 3 axt2 Va"? + br® + cx® 


=. Hence 2” = so that 


1 1 
a /-9..  @ RY) 8 \/f2,,.9, .,8)3 
(a+ az + br® + ex® | (a+ a* + br® + ex® | 


2 =? and y= 


these examples the use of this kind of substitution is quite clear. 


CHAPTER IV 


On the Development of Functions in Infinite Series. 


59. Since both rational functions and irrational functions of z are not of the 
form of polynomials A + Bz + Cz? + Dz? + --- , where the number of 
terms is finite, we are accustomed to seek expressions of this type with an infinite 
number of terms which give the value of the rational or irrational function. 
Even the nature of transcendental functions seems to be better understood when 
it is expressed in this form, even though it is an infinite expression. Since the 
nature of polynomial functions is very well understood, if other functions can be 
expressed by different powers of z in such a way that they are put in the form 
A + Bz + Cz” + Dz? + +++ , then they seem to be in the best form for the 
mind to grasp their nature, even though the number of terms is infinite. It is 
clear that no function which is not a polynomial in z can be expressed as 
A + Be + Cz* + +++ , in which the number of terms is finite, since in that 
case it would be a polynomial function by definition. If there is any doubt that a 
function can be thus expressed with an infinite series, this doubt should be 
removed by the following discussion. In order that the following explanation be 
rather general, besides positive integral powers of z we will allow the exponents 
to be any real number. Thus there is no doubt that any function of z can be 


given the form Az® + Bz® + CzY + Dz® + , where the exponents 


S| 


a, B, y, 5, etc. are any real numbers. 


60. By a continued division procedure the rational function —*— can be 
a 


+ Bz 


expressed as the infinite sertes 


2.2 3,3 4,4 
# _ oB2 , abe _ oP? 4 ope. _ -++ | Since the quotient of any 
Q a a a 


a 
two successive terms ts — ra this ts called a geometric sertes. 

This series can also be found by setting 
aa ee —- A + Be + Cz? + Dz? + Ezt+ +--+, and then find the 
coefficients A,B,C,D,°°:: , which give equality. Since 
a = (a+ Bz)A + Bz + C22 + D2 + --- ), after the indicated multiplica- 
tion is performed, a = aA + aBz + aCz? + aDz? + ake* + 
+ BAz + BBz? + BCz? + BDz*+ -:: . Hence a = aA so that A = —. 


The coefficients of each power of z must have a zero sum so that we have the 
equations aB+BA=0,0C +BB=0, aD+ PC =0,ak + BD = 0. 
Once any coefficient is known, the following coefficient is easily found as follows. 


If the coefficient P is known and Q is the next coefficient, then aQ + BP = 0 


or GQ = BP Since the first term A is found to be equal to ae from this the 
a a 


letters B, C, D, etc. are defined in the same way as they would arise from the 


division procedure. For the rest, by inspection it is clear that in the infinite 


n 


+ 
series for — ns the coefficient of z” will be — . , where the positive sign 
a + Bz a"t! 


occurs when n is even and the negative sign occurs when n is odd, or the 
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coefficients can be expressed as aa — B/a)”. 
a 


61. In a similar way by means of a continued division procedure the rational 


function othe — can be converted to an infinite sertes. 
a+ Bz + yz 


Since division becomes tedious and there is no easy way to show the nature 


of the resulting infinite series, it is more convenient to suppose that there is such 


an infinite series, and then find it in the way just shown. Hence we let 


a + bz 
a + Bz + y2? 


= A+ Bz + Cz? + Dz? + Ezt + +--+ . When both sides are 
multiplied by a + Bz + yz", we obtain 

a+ bz = aA + aBz + aCz? + aDz* + aEz! + 

+ BAz + BBz? + BCz? + BDzt + --- + yAz* + yBz* + yCz* + 


From this we see that aA = a and aB + BA = 5b, so that A = = and 
a 


p- 2 2B 


>: Lhe remaining coefficients are determined from the following 
a a 

equations: aC + BB + yA =0,aD+B8C + yB=0, cE + BD+ yC = 0, 
af + BE + yD = 0, etc. Thus if two consecutive coefficients are know, then 


the next coefficient can be found. Thus if P and Q are two known consecutive 


coefficients and Rk is the next coefficient after P and Q,_ then 


ah + BQ+yP=O0o0rR = — Be ~ yP Since the first two coefficients A 


a 
and B have already been found the following C, D, E, F, etc. and all succeed- 
ing coefficients can be found from those already found. Thus we find the infinite 


series A + Bz + Cz? + Dz? + +--+ equal to the given rational function 


a+ bz 
a + Bz + yz? 
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EXAMPLE 
; , . 1+ 2z os 
If the given rational function is es and this is set equal to the 
— 2-2 
series A + Bz + Cz? + Dz? + ---+ , since 
a=1,b6 =2,a=1,8 = — 1, and y = — 1, we have A = 1, B = 3. Then 


C=B+A,D 


C+ B, E=D+C,F=E++D, etc, so that any 
coeflicient is the sum of the two immediately preceding it. If P and @Q are 
known successive coefficients and R is the next coefficient, then R = P + Q. 


Since the first two coefficients A and B are known, the given rational function 


1 + 22 


, is transformed into the infinite series 
—~ 2 —~ 2B ) 


2 


1+ 32 + 422 + 723 + 1124 + 182° + +--+ , which can be continued as long 


as desired with no trouble. 


62. From this discussion the nature of infinite series which express rational 
functions should be sufficiently clear. There is the law by which any coefficient is 
determined by a certain number of its predecessors. That is, if the denominator 


of the proposed function is a + Bz and the infinite series is set equal to 


A + Be + C2? + +++ + Pz” + Qz""! 
+ R2 t2 4 gents 4 


} 


any coefficient Q is determined only by its predecessor P since a@ + BP = 0. 
If the denominator is the trinomial a + Bz + yz", any coefficient of the series R 
is determined by the two predecessors Q and P, sinceaR + BQ + yP = 0. In 
like fashion, if the denominator is a quadrinomial a + Bz + ye? + 52°, then 
any coefficient S is determined by the three predecessors R, Q, and P, since 


aS +BR+yQ+85P=0. A similar argument covers the cases with 
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denominators of higher degree. In all of these series each term is determined 
from certain preceding terms according to some fixed law which is immediately 
clear from the denominator of the rational function which gives rise to the series. 
This kind of series if called recurrent by the celebrated DeMoivre, who has exam- 
ined their nature very carefully. The name comes from the fact that if we wish 


to investigate subsequent terms we have to "run back", to previous terms. 
63. For the formation of these series it is necessary that the constant a in 


the denominator be non-zero, since if a = 0, the first term A = — and indeed 
a 


all other terms would be infinite. With the exception of this case, which will be 
discussed later we can transform into an infinite series any rational function of 


2 3 . 
the form ate tee tp where the first term of the 
1 — az — Bz" — yz" — 62° — +: 


denominator is equal to 1. But any rational function can be reduced to this form 
unless the constant term is zero. The remaining terms in the denominator are 
written with negative signs in order that the resulting infinite series may have all 
positive signs. Thus, if the recurrent series is written as 
A + Be + Cz* + Dz? + Ext + --- , then the coefficients are determined to 
be A=a, B=aA+b6, C=aB+PAt+ec, D=aC+PB+ YA + d, 
&=aD + BC + yB + 8A + e. Hence each coefficient is a weighted sum of 
the preceding coefficients in addition to a number from the numerator. Unless 
the numerator has an infinite number of terms this added number soon is absent 
and then succeeding coefficients are determined by a fixed law from certain of the 
preceding coefficients. In order that the law of formation remain unviolated, the 


rational function should be a proper fraction. If the fraction happens to be 
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improper, then the polynomial part will either add to or subtract from the 


corresponding terms and in these the fixed law will not be followed. For exam- 


. . . +22 - 2 , , 
ple, the improper rational function Atte Te gives the _— series 
—- 2-2 
1+ 32 + 42? + 622 + 1024 + 162° + 262° + 422’ + ---, where by the law, 


each coefficient should be the sum of the two preceding coefficients, however, the 


fourth term 6z° is an exception. 


64. A recurrent series deserves special consideration if the denominator of 


the fraction which gives rise to it happens to be a power. Thus, if the rational 


a+ bz 


function : is expressed as a series, the result is 


1—- az 


a + 2aaz + 3a2az7 + 4a%az? + 5ataz? + 
+ bz + 2abz2 + 3a7bz? + 4a2b24t + 


in which the coefficient of z” will be (n + l)a"a + na” 'b. But this is a 
recurrent series, since each term is determined by the two preceding terms. The 
law of formation is clearly seen when the denominator is expanded to 
1 — 2az + a7z*. If we let «@ = 1 and z = 1, the series becomes a general arith- 
metic progression a + (2a + 6) + (3a + 2b) + (4a + 3b) + +--+ whose 
terms have a constant difference. Thus every arithmetic progression is a 
recurrent series, for if A+ Bt+Ct+D+E+F + °:-:°: is an arithmetic 


progression then C = 2B — A, D = 2C — B, EF = 2D — C, ete. 


+ ¢2” . - 
65. The function gt het since —__+_ = (1 — az)? 
(1 — az) (1 — az) 
= 1+ 3az + 6a7z? + 10022? + 150424 + +--+: , is transformed into this 


infinite series: 
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a + 3aaz + 6araz? + 10a7%az? + 15ataz? + 
+ bz + 3abz7 + 6a7bz? + 100%bz4 + 
+ ez? + 3acz® + bazez? + 


in which z” has the coefficient 


(n + I)(n + 2) a + ele 1) nlp + (n <A 


19 2c. If in this series 
we let a = 1 and z = 1, the series becomes a general progression of the second 
order, whose second differences are constant. If we let 
At+tB+C+t+D+E+ -:-:: be this kind of progression, it will be a 
recurrent series in which a term depends on the three preceding terms in such a 
way that D = 3C — 3B + A, E = 3D — 3C + B, F = 3E — 3D + C, ete. 


Since the second differences of an arithmetic progression are equal, namely equal 


to zero, these properties apply also to arithmetic progressions. 


a+ bz + cz? + dz? 


66. In a similar way the function 1 
(1 — az) 


gives an infinite 


series in which the coefficient of z"” has the form 


(mn + Ijin + 2)(n + 3) on 4 n(n + 1)(n + 2 ap 


1:2°3 1:2°3 
n n— I1)n(n +1 n-2. 4 n — 2)\n — In n-3y 
1:2°3 1:2°3 


If we let a = 1 and z = 1, then this series represents all algebraic progression of 
the third order, in which the third differences are all constant. Every progression 
of this order, which has the form 

A+B+C+D+E+F + ---+~ will be recurrent from the denominator 
1 — 4z + 62? — 423 + 24. Hence 

E=4D—6C + 4B—A,F =4E —-6D+4C-—B, etc. This property 


belongs also to every progression of a lower order. 
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67. In this way it can be shown that every algebraic progression of any 
order which finally leads to constant differences is a recurrent series, whose law is 
given by the denominator (1 — z)", where n — 1 is the order of the progression. 
Since a™ + (a + b)™ + (a + 26)" + (a + 30)" + + +> i8 a progression of 


the m!* order, it is a recurrent series and we have 


0=a™ — + (a + b)™ + nin — Mg + 2b)™ 


- Hane l(a + 3b)" + Loe (a + nb)”, 


where the upper sign appears if n is odd and the lower sign if n is even. But 
this equation is always true if n = m + 1. From this it can be understood how 


far the applications of recurrent series extend. 


68. If the denominator happens to be a power of a multinomial rather than 


a binomial, the nature of the series can be explained in a different way. Suppose 


the function is $3 _______, then the infinite 
1 — az — Bz” — yz — B&&* — ++ )™ 


series representation is 
(m + 1)(m + 2) 
p+ mt, 4 ie Lm 2) 22? 
1 1:2 
+ (m_ + 1)(m_+ 2)(m + 3) 3,3 4 


1:2°3 
1 (m_ + }) 9? + (m_ + 1)(m + 2) oap23 + 
1 1:2 
+ m 7 ! y2° + 


In order to examine this series more carefully, let us write it with general letters 


as follows: 


1+ Az + Bo? + C22 + +++ + Kz" 
+ D2" * + Mz") + Ne” + 
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Any coefficient N is determined by the same number of preceding coefficients as 


there are letters a, B, y, 5, etc. as follows: 


N= Mityy + 2M@t2e, 4 Smtr y Amt .. +. This 


n n n n 

law is not constant since it depends on the power of z, but in other respects it is 
similar to the constant law of a progression which is determined by the denomi- 
nator in a recurrent series. Note that this non-constant law applies only if the 
numerator is 1 or some constant. If the numerator also contains some powers of 
z, then the law becomes much more complicated, as will be more easily seen after 


the study of some of the principles of differential calculus. 


69. Up until this time we have supposed that the constant term in the 
denominator is not equal to zero and in that place we have let it be equal to 1. 
Now let us see what series arises, if in the denominator we allow the constant 


term to vanish. In this case the rational function has the form 


at+ bz + ez? + 


3 . If we neglect the factor z, the rest of the function 
z(1 — az — Bz* — 


a+ bz + cz? + 


, can be written in a recurrent series 
1 — az — B2* — 


A + Bz + Cz? + Dz? + +--+ . Then it is clear that 


a+ be + ez? + 


ET LA Bet De + Bt 
z(L-az— Bz" -— --: ) z 


2 tee 
Similarly —2~ 2 + cz + 0 ~A,58 4,604 pD,4 B24 
z(1—az—Bz°- -:-: ) 2 z 

and in general 

at bz + cz? + ++: ~ A, B 
z™(1— az - Bz*- ++: ) Z™ zm 
+ C 4 D wee 

mo rw , whatever the exponent m may be. 
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70. Since by substituting for z another variable z in a rational function, 
and indeed this can be done in many different ways, it follows that the same 


rational function can be expressed in a recurrent series in infinitely many 


+ 
different ways. For instance, let y = it? so that we have the 


>] 
1—2z- 2° 


recurrent series y =1+ 22 + 3274+ 522+ 824+ --- . If we let z= i 
L 
? — x(1 + , 
then y = —2—4_ = zl + 2 . But 
zr -2x-1 l+e- 2? 
ATE ly tor + 2? — 28 + act — 325 + 52%- --- so that 
1+2r-f 
y = —~ 2x + Or? — x? + xt — 22° + 32° — 52’ + --- . However, if we let 
z= t—, then y = ——*—*"— and 
1+ 1-42 -— 2 
y = —2-— 102 — 42x27 — 17822 — 75424 - --- and so innumerable 


recurrent series of this kind can be found to represent y. 


71. Irrational functions can be transformed into series by the following 


universal theorem: 


m m m—n m—2n 


(P+Q)"=P"+"Pp"* Qt 1 p 
n 


, where there are an_ infinite 


m. wpe 
number of terms unless — is a positive integer. Thus when we choose fixed 
n 


integers for m and n, 


1 1 —1 —3 = 
2 2,152 Lt 2 1:1:3 
+Q)? =P? +—=P*?Q-—P’?Q +——P?Q-::: 
(P + Q) of @~ oy Q O46 Q or 
Ta ae 13 55° 13-5 a 
(P+ Q)? =P* ~=P?Q+—P?Q ~——P? QPt ce: or 


3 ps > 23 125 3 
(P+ Q)? =P? +—P2Q- 2 P?Q? +P FQ ot 
P+Q)? =P? - Lp? g4 I4peg 147 pa gay s+ of 
3 3°6 36-9 
p+ gy =p?+ 2pig— Apia? 4 24 pags 
3 3:6 36-9 


|3 


has the form MP " gt , then the next term has the form 


m—(k+1)n 
MP ” ai +l Tt should be noted that in succeeding terms the 
n 


exponent of P decreases by 1 and the exponent of Q increases by 1. In certain 


\3 


cases it may be be more convenient to express the general form (P + Q)” as 


m 


|3 


m 


P"(1 + Q/P)". Then when (1 + Q/P)” is expressed in an infinite series the 


m 


result may be multiplied by P ” to give the series in its first form. On the other 


hand, if m designates not only integers, but also fractions, then n can always 


Q 


equal 1. Further, if instead of PP? which is some function of z, we put Z, then 


we have 
(V+ zy =1+ Bz 4 BID, min — Bm ~ 2 7s 5 In 


what follows, it will be convenient to have noted the following 


(i+ zytai4 at 4 natn ~ A) 72 


in (m_ — 1)(m — 2)(m — 3) 73 4 


1:2°3 
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73. If Z = az, then 


(Qt azymtoy4 Moly, + (2 —Vlm — 2) 22 


az 

1 1:2 
+ fn = Dhl = 2) = 3) 88 + . If we write this series in the general 
form 1+ Az + Bz? + C22 + +++ + Me™) 4+ Nz” 4+ , then = any 


coefficient N is determined by the preceding term M_ as_ follows: 


N= ™— om. Thus, if n = 1, then N = A = maa, while if n = 2, 
n 
. m-—t1 
since M = A = 7 then 
N= B= moein = (m = 1j(m — 2) 2 In like manner 
2 1-2 
C= mob = tn =i in = 3) 48 as was seen in the original 


statement of the series. 


74. Let Z = az + Bz’, then 


mio 


(1+ az + B27)" )=14+ | (az + Bz’) 


, (m= Dim = 2) + ge? + 


19 Now if the terms are arranged 


according to powers of z then 


— (m — 1)(m — 2) 
(1+ oz + B27)" =1+4+ moa + it am a2? 


4 (m —_ 1)(m _ 2)(m _ 3) 3,3 


1:2°3 


2 © moti. 4+ {m — 1m — 2) 54,3 4 
1 1:2 


If we write the 


general form for this series: 


1+ Az + Be? + C22 + +2) Lz" 2 4+ Me™) 4+ Ne" + +--+ , then any 


62 
coefficient can be determined from the two preceding coefficients as follows: 
m—n 2m 


N = —amM + an BL. Thus all terms are defined by the first one, 
n 


which of course is 1. That is 


= — B= —aA + ———8, 
A 1 Q, 9 a 9 B 
m-— 3 2m — 3 m — 4 2m — 4 
C 3° 3 B 1% ri B 
75. If Z = az + Bz? + y2>, then 
2 3\m—1 m — 1 2 3 
(1 + az + Bz" + yz") = 1+ , (az + Bz“ + yz") 
+ {m= 1m — 2) 0, + Bz? + yz°)? + +++ . If we order all the terms 


1:2 
according to increasing powers of z we _ obtain the _ series 


1+ to, + m — I'm ~ 2) 2,2 4 {m = i(m — 2)(m — 3) 03:3 


1:2 1-2-3 
m-—1. 9 (m_— 1)(m — 2) 3 m—1_ 3 
toss + ———B2° + 2aBz° + +++ + ——~vyz 
i? 1-2 B 1” 
+ ++: . In order that the law of the progression may more easily become 
clear, we write the series as 1+ Az + Be? + Cz2 + +--+ + Ky"73 
+ Dz""* + Mz""! +4 Nz" + +++ | In this series the coefficient of each term 


is determined by the coefficient of the three preceding terms as follows: 


N= “—*am + om = “BL + 3m RK Since the first term is 1, and 
n n n 

it has no preceding terms, A = maa, B= mad 4 ™— 23 
3 3 3 

D= ™—4yc 4 2M@—4Agp 4 Sma 4 yg 


4 4 


76. In general if 


(Lt az + B22 + y22 + 82A + ---)M-l= 14+ Az + Bz? 
+ Cz3 + Dzt + Ez° + +--+ . Then all of the terms are so defined by preced- 
ing terms, that A = moat, B= moi, + 2m 2, 
1 2 2 
C= m—3 op 4 2m — 3 y4 4 3m — 3 
3 3 3 
p= Mi49¢ 4 2m 4p 4 3m—4., 4 Sm 4s 
4 4 4 4 
p= Madyp + 2ma=Se¢ 4 3mM—S.1p 4 AM P54 4 2M Pe 
5 5 5 5 5 


etc. where each term is determined by as many predecessors as there are letters 
a, B, y, 8, etc. in the function of z whose power is converted into the series. 
Furthermore, the nature of the law agrees with that which was discussed above 


in section 68, where a similar form (1 — az — Bz” — y2° — -jomt 


was 
developed in an infinite series. Indeed, if instead of m we write —m and the 
letters a, B, y, 5, etc. are made negative, the resulting series is exactly the same. 
In this place we will not prove a priort the law of this progression, since it can be 
done so much more easily with the aid of some principles of differential calculus. 


In the meantime let it suffice that the truth has been made reasonable by the 


application to examples of so many different kinds. 


CHAPTER V 


Concerning Functions of Two or More Variables. 


77. Although we have heretofore considered many variable quantities, still 
all of them were so constituted that they were all functions of one variable. If 
one of them was determined, then all of them were determined. Now we shall 
consider variable quantities which are independent of each other. In this case, 
although a definite value is given to one, the others remain indeterminate and 
variable. Variable quantities of this sort, such as z, y, z, can take on any 
definite values. If these values are compared to one another, they are completely 
different, since when any definite value is substituted for z, then z and y remain 
undetermined as before the substitution. We are concerned here with dependent 
and independent variables. In the former case, if one is determined, then the 
others are determined; in the latter however, the determination of one leaves the 


others completely unrestricted. 


78. A function of two or more variable quantities z, y, z is an expression 
composed in any way from these. 


The expression x° + zyz + az? 


is a function of three variables z, y, z. 
This function, if one variable, say z, is determined in that a constant number is 


substituted for it, then it still is a variable quantity, that is, a function of z and 


y. If in addition, besides z, y is also determined, then it is still a function of z. 
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A function of this kind, which is of several variables, is not determined until each 
of the variable quantities is determined. Since any variable quantity can be 
determined in an infinite number of ways, a function of two variables, when one 
of the variables is determined in any of an infinite number of ways, still admits 
of an infinite number of determinations. Thus it admits an infinity of infinite 
determinations. Further, in a function of three variables, the determinations will 


be greater by infinity; it grows in this manner with the number of variables. 


79. Functions of several variables, just as functions of a single variable, are 


primarily divided into algebraic and transcendental. 


The former are those in which the rule of composition involves only alge- 
braic operations; the latter are those in which at least one transcendental opera- 
tion enters. In this case we note that the transcendental operation can involve 
all of the variables, some of the variables, or only one. This expression, 
z* + y log z, since it contains the expression log z, is a transcendental function 
of y and z. We can consider it less transcendent though, since if the variable z 
is determined, it becomes an algebraic function of y. For the present it is not 


necessary to pursue this subdivision any further. 


80. Algebraic functions are subdivided into trrational and non-trrational 
functions while the latter is further subdivided into polynomials and rational func- 


tions. 


The rationale for these distinctions should be clear from the first chapter. A 
non-irrational function is completely free of any irrationality affecting the vari- 


ables of the function. If the non-irrational function has involved division with a 
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variable in the divisor, then it is a rational function; if it is not so encumbered, 
then it is a polynomial. The general form of a polynomial in two variables y and 
z is 

a+ By + yz + By? + eyz + C2? 


+ ny? + Oy2z + vyz? + x22 + 


If P and Q both designate polynomials, whether of two or several variables, then 
P/Q is the general form for a rational function. An irrational function can be 
either explicit or implicit. The former, which involves a radical sign, has been 
sufficiently developed. The latter is given by an equation which cannnot be 
resolved. The function V of y and z is implicity irrational, if it is given by 
V? = (ayz + 23)V? + (y? + 24)V + y® + Qayz? + 2°. 

81. We must note that functions of several variables may be multiple valued 


just as those of a single variable. 


The non-irrational functions will be single valued since when each of the 
variables is determined, the function takes only one value. Let P, Q, R, S, etc. 
designate single valued functions of the variables z, y, z, then V will be a two- 
valued function of the same variables if V2? — PV + Q = 0. This is the case 
since, whatever values are given to z, y, and z, the function V always has two 
determined values. Likewise, V will be a three-valued function if 
v3 — PV? + QV-R=0; it will be a four-valued function if 
vi — py? + QV? —- RV +S =0. In a similar way other multiple-valued 


functions can be defined. 


82. Just as when a function of one variable z is set equal to zero, the vari- 


able z is determined to one or several values, so when a function of two variables 
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y and z is set equal to zero, each of the variables is determined by the other. In 
this way each is a function of the other, while previously the two were mutually 
independent. In the same way, if a function of three variables z, y, z is set 
equal to zero, then each of the variables is determined by the other two, and so 
becomes a function of the other two variables. The same thing happens if the 
function is set equal to some constant other than zero, or even set equal to some 
other function. Indeed, from each equation, whatever variables may be involved, 
one variable is determined by, and so becomes a function of, the remaining vari- 
ables. Two different equations in the same variables will define a pair of the 
variables as functions of the other variables. In general the number of equations 


will determine the number of functions defined. 


83. <A distinction quite worthy of notice in functions of several variables 1s 


that between homogeneous and heterogeneous. 


A homogeneous function is one in which each term has the same degree. A 
heterogeneous function is one in which different degrees occur. We think of each 
variable as having one degree, a quadratic in one variable or the product of two 
different variables is of degree two. The product of three variables, whether they 
are the same or different, is of degree three, and so forth. Constants are not 
given a degree. In the following formulas: ay and Bz have one degree; 
ay’, Byz, yz" are second degree; ay?, By?z, yy2?, Sz? are third degree; 


ay’, By>z, vye2?, Syz°, ez’ are fourth degree, and so forth. 


84. First we apply this distinction to polynomials, and we consider only two 


variables since the concept is clear when there are more variables. 
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A polynomial 1s homogeneous when each term has the same degree. 


It is very convenient to classify functions of this kind by the degree of the 
terms which constitute the function. The general form of a first degree polyno- 
mial is ay + Bz; ay? + Byz + yz? is the general form of a second degree func- 
tion; ay? + By7z + yyz? + 82° is third degree; 
ay! + By®z + yy 2? + Syz? + ez4 is fourth degree, and so forth. In analogy 


with this terminology we will say that a constant function is zero degree. 


85. A rational function ts homogeneous if its numerator and denominator 


are both homogeneous. 


ay? + bz? 


An example of a homogeneous rational function in y and z is . 
ay + Bz 


The degree of the function is given by subtracting the degree of the denominator 


from the degree of the numerator. The given example is a first degree function. 


y° 2° 
y? + 2 


The expression is a third degree function. If the numerator and 


denominator have the same degree, then the function will be zero degree. For 


3 3 2 3 

yo + Zz y az y 
example, re ee er ae By" 

yz zy z 


are all zero degree. If the degree of the 


denominator is greater than the degree of the numerator, then the degree of the 


rational function will be negative. A function of degree — 1 is =, while 
z 
y+tz., . . 
—p.g is of degree — 3, and —+— 7 1s of degree — 5, since the numera- 
y + z y + ayz 


tor is zero degree. For the rest, many homogeneous functions are easily recog- 


nized when each part with the same degree are either added or subtracted. The 


2 
, — 6 . 
expression ay + ae + yy" = bz has degree 1, while 
y 22 + yz" 
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2 2 2 
ot PY A Wy Yt 
z y? y>—2 


is of degree zero. 


86. The nature of a homogeneous function can be extended also to irra- 


tional functions. If P is a homogeneous function of degree n, then VP has 


i p. 


1 1 
degree 9” and P®? has degree 3 In general P” is a function of degree Pon. 
v 


1 
Thus V y? + 2? is a first degree function, (y° + z°)8 is a third degree function, 


3 2 2 

. e + a e e 

(yz + 2)" is of degree 7 and Cv arerner| is of zero degree. Putting this all 
y + z 


J + y y" + zt y + yVz is a function f 
— RS — ee rene Oven vse en a re erenenereereeeneneneeet oO 
y 2° 6 02 2Vy + Vy? + 2° 

y —- 2 
degree —1. 


87. Whether an implicit irrational function is homogeneous or not should be 
clear from this. Let V be such an _ implicit function and 
v3 + PV? + QV + R = 0, where P, Q, and R are functions of y and z. First 
it should be clear that V cannot be homogeneous unless P, @, and RF are all 
homogeneous. Furthermore, if we let V be a function of degree n then V® is of 
degree 2n and V® is of degree 3n. Since each term must have the same degree, 
it is necessary that P have degree n, @ have degree 2n, and R have degree 3n. 
If now P, Q, and R are homogeneous functions of respective degrees n, 2n, 3n, 
then we conclude that V is of degree n. Now let 
ve + (y* + z*) v? + ay®V — z!° = 0, then V is a homogeneous second degree 


function of y and z. 
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88. If Vis a homogeneous function of degree nin y and z, and we make the 
substitution y = uz, then V can be expressed as the product of z" and some func- 


tion of u. 


By this substitution y = uz in each term we introduce only that number of 
degrees in z which before were in y. Since in each term the joint degrees of y 
and z was n, now the single variable z has degree n. It follows that each term 
now contain z”. In this way the function V becomes divisible and the quotient 
is a function of the single variable u. This becomes most clear in the case of 
polynomials. If V = ay? + By?z + yz? + 8z°, when we set y = uz, then 


V = z*(au® + Bu? + yu + 8). But then the same is clear in the case of a 


, . + .a 
rational function. Let V = ~f ; =, which is of degree — 1. When we let 
y z 
_ + 
y=uz,V=z2! are Even irrational functions follow the same rule. If 
u 
y= 4 yt 2 which is of degree 3 when we let h 
= See," — —, when we le = uz, we have 
z y° + 2° : 2 Y . 


V=z ? Ws In this way a homogeneous function of two vari- 
uy + I 


ables is reduced to a function of one variable. The power of z, since it is a fac- 


tor, does not contaminate the function of u. 


89. A homogeneous function V of two variables y and z of degree zero 1s 


transformed into a function of one variable u when we let y = uz. 


Since the degree is zero, the power of z which multiplies the function of u, 


is z = 1. For this reason the variable z does not appear in the expression. 


. + 
Thus if V = : = and we let y = uz, then V = u*yt In the irrational 
z 


TI 


case, if V = and we let y = uz, V = 


V/ 2 2 
YO ¥ u— Vu? — 1. 
Zz 


90. A homogeneous polynomial in two variables y and z can be expressed as 
the product of the same number of factors of the form ay + Bz as there are 


degrees in the function. 


Since the function is homogeneous, when we let y = uz, it becomes the pro- 
duct of z” and some polynomial in u. But this polynomial can be expressed as 
the product of linear factors of the form au + 8. When each of the linear fac- 
tors is multiplied by z, it takes the form auz + Bz = ay + Bz, since uz=y. 
There will be the same number of these factors as there are z’s in z™ Note that 
these linear factors may be real or complex; that is, the coefficients a and B can 


be real or complex. 


From this it follows that a second degree function ay? + byz + cz? has two 
linear factors of the form ay + Bz. The function ay? + by*z + cyz? + dz? has 
three linear factors of the form ay + Bz; and so forth for homogeneous polyno- 


mials of higher degree. 


91. Insofar as ay + (z is the general form for a homogeneous polynomial 
of degree 1, (ay + Bz)(yy + 8z) is the general form of a homogeneous polyno- 
mial of degree 2, and every homogeneous polynomial of degree 3 can be 
expressed as (ay + Bz)(yy + 5z)(ey + Cz), thus all homogeneous polynomials 
can be expressed as the product of factors of the form ay + Bz where the 
number of factors is the degree of the polynomial. These factors may be found 


by the solution of equations in the same way as we previously found the linear 
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factors of a polynomial in one variable. We cannnot extend this property of a 
function of two variables to functions of three or more variables. The reason is 
that the general form ay? + byz + cyr + dry + ex” + fz” does not generally 
reduce to a product of the form (ay + Bz + yxr)(8y + €z + Cx). Even less so 


can the function of higher degree be put into a product of this form. 


92. From all that has been said about homogeneous functions, we may 
understand what a heterogeneous function is. That is, in each of the terms there 
is not always the same degree. However, heterogeneous functions can be 
classified according to the number of different degrees which occur in them. 
Thus a bifid function is one in which two different degrees occur; it is the sum of 
two homogeneous functions with different degrees. For example, 
y> + Qy%z? + y* + z? is a bifid function since part of it is of degree five and the 
other part of degree two. A trifid function is one in which three different degrees 
occur, that is, one which is made up of three homogeneous functions; for exam- 
ple, y® + y22? + z+ y — 2. Besides these, there are rational and irrational 


functions which are so mixed up that they cannot be resolved into homogeneous 


. y> + ayz a+ Vy? + 2? 
functions; for example — a and nr re 
by + z y — bz 


93. Sometimes a heterogeneous function can be reduced to a homogeneous 
function by means of a suitable substitution for one or another of the variables. 
It is not very easy to state under what conditions this may be possible. Let it 


suffice to give a few examples of this procedure. If the given function is 


3 
yo + zy + y®z + <o after a bit of attention it becomes clear that the substi- 
y 
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tution z = 2° will result in y? + cty + y?x? + —, which is a homogeneous 
y 

function of degree 5 in « and_ ~y. Further, the function 


y tyre + ye? + y?st + ~ can be reduced to homogeneity by the substitu- 
r 


. 1 , . . y? y? y° 
tion zc = —. This results in the degree 1 function y + “— + “Tt Ay t a. 
z z z z 


There are much more difficult cases which can be reduced to homogeneity, but 


with substitutions which are not so simple. 


94. Finally we should note the classification of polynomials according to 
order. The order is defined by the greatest degree of any term in the function. 
An example of a second order polynomial is x? + y? + 2" + ay — a” since there 
are terms of degree 2. 

Also yt + yz? — ay?z + abyz — a7y” + 64 is a fourth order polynomial. This 
classification is usually made in the discussion of curves, and for this reason it 


merits notice. 


95. There remains the classification of polynomials into reducible and 
irreducible. A reducible function is one which can be expressed as the product of 
two or more non-irrational functions. For example, 
yt — 24 + Qaz? — 2byz? — a?z? + Qabzy — b*y? is the product of the two func- 
tions (y” + 2” — az + by)(y? — 2? + az — by). We have seen that every 
homogeneous polynomial in two variables is a reducible function, since it is the 
product of as many factors of the form (ay + Bz) as there are degrees in the 
polynomial. A polynomial is irreducible if it cannot be expressed as the product 


of non-irrational factors. It is easily seen that there are no non-irrational factors 
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of y? + z* — a*. From a consideration of divisors it appears whether a given 


function is reducible or irreducible. 


CHAPTER VI 


On Exponentials and Logarithms. 


96. Although the concept of a transcendental function depends on integral 
calculus, still, before we come to that, there are certain kinds of functions which 
are more obvious, which can be conveniently developed, and which open the door 
to further investigations. First of all we will consider exponentials, or powers in 
which the exponent itself is a variable. It is clear that quantities of this kind are 
not algebraic functions, since in those the exponents must be constant. There are 
different kinds of exponentials, according to whether only the exponent is a vari- 
able or both the base and the exponent are variables. The first case is 
exemplified by a’* , while the second by y’* . Indeed the exponent itself may be 
an exponential as in the following: a® , a% , y* , 2” . We will not consider 


these different forms to be different genera, since their nature will be sufficiently 


clear if we develop only a’. 


97. Let the exponential to be considered be a* where a is a constant and 
the exponent z is a variable. Since the exponent z stands for all determined 


numbers, it is clear at least that all positive integers can be substituted for z to 


give determined values a‘, a®, a, a’, a®, a®, etc. If for z we substitute the 


. 1 1 1 1 
negative integers -1, -2, -3, etc., we obtain —, 71 3» Tp» ete. If z = 0, then 
aqa*a*ésea 


we have a® = 1. If we substitute a fraction for z, for instance 


i213 
> 3? 3’ 4? 4’ 


ro |e 
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1 
etc. we obtain the values Va, a*?,a*, a‘, a‘, etc. These symbols can have 


two or more values, since the extraction of roots gives several values. However 


we will consider only their primary value, that is the real positive values since a’ 


5 
2 


is to be thought of as a single valued function. For this reason a“ lies between 


5 


a” and a, and so it is a quantity of the same genus. Although a” is equal to 


both — Va and aVa, we consider only the second. In like manner we let z 
take irrational values, even though it is more difficult to understand this concept. 
However, we consider only real values for z. Thus aw" has a value which lies 


between a” and a’. 


98. The values of the exponential a* depend primarily on the magnitude of 
the constant a. If a = 1, then we always have a* = 1, no matter what value is 
given to z. If a > 1, then a’ will have a greater value if the value of z is greater 
than it was originally and as z goes to infinity, so also a* increases to infinity. 
If z = 0, then a* = 1; if z <0, then the values of a* become less than 1 and 
as z goes to — ©, a* goes to 0. On the other hand if a < 1 but still positive, 
then the values of a* decrease when z increases above 0. The exponential 


increases as z increases in the negative direction. Since when a <1, we have 
1 ; 1 z ~ yz ; . 
— > 1, and if we let — = 6, then a’* = 5b . For this reason we can examine 
a a 

the case when a < 1 from the case when a > 1. 


99. If a = 0, we take a huge jump in the values of a’. As long as the 
value of z remains positive, or greater than zero, then we always have a’ = 0. 


If z = 0, then a° = 1. However if z is a negative number, then a’ takes on an 


infinitely large value; for example, if z = — 3, then a? = Q-* = — = 


which is infinite. Much greater jumps occur if the constant a takes on a negative 
value, for instance — 2 In this case, when z takes on integral values, a’ takes 


positive and negative values alternately, as can be seen from the sequence 


a,a@°,a“,a@ ,a@,a,a°,a°, a, etc 
1 1 1 1 . 

+ —,-—-,+-,- —,+ 1, - 2,+ 4, — 8, + 16. Furthermore if the 
16 8 4 2 


exponent z takes fractional values, then a* = ( — 2)’ sometimes has real values 


and sometimes complex values. For instance a” = V — 2 which is a pure ima- 


1 1 1 
ginary, while a? = ( — 2)° = — 2° which is real. If the exponent z is given 


an irrational value, then a* may give real or complex values, but this cannnot be 


predicted. 


100. After having considered the inconveniences associated with a negative 
value for a, we decide that a will be a positive number, indeed greater than 1, 
since from this case it is easy to investigate the case when a lies between 0 and 
1. If we let y = a*, and for z substitute all real numbers, which lie between 

— © and + ©, then y takes all positive real values between 0 and + ©. If z 
goes to ©, then y also goes to ©, if z = 0, then y = 1 and when z goes to 
— ©, y goes to 0. On the other hand, for any positive value assigned to y, 
there is a real value corresponding to z such that a* = y. If a negative value is 


given to y, there is no corresponding real value for z. 


101. If y = a’, then y is a function of z, and the extent to which y 


depends on z is easily understood from the nature of exponents. Thus whatever 


value is given to z, the value of y is determined. For instance 


y° = a’, y? = a”’, and generally y” = a™. From this it follows that 


| — 


Zz 


1 
is 3 i 
Vy =a? ,y? =a? ,and— =a? 


i —22 
b 
y y” 


=a Wore 2 and so forth. 


Furthermore, if v = a”, then vy = a*** and = = a*~*. A benefit we derive 


from these properties is that it is easier to determine the value of z when a value 
of y is given. 


EXAMPLE 


If a = 10, from arithmetic, which we shall use, the number ten makes it 
easy to see the values of y when we substitute values for z. We see that 
10' = 10, 10? = 100, 10% = 1000, 10* = 10000, and 10°=1. Likewise 


iot=-+ = 0.1, 10°? = —— 0.01, 10° = | = 0.001. If we let z have 
10 100 1000 


fractional values, by means of root extraction, we can state the values of y. 


] 
Thus 107 = V10 = 3.162277, etc. 


102. Just as, given a number a, for any value of z, we can find the value of 
y, so, in turn, given a positive value for y, we would like to give a value for z, 
such that a” = y. This value of z, insofar as it is viewed as a function of y, it 
is called the LOGARITHM of y. The discussion about logarithms supposes that 
there is some fixed constant to be substituted for a, and this number is the base 
for the logarithm. Having assumed this base, we say the logarithm of y is the 
exponent in the power a’ such that a*” = y. It has been customary to designate 


the logarithm of y by the symbol log y . If a* = y, then z = log y. From this 
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we understand that the base of the logarithms, although it depends on our 
choice, still it should be a number greater than 1. Furthermore, it is only of 


positive numbers that we can represent the logarithm with a real number. 


103. Whatever logarithmic base we choose, we always have log 1 = 0, since 
in the equation a* = y, which corresponds to z = log y, when we let y = 1 we 
have z = 0. From this it follows that the logarithm of a number greater than 1 
will be positive, depending on the base a. Thus 
log a = 1, log a” = 2, log a® = 3, log a* = 4, etc. and, after the fact, we know 
what base has been chosen, that is the number whose logarithm is equal to 1 is 


the logarithmic base. The logarithm of a positive number less than 1 will be 
; , 1 1 1 

negative. Notice that log — = — 1, log zT=7 2; log —> = — 3, ete., but 
a a a 


the logarithms of negative numbers will not be real, but complex, as we have 


already noted. 


104. In like manner, if log y = z, then log y? = 2z, log y® = 3z, etc, and 
in general log y” = nz or log y” = nlog y, since z = log y. It follows that the 


logarithm of any power of y is equal to the product of the exponent and the log- 
. Vo _ 1 _ 1 
arithm of y. For example, log Vy = 9” = 9 1° Y, 


1 
log val =lgy 7 =- =-log y, and so forth. It follows that if we know the 
y 


logarithms of any number, we can find the logarithms of any power of that 
number. If we already know the logarithms of two number, for example 
z 


logy = z and logv =z, since y= a” and v=a", it follows that 


log vy = zc + y = log v + log y. Hence, the logarithm of the product of two 


80 


numbers is equal to the sum of the logarithms of the factors. In like manner, 


y _ 


log = = z — x = log y — log v, that is, the logarithms of a quotient is equal to 
v 


the logarithm of the numerator diminished by the logarithm of the denominator. 
These rules can be used to find the logarithms of many numbers from a 


knowledge of the logarithms of a few. 


105. From what we have seen, it follows that the logarithm of a number 
will not be a rational number unless the given number is a power of the base a. 
That is, unless the number 6 is a power of the base a, the logarithm of b cannot 
be expressed as a rational number. In case b is a power of the base a, then the 
logarithm of 6 cannot be an irrational number. If, indeed, log 6 = Vn, then 
a’ = 6, but this is impossible if both @ and 6 are rational. It is especially 
desirable to know the logarithms of rational numbers, since from these it is possi- 
ble to find the logarithms of fractions and also surds. Since the logarithms of 
numbers which are not the powers of the base are neither rational nor irrational, 


it is with justice that they are called transcendental quantities. For this reason, 


logarithms are said to be transcendental. 


106. When they are transcendental, logarithms can be only approximately 
represented by decimal fractions. The discrepancy is less to the extent that more 
decimal places are used in the approximation. In the following way we can find 


an approximation for a logarithm by only extracting square roots. Let log y = z 


and log v = a, then logV vy = ; = If the proposed number 6 lies between 


5 
a” and a®, whose logarithms are 2 and 3 respectively, we look for the value of a” 


8 | 


5 5 
or aVa and then 6 lies either between a” and a” or between a” and a’. 


Whichever is the case, we then take the geometric mean of these two and we 
have closer bounds. We repeat the process and the lengths of the intervals 
between which 6 lies decrease. In this way we eventually arrive at the value of 6 
with the desired number of decimal places. Since the logarithms of the bounds 
have been computed, we finally find the logarithm of b. 


EXAMPLE 


Let a = 10 be the base of the logarithms, which is usually the case in the 
computed tables. We seek an approximate logarithm of the number 5. Since 5 
lies between 1 and 10, whose logarithms are 0 and 1, in the following manner we 


take successive square roots until we arrive at the number 5 exactly. 


be 
l 


1.000000; log A 0.0000000 so that 


B = 10.000000; log B = 1.0000000; C= 


VAB 
C = 3.162277; log C = 0.5000000; D = VBC 
D = 5.623413; log D = 0.7500000; FE = VCD 
E = 4.216964; log E = 0.6250000; F = VDE 
F = 4.869674; log F = 0.6875000; G= VDF 
G = 5.232991; log G = 0.7187500; H = VFG 
H = 5.048065; log H = 0.7031250; I= VFH 
I = 4.958069; log I = 0.6953125;  K = VHT 

VIK 


K = 5.002865; log Kk 


0.6992187; L= 


= 
T 
2 


L = 4.980416; log L 0.6972656; 


= 4.991627; log M = 0.6982421; N= 
O== 


4.997242; log N = 0.6987304; 


5.000052; log O = 0.6989745; 


P 
4.998647; log P = 0.698852; Q = VOP 
R 


4.999350; log Q = 0.6989135; 


II 


~y © © OO 2 f= 
1 


4.999701; log R = 0.6989440; S = VOR 


S = 4.999876; log S = 0.6989592; T = VOS 


T = 4.999963; log T = 0.6989668; V 


V = 5.000008; log V = 0.6989707; W 
W = 4.999984; log W = 0.6989687; xX 


0.6989697; Y 


X = 4.999997; log X 


0.6989702; Z= VXY 


Y = 5.000003; log Y 
Z = 5.000000; log Z = 0.6989700. 


Thus the geometric means finally converge to z = 5.000000 and so the logarithm 


698970 
of 5 is 0.698970 when the base is 10. That is approximately 10 /000°°° = 5. This 


is the way in which the tables of common logarithms have been computed by 
Briggs and Vlasc. In the meantime much shorter methods have been found by 


means of which logarithms can be computed more quickly. 


107. There are as many different systems of logarithms as there are different 
numbers which can be taken as the base a. It follows that there are an infinite 
number of systems of logarithms. Given two different systems of logarithms, 
there is a constant which relates the logarithms of the same number. If the base 


of one system is a and that of the other is 6, if also the number n has logarithm 
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p in the first system and logarithm q in the second, then a? = n and b! = n. 


q 


Therefore a? = 617, so that a = 6? and the value of L is constant, no matter 
q 


what the value of n may be. If the logarithms of all numbers have been com- 
puted in one system, then it is an easy task, by means of this golden rule for log- 
arithms, to find the logarithms in any other system. For example, we have loga- 
rithms for the base 10. From these we can find the logarithms with any other 
base, for instance the base 2. We look for the logarithm of a number n for base 
2, which will be q, while the logarithm with base 10 of the same number n will 


be p. Since for base 10, log 2 = 0.3010300 and for base 2, log 2 = 1, then 


Poe 0.3010300 and q = Pes. 3.3219277. If every common logarithm 
q 1 0.3010300 


is multiplied by 3.3219277 then we will have produced a table of logarithms for 


base 2. 


108. Jt follows that the ratio of the logarithms of two different numbers 1s 


constant whatever the system of logarithms. 


Let M and N be two numbers of which in base a the logarithms are respec- 


tively m and n so that M = a™ and N = a", then a™ = M" = N™ so that 


m 


M = WN". In this equation a does not appear and it is clear that the ratio m/n 
is independent of a. If for some other base 6, the logarithms of the same 


numbers M and WN are p and v respectively, it follows in the same way that 
p. m be 


M=WN". Since N” = N", we have a= | or m/n = w/v. We have 
n v 


already seen that in any system of logarithms, the ratio of the logarithms of 
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different powers of the same number, for instance y™ and y”, is the ratio of the 


two exponents, m/n. 


109. In order to construct a table of logarithms with any base, it is 
sufficient to have computed the logarithms of only the prime numbers by the 
method already given or some more convenient method. Since the logarithm of a 
composite number is equal to the sum of the logarithms of its factors, we can 
complete our table by simple addition. Thus, if we have the logarithms of 3 and 
5 then log 15 = log 3 + log 5, log 45 = 2 log 3 + log 5. Furthermore, since we 


have already computed the logarithm of 5 with base 10 to be 0.6989700 and 
; 10 
log 10 = 1, it follows that log _ = log 2 = log 10 — log 5. Therefore, 


log 2 = 1 — 0.6989700 = 0.3010300. From the logarithms of these two prime 
numbers, 2 and 5, we can find the logarithms of all composite numbers with fac- 
tors only 2 and 5. Numbers of this sort are 4, 8, 16, 32, 64, etc., 20, 40, 80, 25, 


00, etc. 


110. A table of logarithms is of great use in carrying out numerical compu- 
tations, since from such tables we have not only the logarithms of the given 
numbers, but for any logarithms we can find a corresponding number. Suppose 


c, d,e, f, g, and A designate any numbers, besides products, we can find the 


2 


value of an expression like The logarithm of this expression will be 


€ 
= 
f(gh)° 


2log ¢ + log d + > loge ~ log f ~~ log g ~ = log h and the _ desired 


number is that to which this logarithm corresponds. Tables of logarithms are 


especially useful in finding intricate roots, since without them we would have 
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only the operations of multiplication and division. 


EXAMPLE I 


7 
We seek the value of 2!”, of which the logarithm is = log 2. We multiply 


the logarithm of 2, which is 0.3010300, by oT that is, by - + 7 But then 


7 
log 2! = 0.1756008, to which logarithm corresponds the number 1.498307, 


7 


which is an approximate value of 2)”. 


EXAMPLE I 


If the population in a certain region increases annually by one thirtieth and 
at one time there were 100,000 inhabitants, we would like to know the popula- 
tion after 100 years. For the sake of brevity we let the initial population be n, 
so that mn = 100,000. After one year the new population will be 


2 
(1 + 1/30)n = ie After two years it will equal (| n. After three years it 


3 
will be 3 n. Finally after one hundred years the population will be 
\ 0 1 100 
3 n= 3 100,000. The logarithm of this population is 
100 log 3 + log 100,000. But 


log [3 = log 31 — log 30 = 0.014240439, so that 


100 log [3 = 1.4240439 which, when increased by log 100,000 = 5, gives 


6.4240439, the logarithm of the desired population. The corresponding 
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population is 2,654,874. So after one hundred years the population will be more 
than twenty-six and a half times as large. 


EXAMPLE II 


Since after the flood all men descended from a population of six, if we sup- 
pose that the population after two hundred years was 1,000,000, we would like to 


find the annual rate of growth. We suppose that each year the increase is 1/z, so 


+ 2 


200 
| 6 = 1,000,000. It fol- 
L 


. . fl 
that after two hundred years the population is | 


1 


200 
lows that Af@ _ An0g000 ; and sO 
x 6 
log a) oe log 4000000" _ 5 9918487 = 0.0261092. From this we 
200 6 200 
have 1+ z _ 1061963) and so 1,000,000 = 619632 and finally x is approxi- 


r 1000000 ’ 


mately 16. We have shown that if each year the population increases by 7 the 


desired result takes place. Now if the same rate holds over an interval of four 


hundred years, then the population becomes 1000000. = 166666666666. 


However, the whole earth would never be able to sustain that population. 


EXAMPLE IV 


If each century the human population doubles, what ts the annual rate of 


growth? 


Lo 1 ae 
If we suppose that each year the population increases by — and the initial 
£ 


population is mn, then after one hundred years the population will be 
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100 1 
[2 + | n = 2n. It follows that t+ r _ g 100 and 
xr r 
log | log 2 = 0.0030103. From this we have 
L 100 
Ate 10069599 Therefore x = 10000000 so that z is approximately equal 
L 10000000 69555 


to 144. It will suffice if the annual increase is by We For this reason it is quite 


ridiculous for the incredulous to object that in such a short space of time the 


whole earth could not be populated beginning with a single man. 


111. The most important application of logarithms is in the solution of 
equations in which the unknown quantity is involved in the exponent. For exam- 
ple, if we come upon an equation a” = 6, from which we must find the value of 
z, the solution can be found only with logarithms. Since a” = b, we have 


log a” = x log a = log 6. Therefore t = = be We note that any logarithmic 
og a 


system may be used, since in any system the ratio is the same. 


EXAMPLE I 


If the human population increases annually by a" we would like to know 


how long it will take for the population to become ten times as large. We sup- 


pose that this will occur after x years and that the initial population is n. Hence 


z Zz 
after x years the population will be Fea n = 10n, so that Fa = 10 


100 
101 ; 
and xz log |—— | = log 10. From this we have 
100 
r= —__log 10 ____:10000000  _ 231. After 231 years the human 


log 101 — log 100 43214 
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; 1 
population will be ten times as large with an annual increase of only 00" It 


also follows that after 462 years the population will be one hundred times as 
large, and after 693 years the population will be one thousand times as large. 


EXAMPLE II 


A certain man borrowed 400,000 florins at the usurious rate of five percent 
annual interest. Suppose that each year he repays 25,000 florins. The question 
is, how long will it be before the debt is repaid completely. We let a be the ori- 


ginal debt of 400,000 florins and we let b be the sum of 25,000 florins which is 


repaid annually. After one year the debt will be ‘op a — b. After the second 
105 ° 105 
year the debt will be |——]|a— |——][b — b. After the third year the debt 
100 100 
105 ° 105 ° 105 
will be |—— | a — |——]| 6 — ——b — Bb. For the sake of brevity let us set 
100 100 100 
105 . 
= —, and after x years, the debt will be 
100 
n™ —n*~ 1b — n*~ 7b — n?~ 3h - +--+ =~ 4b 
=n*a-—b(1t+nt+n?+ +--+ + n*~ 1). From the nature of a geometric 
progression we know that 
2 z—1 n* — 1 
l+t+nt+n* + +++ tn = After «x years the man _ owes 
n—- 
1 n*b — b , ; ; , 
n°a — 1 florins. When the debt is paid, this should equal zero, so we 
; n*b — b 
have the equation n*a = ope (n — 1)n*a = n*b — b. From this it 
n — 
follows that (6b — na + a)n* = 6, and that n* = > Finally we 
b —(n — l)a 
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log 6 — log (b — (n — I)a 
log n 


have x = . Since 


105 


a = 400,000 , 6 = 25,000 , n = ; 
100 


we have 


(n — 1)a = 20,000 , 6 — (nm — 1)a = 5,000 and the number of years after 


which the debt is completely paid is 


log 25000 — log 5000 log 5 6989700 . 
105 71 211893 at is, in a little less 
log —— log — 
100 20 


than thirty-three years the debt is paid. In fact not only is the debt paid in full, 
but the creditor owes the debtor 


33 
[22 5000 — 25000 33 
_ a= ———_ = _ 100000 at — §00000 
n- 1 1 20 
20 
21 21 
florins. Since log 20 = 0.0211892991, we have log 24 | = 0.6992469 and so 


33 
log 100000 et = 5.6992469 which is the logarithm of 500,318.8. Now after 


33 years the creditor should return to the debtor 318.8 florins. 


112. The common logarithms, that is, those with base 10, have a special 
usefulness beyond that which logarithms with another base have. This is because 
our arithmetic is based on the decimal system. Since the logarithms of all 
numbers are expressed not only with powers of ten but also in decimal fractions, 
the logarithms of numbers between 1 and 10 lie between O and 1, while the loga- 
rithms of numbers between 10 and 100 lie between 1 and 2, and so forth. Hence 
a logarithms is made up of two parts, namely an integral part and a decimal 


fraction. The integer is called the CHARACTERISTIC, while the decimal part is 
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called the MANTISSA. The characteristic of a number is one less than the 
number of digits which express the number. For example, the logarithm of the 
number 78509 has a characteristic 4, since the number has 5 digits. Thus from 
the logarithm of a number one knows immediately how many digits the integral 
part has. For example, to the logarithm 7.5804631 there corresponds an eight 


digit number. 


113. If the mantissae of two logarithms are equal, but if the characteristics 
are different, then the numbers corresponding to these logarithms have a ratio 
which is a power of ten. It follows that the same digits represent the two 
numbers. For example, the numbers whose logarithms are 4.9130187 and 
6.9130187 are 81850 and 8185000 respectively. However, the logarithms 
3.9130187 corresponds to 8185 and the logarithm 0.9130187 corresponds to 8.185. 
The mantissa gives only the digits of the number, while from the characteristic it 
is clear how many digits to the left of the decimal point are to be assigned to the 
integral part. The remaining digits to the right belong to the decimal fraction. 
For example, if the logarithm is 2.7603429, then the mantissa provides the digits 
5758945, while the characteristic 2 determines the number corresponding to that 
logarithm to be 575.8945. If the characteristic had been 0, than the number 
would have been 5.758945. If the characteristic is negative, for instance -1, then 
the corresponding number is less by one tenth, namely, 0.5758945. The charac- 
teristic -2 corresponds to 0.05758945 etc. Instead of writing negative characteris- 
tics, such as -1, - 2, -3, etc., we usually write 9,8,7, etc. respectively, and under- 


stand that the logarithms are to be diminished by 10. All of this is usually 


9] 


explained more at length in introductions to tables of logarithms. 


EXAMPLE 


If the progression 2, 4, 16, 256,:-°-: «ts formed by letting each term be the 


square of the preceding term, find the value of the twenty-fifth term. 


If the terms of this progression are expressed by exponents, it is more con- 
venient: 2, 27,24, 2° etc. Now it becomes clear that the exponents form a 
geometric progression and that the exponent of the twenty-fifth term will be 
974 = 16777216. It follows that the sought for term is 918777216 | whose logarithm 
is 16777216 log 2. Since log 2 = 0.301029995663981195, the logarithm of our 
number is 5050445.25973367. From the characteristic we see that the number 
has 5050446 digits. The mantissa, 25973367, in the table of logarithms, gives us 
at least the initial digits, which are 181858. These digits are followed by 5050440 
more digits, a few of which may be found in tables with more places. In fact the 


eleven initial digits are 18185852986. 


CHAPTER VII 


Exponentials and Logarithms Expressed through Series. 


114. Since a® = 1, when the exponent on a increases, the power itself 
increases, provided a is greater than 1. It follows that if the exponent is 
infinitely small and positive, then the power also exceeds 1 by an infinitely small 
number. Let w be an infinitely small number, or a fraction so small that, 
although not equal to zero, still a” = 1+ W, where wt is also an infinitely small 
number. From the preceding chapter we know that unless W were infinitely small, 
then neither would w be infinitely small. It follows that |W = ow, or W > w, or 
ww < ow. Which of these is true depends on the value of a, which is not now 
known, so we let W¥ = kw. Then we have a® = 1 + kw, and with a as the base 
for the logarithms, we have wm = log (1 + kw). 


EXAMPLE 


In order that it may be clearer how the number k depends on a, let a = 10. 


From the table of common logarithms, we look for the logarithm of a number 


which exceeds 1 by the smallest possible amount, for instance, 1 + —t SO 
1000000 
1 
that kw = —. Then 
1000000 


= 0.00000043429 = w. Since 


log f , 1 | - log 2000001 


1000000 1000000 


kw = 0.00000100000, it follows that + = —12429_ an 
k 1000000 
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100000 
43429 


= 2.30258. We see that k is a finite number which depends on the 


value of the base a. If a different base had been chosen, then the logarithm of 
the same number 1 + kw will differ from the logarithm already given. It follows 


that a different value of k will result. 


115. Since a” = 1+ kw, we have a?” = (1 + kw)’, whatever value we 


assign to jy. It follows that 


a 214 Ley + L2=D p22 + L2= DU — 2) 73,3 4 If now 
1 1:2 1:2°3 
we let 7 = =e where z denotes any finite number, since w is infinitely small, 
7) 
then j is infinitely large. Then we have w = 2 where w is represented by a 
J 


fraction with an infinite denominator, so that w is infinitely small, as it should 


be. When we substitute 2 for w then 
Jj 


a® = (1+ kz/7) = 1+ ake + EAU ey + Ay — UUs ~ 2) j-? k323 
“oJ 


1:29°37 


, A DU = 2) ~ 3) pana 


—— . This equation is true provided an 
1°29°37°4] 


infinitely large number is substituted for 7, but then & is a finite number depend- 


ing on a, as we have just seen. 


j= 


116. Since 7 is infinitely large, = 1, and the larger the number we 


j= 


substitute for 7, the closer the value of the fraction comes to 1. There- 


fore, if 7 is a number larger than any assignable number, then j= is equal to 


— 3 


]. For the same reason — = 1, J = 1, and so forth. It follows that 


J — | = i J _ = i J —3 = i and so forth. When we substitute 
27 2 37 3 4) 4 
these values, we obtain 
2,2 3,3 4,4 
a7 =1+ ke + ke kre k 2 + :-::+ , This equation expresses a 
1 1:2 1:2°3 1:2-3-4 


relationship between the numbers a and k, since when we let z = 1, we have 


2 3 4 
k k 4 k n k 
1 1:2 1:2°3 1°:2:3°4 


+ +--+: , When a = 10, then &k is 


necessarily approximately equal to 2.30258 as we have already seen. 


117. Suppose 6 = a", and let a be the base for the logarithms, so that 


log 6 = n. Since b?7 = a™, we have the infinite series 
22,2 3,33 4,44 

6b? =1+ knz kin 2 ki niz k nz Now we substitute 
1 1:2 1:2°3 1:2°3°4 

kz ke? 2? 9 k323 3 

log 6b ff ; that 67 = 1+ —log b + log b)° + log 6b 
og or mn, so a, ; 198 12 (log 6) 123 (log 6) 
k+z4 4 . : 
+ 9-3-4 (log 6)” + +--+ . Since we know the value of & from the given value 


of the base a, the general exponential 6” can be expressed in an infinite series 
whose terms proceed with the powers of z. Having shown this fact, we now go 


on to show how logarithms can be expressed by infinite series. 


118. Since a® = 1 + kw, where w is an infinitely small fraction and the 


relation between a and k is given by a = 1 + — + ——~- + 


a is taken as the base of the logarithms, then w = log(1 + kw) and 
jo = log(1 + kw)? . It is clear that the larger the number chosen for j the more 
(1 + kw)? will exceed 1. If we let j be an infinite number, the value of the 


power (1 + kw)? becomes greater than any number greater than 1. Now if we 
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let (1 + kw)? = 1 + 2, then log(1 + x) = jw. Since jw is an finite number, 
namely the logarithm of 1 + 2, it is clear that 7 must be an infinitely large 


number; otherwise, j7w could not have a finite value. 
i 
119. Since we have let (1 + kw)’ = 1+ 2, we have 1 + kw = (1 + 2)? 


1 ; A 
and kw=(1+ 2)’ —1, so that jw = <((1 + xr)? — 1). Since 


, 1 , 
jm = log(1 + xz), it follows that log(1 + zr) = <(1 + x)/ — 77 where j is a 
number infinitely large. But we have 


i 


Q¢cjis1¢t-W-Ye, IVs): 


jt j°29 j°29°39 
_~ iu! (2j ~ 1 3J —1 gi+ -::++ . Since 7 is an infinite number, 
p29 374] 
jo 1 2J ™ u 2 $j — 1 3 etc. Now it follows that 
23 2 37 3 4) 4 
1 
. - x ad 2° x 
gitar)? =p + —>- —+—-— —+:::. As a result we have 
1 2 3 4 
2 3 4 . 
log +z) = t]/2-2 +2 2 + ... |, where a is the base of the 
k\1 2 3 4 


2 3 
Kk, 


logarithm and a = 1 + — + —— 
1 1:2 1:2°3 


120. Since we have a series for the logarithm of 1 + x, we can use this to 


define the number k when a is the base. If we let 1 + x = a, since log a = 1, 


we have 
_ _ 2 _ 3 _ 4 
,-ifeait_ f-, @-iP fy, od, It follows 
k 1 2 3 4 
_ _ 2 _ 3 _ 4 
that k = sot _ te, ey ea ee Tf we let 
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a = 10, the value of this infinite series must be approximately equal to 2.30258. 


9 
1 


9 9 — 9 
We have 2.30258 = > + 3 ve + ---+ , but it is difficult to see 


how this can be since the terms of this series continually grow larger and the sum 
of several terms does not seem to approach any limit. We will soon have an 


answer to this paradox. 


. 1] 2 x? z° ; 
121. Since log(1 + zr) = —|]— — — + — — ::: ], when we substitute 
kil 2 3 
— x for x, we obtain 
2 3 4 
log(l — rz) = — 12 +2 +542 4 --- |. If we subtract the second 
k\1 2 3 4 
series from the first we obtain 
1+oc 
log(1 + x) — log(1 — x) = log it] 
1-2 
| 3 5 7 
~2j)/2, 2,2, 2 4 ...]) Now if we let + = a | go that 
k (1 3 9) 7 — 2x 
a-1 
r= , and because log a = 1, we have 
a+ 1 


_ _ 3 _ 5 
po ofsaty tear, tena _ 


. From this equation we 
atl 3(a + 1)° 5(a + 1) | . 


can find the value of & when a is given. For example, if a = 10, then 


3 5 7 
t= | 9 9 ar: 


—_ + +o and the terms of this series 
11 3n® ®t? | 


decrease in a reasonable way so that soon a satisfactory approximation for k can 


be obtained. 


122. Since we are free to choose the base a for the system of logarithms, we 
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now choose a in such a way that k = 1. Suppose now that k = 1, then the 


series found above in section 116, 


$444 + — 
1 1:2 1:2°3 1:2°3°4 


1 + 


+ +--+ is equal to a. If the terms are 


represented as decimal fractions and summed, we obtain the value for 
a = 2.71828182845904523536028 --- . When this base is chosen, the loga- 
rithms are called natural or hyperbolic. The latter name is used since the qua- 
drature of a hyperbola can be expressed through these logarithms. For the sake 
of brevity for this number 2.718281828459 --- we will use the symbol e, which 
will denote the base for natural or hyperbolic logarithms, which corresponds to 


the value k= 1, and e represents the sum of the infinite series 


p+ tye ty + — 
1 1:2 1:2°3 1:2°3°4 


123. Natural logarithms have the property that the logarithm of 1 + w is 
equal to w, where w is an infinitely small quantity. From this it follows that 
k = 1 and the natural logarithms of all numbers can be found. Let e stand for 


the number found above, then 


2” 2° z4 


e=14+24+4 4 
1 1:2 1:2°3 1:2°3°4 


+ -:: , and the natural logarithms 


2 3 4 5 6 
log(l tz)=x-—>+52-545 234... , and 
2 3 4 5 6 
3 5 7 9 
log itz _ 22, om, ee ae a “++ . This last series is 
— 1 3 5 7 9 


strongly convergent if we substitute an extremely small fraction for z. For 


instance, if x = -, then 


6 3 2 2 2 2 1 
log — = log — = — + — WZ +-—-7+-——7+:lt.©)hOCUdIF oS ee = =, then 
°F 4 °F 9 15 3-58 5 5e 7-57 7 
a and if reat, then 
3 170 3-78 578 7-7? 9 
log ae + 2 + 2 + a + :-+:+ ,. From the logarithms of these 


4 1-9 3-93 59° 7-9! 


fractions we can find the logarithms of integers. From the nature of logarithms 
3 4 | 3 

we have log ry + log 3 = log 2, and log oy + log 2 = log 3, = and 

2 log 2 = log 4. Further we have 

log > + log 4 = log 5, log 2 + log 3 = log 6, 3 log 2 = log 8, 2 log 3 = log 9, 


log 2 + log 5 = log 10. 


EXAMPLE 


We can now state the values of the natural logarithms of integers from 1 to 


10. 

log 1 = 0.00000 00000 00000 00000 00000 log 2 = 0.69314 71805 59945 30941 72321 
log 3 = 1.09861 22886 68109 69139 52452 log 4 = 1.38629 43611 19890 61883 44642 
log 5 = 1.60943 79124 34100 37460 07593 log 6 = 1.79175 94692 28055 00081 24773 
log 7 = 1.94591 01490 55313 30510 54639 log 8 = 2.07944 15416 79835 92825 16964 
log 9 = 2.19722 45773 36219 38279 04905 log 10 = 2.30258 50929 94045 68401 79914 


All of these logarithms are computed from the above three series, with the excep- 


tion of log 7, which can be found as follows. When in the last series given above, 


we let x = —_ we obtain 
99 
100 50 . 
log 08. = log = 0.0202027073175194484078230. When this is subtracted 


99 
from log 50 = 2 log 5 + log 2 = 3.9120230054281460586187508 we obtain 


log 49. But log 7 = - log 49. 


124. Let the natural logarithm of 1+ 2 be equal to y, then 


2 3 4 


m4 Toy > — — + -:: . Now let a be the base of a system of log- 


rn ne 


arithms and let v be the logarithm of 1 + z in this system. Then as we have 


1 2 3 4 


seen, v= —|e- — +2 —-+ 4+ .--- |=. It follows that & = 4, 
3 4 k v 


k 2 
and this is the most convenient method of calculating the value of & correspond- 
ing to the base a; it is given by the quotient of the natural logarithm of any 
number divided by the logarithms of that same number with the base a. Sup- 
pose the number is a, then v = 1 and k is equal to the natural logarithm of a. 
In the system of common logarithms, where the base is a = 10, then k is the 
natural logarithm of 10. It follows that k = 2.3025850929940456840179914, 
which is the value calculated not far above. If each natural logarithm is divided 
by this number k, or, which comes to the same thing, multiplied by the decimal 
fraction 0.4342944819032518276511289, then the results are the common loga- 


rithms, with base a = 10. 


2 3 
125. Since e? = 1+ — + “> + —— + “++ if we let a¥ = e’, then 


after taking natural logarithms, we have y log a = z, since log e = 1. We now 


substitute this value in the series to obtain 


2 2 3 3 
v= 14 Lies, yilogel , yiceel 4 ee Tn this 


Wa an 
1-23 yoany 


exponential, with the aid of natural logarithms, can be expressed as an infinite 


100 


series. Now let 7 be an infinitely large number, then both exponentials and loga- 


J 
rithms can be expressed as powers. That is, e* = [i + | and so 
J 


] 
av = f + vlogs . For natural logarithms, we have 
J 


1 
log(1 + z) = j((1 + 2)? — 1). Other uses of natural logarithms are discussed 


in integral calculus. 


CHAPTER VIII 


On Transcendental Quantities Which Arise from the Circle. 


126. After having considered logarithms and exponentials, we must now 
turn to circular arcs with their sines and cosines. This is not only because these 
are further genera of transcendental quantities, but also since they arise from log- 
arithms and exponentials when complex values are used. This will become 


clearer in the development to follow. 


We let the radius, or total sine, of a circle be equal to 1, then it is clear 
enough that the circumference of the circle cannot be expressed exactly as a 
rational number. An approximation of half of the circumference of this circle is 
3.1415926535897 93238462643383279502884197 169399375105820974944592 
3078164062862089986280348253421 17067 9821480865132723066470938446+. 

For the sake of brevity we will use the symbol w for this number. We say, then, 
that half of the circumference of a unit circle is 7, or that the length of an arc of 


180 degrees is 7. 


127. We always assume that the radius of the circle is 1 and let z be an arc 
of this circle. We are especially interested in the sine and cosine of this arc z. 
Henceforth we will signify the sine of the arc z by sin z. Likewise, for the cosine 


of the arc z we will write cos z. Since m is an arc of 180 degrees, sin O71 = O and 


cos OT = 1. Also © sin 7 = 1, cos 7 =0, snw=0, cosT = — 1, 


gin 97 = — 1, cos on = 0, sin 27 = 0, and cos27 = 1. Every sine and 


cosine lies between +1 and -1. Further, we have cos z = sin 5 — ] and 


II 


sin 2 = cos [= — :. We also have (sin z)’ + (cos z)? = 1. Besides these 


notations we mention also that tan z indicates the tangent of the arc z, cot z 


for the cotangent of the arc z We agree that tan z = au and 
COS Zz 
cot z = co = = u , all of which is known from trigonometry. 
sin z tan 2 


128. We note further that if y and <z are two arcs, then 


2. 
i=) 
~~ 
2 
+ 
XN 
~~ 
II 


sin y cos z + cos y sin z and 


cos(y + z) = cos y cos z — sin y sin z. Likewise 


sin(y — z) = sin y cos z — cos y sin z and 


cos(y — z) = cos y cos z + sin y sin z Now we substitute the arcs a TT, 


o™ etc. for y in the previous formulas: 


sinj—- + z| = + cos z sinJ— — z| = + cos z 
2 2 

cos|—- + z] = — sin z cos|— — z| = + sin z 
2 2 

sin(t + z) = — sin z sin( — z) = + sin z 

cos(7 + z) = — cos z cos(t — z) = — cos z 

| E | | E | 

sin gut Z| = ~ c0sz sin} 7 — 2) = ~ cos 2 


cos [2 + , = + sin z cos [2 — ] = — gin z 


103 


sin(2m7 + z) = + sin z sin(2a — z) = — sin z 
cos(2m7 + z) = + cos z cos(2a —~ z) = + cos z. 


It follows that if n is any integer, then 


sin 4 | = + cos z sn[ 15 - = + cos z 
4n +1 . 4n+]1 . 
cos | ————- 71 + z] = — sin z cos |———-7T — z] = — sin z 

2 2 
; 4n + 2 . . 4n +2 . 
sin | ———_TtT + z] = — sin z sin | ————_-tT — z] = + sin z 
2 2 
4n + 2 4n + 2 | 
cos ~ +z] = — cosz cos | ———_-7 — zl = — cos z 
2 2 
. 4n + 3 . 4n + 3 
sin | ————-tT + z] = — cos z sin | ———— 7 — z!1 = — cos z 
2 2 
cos dn + 3 + zg] = + sin z cos An+3 = — sin z 
2 2 
. 4n +4 . . 4n +4 . 
sin 9 Tt? = + sin z sin , 7 —- zz} = - sin z 
Os [int + | = + cos z cos [tts — | = + cos z. These 


formulas hold whether n is a positive or a negative integer. 

129. Let sin z = p and cos z = q, then p* + q” = 1; if also sin y =m 
and cos y = n, then also m? + n? = 1. We have the following identities: 
sin 2 = p cos Zz = q 


sin(y + z) = mq + np cos(y + z) = nq — mp 


104 
) 2 m*)p 
( ) = (n* — m*)q ~ 2mnp 
sin(3y + z) = (3mn? — m3)q + (n? — 3m?n)p 
) * — m*)p 


etc. These arcs: z, y + z, 2y + z, 3y + z2°°°: , form an arithmetic progres- 


= (n? — 3m?n)q — (3mn 


sion, however, both their sines and cosines form a recurrent progression which 
arises from the denominator 1 — 2nz + (m? + n”)z”. This is seen from the fol- 
lowing: sin(2y + z) = 2n sin(y + z) — (m? + n*)sin z, or 

sin(2y + z) = 2 cos y sin(y + z) — sin z. In like manner 

cos(2y + z) = 2 cos y cos(y + z) — cos z. Furthermore we have 

sin(3y + z) = 2 cos y sin(2y + z) — sin(y + z), and 


cos(3y + 


XN 
— 
lI 


2 cos y cos(2y + z) — cos(y + z). Also 
sin(4y + z) = 2 cos y sin(3y + z) — sin(2y + z), and 


cos(4y + 


XN 
— 
lI 


2 cos y sin(3y + z) — cos(2y + z), etc. The advantage of this 
law is that when the arcs form an arithmetic progression, then as many of the 


sines and cosines as may be desired can be expressed with little trouble. 


130. Since sin(y + z) = sin y cos z + cos y sin z, and 


sin(y — z) = sin y cos z — cos y sin z, when we add or subtract these expres- 


. . | sin(y + z) + sin(y — 2) 
sions we obtain: sin y cos z = y y , and 


2 


. sin| t+ z) — sin{ — 2) . . 
cos y sin z = y ° y . Furthermore, since 


cos(y + z) = cos y cos z — sin y sin z, and 


cos(y — z) = cos y cosz + sin y sin z, by the same method we obtain: 


— z) + + 
cos y cos g = Cosy = 4) + costy + 2) aig 


2 
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, , ; — = + 

sin y sin z = cooly — 2) —cosly + 2). Let y= z= a then from these last 
. v 1 + cos v v Wit. ane \9 

formulas we obtain: [es | nn that cos ra (1 + cos v)/2, 


/2. From this we see 


2 
and |sin 2} = 1— £28 ,, that sin — = V (1 — cos v) 
2 2 2 


that if the cosine of an arc is given, then we can find the sine and cosine of the 


half arc. 
a+t+ 6b 
131. Let the ares y + z= a and y—z= 6, then y = - and 
z= 4 5 When we substitute these values in the formulas above we have 


the following equations, each of which is, as it were, a _ theorem: 


sina + sin 6 = 2sin 2+ eos #4 
2 2 
+b. a — 

sin a — sin 6 = 2 cos — ~ sin $— 

cos a + cos 6 = 2 cos {1 eo3 #4 
2 2 

. atb, a-od 

cos a — cos 6 = 2 sin rm sin 3 


From these results we have, by division, the following theorems: 


at _b 
. . tan ——— 
sin a + sin 6b at b a— b 2 
—¥§$_————— = tan cot = —_, 
sin a — sin 6 2 2 a— b 
tan 
2 
sin a + sin 6 at 6b sin a + sin 6 a-— b 
= tan —_———, Oe cot ’ 
cos a + cos b 2 cos 6 — cos a 2 
sin a — sin b a— 6 sin a — sin bd a+ 6 
———_—————— = tan ; —————— = cot , 
cos a + cos 6 2 cos 6 — cos a 2 
+ + 6 — . 
S08 a S08 9 b = cot e ot e From these we deduce the following 
cos 6 — cosa 
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theorems: 


gin a + 
cos a + 


sin a + 
sin a — 


sin a + 
sina — 


132. 
(cos z + 
they are 
product: 
cos y COs 
cos y Cos 
cos y sin 


(cos y + 


also 


133. 
(cos z + 


(cos z + 


cos nz = 


sin nz = 


sin b cos 6 — cos a 


° ° ? 
cos 6 sin a — sin 0 


2 
sin 6 cos a + cos 0 a — b 
; _—— — = Icot 
sin 6 cos 6 — cosa 


2 
sin 6 cos 6 — cos a at b 
- — ooo tan . 
sin 6 cos a + cos b 


Since (sin z)? + (cos z)? = 1, we have the factors 
1 sin z)(cos z — ¢ sin z) = 1. Although these factors are complex, still 
quite useful in combining and multiplying arcs. Consider the following 


(cos z + ¢ sin z)(cos y + 1 sin y), which results in 


z — sin y sin z + (cos y sin z + sin y cos z)1. Since 


z — sin y sin z = cos(y + z) and 


z + sin y cos z = sin(y + z) we can express this product as 
i sin y)(cos z + 1 sin z) = cos(y + z) + 7 sin(y + z) and likewise 


(cos y — 1 sin y)(cos z — ¢ sin z) 


= cos(y + z) — t sin(y + z) 


(cos x + 1 sin z)(cos y + 7 sin y)(cos z + 2¢ sin z) 
= cos(x + y + z) £1t sin(x + y + z). 


It now follows that (cos z + 7 sin z)* = cos 2z + isin 2z and 


i sin z)® = cos 3z + 7 sin 3z. Generally we have 


t sin z)" = cos nz + 7 sin nz. It follows that 


(cos z + ¢ sin z)" + (cos z — 7 sin z)” 


2 


(cos z + 7 sin z)" — (cos z — 1 sin z)" 
D . Expanding the binomials we 


and 


107 
obtain the following series: 


ke > } (cos z)"~*(sin z)? 

+ n(n ~ 1(n = 2)(n = 3) (cos z)"~ “(sin z)* 
1:2°3°4 

— n(n — I)(n — 2)(n — 3)(n — 4)(n — 5) 


1:2°3°4°5°6 


cos nz = (cos z)" — 


n~ 6 6 


(cos z)”~ “(sin z) 


and 


n-—l 


. n , 
sin nz = 7 (eos z)"" “sin z 


_ n(n — 1)(n — 2) 
1:2°3 


+ Bn = U(n = 2)(n = 3)(n = 4) n — 2)\n ~ 3 nF) (co5 2)" (sin 2)? 


1:2°3°4°5 


n~ si 3 


(cos z)" “(sin z) 


134. Let the arc z be infinitely small, then sin z = z and cos z = 1. If n is 


an infinitely large number, so that nz is a finite number, say nz = v, then, since 
a Vv 
sin z = z = —, we have 

n 


2 4 6 
v Uv v 
cos v = 1- — + — — ——— + ::-: and 


1:2 1:2°3°4 1:2°3°4°5°6 


vy? y° vy! 
sin v =v — + ——— —- ———— + ::«- . It follows that if v 
1:2°3 1°:2°3°4°5 1:2°3°4°5:6°7 


is a given arc, by means of these series, the sine and cosine can be found. In 
order that the use of these formulas may become clearer, let us take v to be in 


the same ratio to the quarter circle, or 90 degrees, as m is to n. That is 


m ; . ; . ; , 
v= >" Since the value of m7 is known, if we substitute this value we obtain 
n 
. m WT m m? 
sin — = + —1.5707963267948966192313216916 > 0.645964097 506246 2536557565636 
n n : n 


5 7 
+ *-0.0796926262461670451205055488 —_ “*-0.0046817541353186881006854632 
n n 
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9 
+ 7" 0.0001604411847873598218726605 
nm 


m}3 


nis 


0.0000000569217292196792681171 


17 
Tr 0.0000000000060669357 311061950 
n 


21 
™ —¢,000000000000000257 1422892856 


n?2} 


m25 


n25 


0.000000000000000000005 1564550 


29 
- 0.0000000000000000000000000549 
n 


+ 


m 
n 2 


cos 


4 
+ -0.2536695079010480136365633659 


n 


8 
+ ~*~ 0.0009192602748394265802417158 
n 


12 
S 0.00000047 10874778818171503665 
n 


m18 


ni8 


0.0000000000656596311497947230 


mo 


n29 


0.0000000000000034377391790981 


m?24 


n24 


0.00000000000000000008 20675327 


m8 


n28 


+ 0.0000000000000000000000010165 


= = 1,0000000000000000000000000000 


30 


m 


n 


30 


mit 


nil 


0.0000035988432352120853404580 


m5 


nid 


0.0000000006688035109811467224 


19 
“ 0.0000000000000437 706546731370 
n 


m23 


n23 


0.000000000000000001 2538995403 


m2? 


n27 


0.0000000000000000000000181239 


2 
~ At 1.2337005501361698273543113745 
nr 


6 
_ ~~ 0.02086348076335296087 30516364 
n 


10 
“ 0.000025 2020423730606054810526 
n 


14 
— 0.0000000063866030837918522408 
n 


m18 


ni8 


0.00000000000052944002007 34620 


m2? 


n2? 


0.0000000000000000183599165212 


m28 


n 78 


0.0000000000000000000003115285 


0.0000000000000000000000000026. 


Since it is sufficient to know the sines and cosines of angles only to 45 degrees, 


the fraction —- will always be less than %; because of the powers of the fraction 


nm 
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” the series converge quickly. A few terms should be sufficient, especially if 
n 


the number of decimal places is not so large. 


135. Once sines and cosines have been computed, tangents and cotangents 
can be found in the ordinary way, however, since the multiplication and division 


of such gigantic numbers is so inconvenient, a different method of expressing 


these functions is desirable. Since tan v = smu 
cos U 
3 5 7 
_ + 4 
_ 1:2°3 1:2°3°4°5 1:2°3°4°5:6°7 
2 4 6 
1-~ + Uv a se 
1:2 1:2°3°4 1:2°3°4°5°6 
and 
cot v = cos 
sin v 
2 4 6 
1—- —~— + U —~ U4 
_ 1:2 1:2°3-4 1:2°3°4:5°6 
ee 
1:2°3 1:2°3°4°5 1:2°3-4°5:6°7 
If the arc is v = a7 then as before 
n 2 
tan v = —2™" _9.6366197723675 
n° —m 


m m? 
+ —~0.2975567820597 + —-0.0186886502773 
n n 


5 7 
+ -0.0018424752034 + —-0.0001975800714 
nr 


nm 


m? 11 
+ — 7 0.0000216977245 + 


nr 


0.0000024011370 
ni! 


13 15 
=; 0.0000002664132 + — 
n 3 ni 


0.0000000295864 


17 19 


ii 0.0000000032867 + 19 


0.0000000003651 


110 


21 23 2 


5 
+ ™_0.0000000000405 + -0.0000000000045 + —5--0.0000000000005 
n n n 


cot v = —-0.6366197723675 
m 


4mn 


ar wry 7, 0.3183098861837 — 7” 0.2052888894145 
4n° — m n 


m? m? 
—~ —z 0.0065510747882 — —,0.0003450292554 
n n 


m! m?® 
—_ — 0.0000202791060 _ —~7 0.000001 2366527 
n 


n 
mi m3 
—~ —7,0.0000000764959 — —— 0.0000000047597 
n n 
m2 mit m9 
— —7,70-0000000002969 — —Z 0.0000000000185 — —{,-0.0000000000011. 
n n n 


The basis for these series will be explained at length below in section 197. 


136. From what we have seen previously, it is clear that when we know the 
sines and cosines of angles less than half a right angle, then we also have sines 
and cosines of greater angles. In fact, if we know the sines and cosines of angles 


less than only 30 degrees, then from these, by only addition and subtraction, we 


can find all sines and cosines of larger angles. Since sin . = - when we let 
y = 7 in the formula from section 130, we have 
cos z = sin [= + | + sin z — | and 


sin 2 = cos [= — j — cos = + . It follows that from the sines and cosines 


of angles z and 7 — z we obtain sin = + | = cos z — sin [= _ j and 


[1] 


7 7 ; ; ok ; 
cos [= + ] = cos [= — | — sin z. In this way we obtain sines and cosines 


of angles from 30 degrees to 60 degrees, and hence the sines and cosines are 


defined for all larger angles. 


137. A similar strategy can be used to find tangents and cotangents. Since 


t + b 
tan(a + 6) = tan a * tan 0 we have tan 2a = —2224 _ and 
1 — tan a tan b 1 — (tan a)? : 
cot 2a = cota ~ tan a It follows that from tangents and cotangents of arcs 


2 


less than 30 degrees, we can find tangents and cotangents up to 60 degrees. Let 


a = 7 — 6, then 2a = 7 — 26 and cot 2a = tan [= + 26} Then we have 
cot | — 6| — tan] — 6 
aT 6 6 
tan nm + 2b| = rr which gives tangents of arcs 
greater than 30 degrees. Secants and cosecants can be found from tangents by 
means of subtraction. Note that csc z = cot > — cot z and 
sec z = cot [= — 2] — tan z From these remarks it should be very clear 


how tables of sines can be constructed. 


138. Once again we use the formulas in section 133, where we let z be an 


infinitely small arc and let n be an infinitely large number j, so that jz has a 


; v . v 
finite value v. Now we have nz = v and z = —, so that sin z = — and 


COs Zz 1. With these substitutions, 


I 
© 
5 
a 
2. 
5 
e 

II 


cos U 
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In the preceding chapter we saw that (1 + z/j) = e” where e is the base of the 
natural logarithms. When we let z = ww and then z = — tv we obtain 


eM 4 go ei — pw 
cos U = ——_——— and sin v STENT 


9 3; . From these equations we under- 
1 


stand how complex exponentials can be expressed by real sines and cosines, since 


e’ = cos v +1sin vande “” = cos v — ? sin v. 


139. Now let n be an infinitely small number in the formulas of section 130 


or let n = i where 7 is an infinitely large number. Then cos nz = cos — = 1 
J J 
and sin nz = sin — = —, since the sine of a vanishing arc — is equal to the arc 
J J J 


itself, and the cosine of such an arc is equal to 1. With this hypothesis we have 


1 1 
| (cos z + 2 sin z)/ + (cos z — 1 sin z)’ 
t= and 

2 

1 1 
z (cos z + 1 sin z)/ ~ (cos z — i sin z)? 
—- = * . In section 125 we saw that 
q 1 


1 
log(l + z) = g(1 + x)) — 4 or, when we substitute y for 1+ 2, we have 


1 ; -o , 
y’ = 1+ —log y. Now we first substitute cos z + 1 sin z for y, then substi- 
J 
tute cos z — 1 sin z for y to obtain 


1+ _ og(cos z+tsinz)+ 1+ 1 log(cos z — ¢ sin z) 
J J 


1 = 3 Since the 


terms with logarithms vanish in this equation, nothing follows; however, from the 
other equation, for the sine, we obtain 


* hog(cos z+ sin z) — ~Nog(cos z— sin z) 
J 


From this we obtain 
J 21 
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1 cos z + 12 sin z 
log | ————_———_ 


— F so that it becomes clear to what extent logarithms 
cos Z — 1 sin z 


of complex numbers are related to circular arcs. 


z ; 
= tan z, the arc z can now be expressed through its 
COS Z 


140. Since 


1+ 1: tan z 


. We have seen in section 123 that 
1 — 1 tan z 


tangent as follows: z = to | 
t 


— + — + — + — + ++: , When we substitute 


F + £ | 22 ox? on° on! 
log = 


t tan z for z we obtain 


7 
_ tanz — (tan zy 4 — _ wan) hoe. 


= . If we let ¢ = tan z so 
1 3 


that z is the arc whose tangent is t, which we will indicate by arctan t, then 


z = arctan t. When we know the tangent of t, the corresponding arc z is given 


t # 2 ¢f 48 , 
by z=—-——+—--—>—+-—- ::- . If the tangent of t is equal to 
1 3 5 7 9 
the unit radius, then the arc z is equal to 45 degrees or z = 7 and 
7 1 1 1 . . . . 
"7 =1- 3 + = — 7 + ++: . This series, which was first discovered by 


Leibnitz, can be used to find the value of the circumference of the circle. 


141. In order to see the ease with which the length of an arc can be found 
by means of this series, we should substitute a sufficiently small fraction for the 


tangent ¢. For example let us use this series to find the length of the arc z 


whose tangent is 7 In this case the arc 


z= tt lt . , and the approximate value of this series 
10 3000 500000 
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is easily expressed by a decimal fraction. However, from such an arc, we cannot 


conclude anything about the whole circumference of the circle, since the ratio of 
the arc whose tangent is 7 to the whole circumference is not given. For this 


reason, in order to find the circumference, we look for an arc such that not only 
is it some fractional part of the circumference, but also small and easily 


expressed. For this purpose it is customary to choose the arc to be 30 degrees, 


whose tangent is equal to a since smaller arcs have tangents which are 
3 


extremely irrational. Wherefore, since an arc of 30 degrees has length = we 
T 1 1 1 

have — = —~ — + —— => -— ::: and 
6 V3 33V3 5:3°V3 

T= avs _ 23 + aus Bhs + By means of this series the 


value of wm itself, which was previously exhibited, was determined with incredible 


labor. 


142. The labor involved in this calculation is all the more since, first of all, 
each term is irrational, but also, since each succeeding term is only about one 


third of the preceding. In order to avoid these inconveniences, let us take the arc 


TT 


to be 45 degrees, that is of length 1 


Although this arc can be expressed by a 


series which hardly converges, 1 — 3 + = 


+ --+-+ , still we keep this arc 


“|r 


and express it by means of two arcs of lengths a and 6 so that a + 6 = as 


4 


that is 45 degrees. Since tan(a + 6) = 1 = tana + tan 0 , we have 


1 — tan a tan b 


1 — tana tan 6 = tana + tan bd and tan 6 = 2 lane If we § let 


1+ tan a 
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tan a = %, then tan 6 = ; and both the arcs a and 6 can be expressed by 
rational series which converge much more rapidly than the series above. The 


sum of these two series gives the value of the arc 7: It follows that 


raat - re ae Sree ae | 


+ 4 to _ + - — +4 - — «++ |. In this way we calculate 
13 3°3 5°3 7°3 9°3 


the length of the semicircle, 7, with much more ease than with the series men- 


tioned before. 


CHAPTER Ix 


On Trinomial Factors. 


143. The means by which linear factors of any polynomial may be found, 
we have seen above, is through the solution of an equation. If the polynomial is 
a + Bz + yz? + 822 + ezt + ++: and a linear factor is of the form p — gz, 


then it is clear that whenever p — qz is a factor of the function 
a + Bz + yz? + +++ , and when we substitute P for z, then the factor 
q 


p — qz becomes zero and the proposed function vanishes. It follows that p — qz 
is a factor or divisor of the polynomial a + Bz + yz? + 822 + ez* + 


4 


p p” p>. Pp 
whenever a + B + Yat oF te Tt cs: = 0. Conversely, if all the 
q q q q 


roots © of this equation have been extracted, they will give all of the linear fac- 
q 


tors of the proposed polynomial a + Bz + yer + 822 + +--+ , that is p — gz. 
It is clear now that the number of these linear factors is determined by the 


greatest power of z. 


144. From time to time it happens that complex linear factors are found 
only with difficulty. It is for this reason that I present in this chapter a special 
method by which the complex linear factors can frequently be found. Since com- 
plex linear factors are so paired that the product of two of them is real. We will 


find those complex factors if we study the quadratic factors of the form 
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p — qz + rz* which are real, but whose linear factors are complex. If the func- 
tion a + Bz + yz? + 822 + --- has only real quadratic factors in this form of 


a trinomial p — gz + rz”, then all of the linear factors will be complex. 


145. A trinomial p — qz + rz” has linear factors which are complex if 


4pr > q’, that is if 4 <1. Since the sine and cosine of angles are less 
2 pr 


than 1, a trinomial p — gz + rz” has complex linear factors if v= is equal to 
pr 


the sine or cosine of some angle. Now let f = cos d or q = 2V prcos d, 
2 VY pr 


and the trinomial p — qz + rz* has complex linear factors. Lest some irra- 
tionality cause problems, we assume the trinomial has the form 
p? — Qpqz cos b + q2z’, whose complex linear factors are 
qz ~ p(cosh + 1 sind) and qz— p(coshd —i sind). It is clear that if 


cos ¢ = + 1, then sin @ = 0 and both factors will be equal and real. 


146. Given a polynomial a + Bz + yz? + 822 + , the complex 
linear factors can be found if the values of p, q, and the arc @ are such that the 
trinomial p? — 2pqz cos d + q’z’ is a factor of the function. In this case, the 


complex linear factors will be qz — p(cos & + 7 sin ) and 


qz — p(cos 6 — ¢ sin do). For this reason, the given function vanishes if we sub- 


stitute either z = P (cos mb + 1 sin db) or z = F (cos mb — «+ sin bd). When each 


ni 
Q 


of these substitutions is made, we obtain two equations which can be solved for 


both the fraction © and the are db. 
q 
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147. It might seem at first that these substitutions for z would cause 
difficulties, but when we use some of the results treated in the preceding chapter, 
things go rather expeditiously. We have seen that 


(cos b + 1 sin hb)” = cos nd + 7 sin nd, so that the following formulas are 


used when substituting for the powers of z. In the first factor, 
p? 
z= P (cos ob + 7 sin o), 2 = “5 (cos 2b + 1 sin 2d), 
q q 
3 p! 
z= P_ (cos 3h + 1 sin 3d), 24 = “Z(cos 4h + ¢ sin Ad), etc. 
q q 
p p? 
In the second factor, z = (cos d — ¢ sin 6), z= zy (cos 2h — 1 sin 2d), 
q q 
p° p* 
= “z (cos 3h — 7 sin 36), zi = “7 (cos 4h — 1 sin 4h), etc. For the sake of 
q q 
brevity we let P = + and then make the substitutions to obtain the two equa- 
q 


tions 0 = a + Br cos b + yr2cos 26 + Sr%cos 3b + 
+ Bri sin b + yr7i sin 2b + Sr°t sin 3p + + °° and 
0=a+t Br cos dd + yr?cos 2b + Srecos 3b + 
— Bre sin db — yrey sin 2h — Sr°i sin 3b — 
148. If these two equations are added and subtracted, and in the latter case 


also divided by 21 we obtain the two real equations 


os) 
Il 


a + Br cos + yr’cos 2h + Srrcos 3b + + * + and 

0 = Br sin d + yrsin 2b + Sresin 3b + ++: . In fact, given the polynomial 
a+ Bz + yz? + 822 + ezt + +--+ we can immediately write down the two 
equations. In the first we put, for each power of z, z” = r”cos nd and in the 


second z” = r"sin nc. Since sin Ob = 0 and cos Od = 1, for z® in the first 
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equation we put 1 and in the second we put 0. If now we can find the two unk- 


nown quantities r and from the two equations, then, since r = Pf we will 


have the trinomial factor, p? — 2pqz cos ob + q*z*, of the given function and so 


also the two complex linear factors. 


149. If the first equation is multiplied by cos md and the second by 
sin md, then by addition and subtraction the following equations result. 
0 = a cos md + Br cos(m — 1)hb + yr2cos(m — 2)b 
+ Sr°cos(m — 3)b + + *+ and 
0 = acos md + Br cos(m + 1)b + yr*cos(m + 2)b 
+ 8recos(m + 3)p + +++ . Any two equations of this kind determine the 
unknowns r and >. Since frequently there are several different solutions, we 
obtain several different trinomial factors, indeed we obtain all such factors in this 


way. 


150. In order that the use of these rules may become clearer, we will inves- 
tigate trinomial factors of certain functions which occur rather frequently. Once 
we have these results, they will be ready at hand for future use. Let the first 


such function be a” + z”; we will determine the trinomial factors of the form 


p” ~— 2pqz cos b + q2z2. When we let r = P we have the following two equa- 
q 


tions: 0 = a” + r” cos nd and 0 = r” sin nd. The second of these equations 


gives sin nd = 0, so that no = (2k + 1)n, or nb = 2ka, where k is an 
integer. We will treat these two cases separately, since the cosines are different, 
being respectively cos(2k + 1)a = — 1 and cos 2km = 1. It should be clear 


that the choice will be no = (2k + 1)m, since with cos nd = — 1, we have 


(2k + 1) 
0O=a" —r", Since r = a = ©, we have p = a,q = 1, ando = a 
q n 


+ . 
It follows that a factor of a” + 2” will be a2 — 2az cos 2k u a + 2%. Since 
n 


any integer can be substituted for k, several factors of this form will be pro- 
duced, but not an infinite number. This is because when 2k + 1 becomes larger 
than n the factors begin to reoccur. This is because cos(2m + o) = cos , but 
this will become clearer from examples. If n is an odd number, when 
2k + 1 = n, then there is a quadratic factor a? + 2az + z”. From this it does 
not follow that (a + z)® is a factor of a” + 2", since from section 148 we see 
that only one equation results. It is clear that only a + z is the divisor of 
a” + z™ This rule applies whether cos ¢ is equal to +1 or -1. 


EXAMPLE 


We will develop a few cases so that we can see more clearly what the factors 
are. In these cases we distinguish between the odd and even values of n. If 
n = 1 then the function is a + z and the factor is a + z If n = 2, then the 


function is a? + z* and the factor is a2 + z2. If n = 3 then the function is 
a® + z? and the factors are a2 — 2az cos aT + z7anda+t+z. If n = 4 then 


2 2 


the function is a* + 24 and the factors are a and 


— 2az cos in + z 


a” — 2az cos im + z*. If n = 5 then the function is a® + z> and the factors 


1 
are a’ — 2az cos ra + z*, a® — 2az cos <a + z* and a+ z. If n = 6 then 


2 


the function is a®+ 2® and the factors are a” — 2az cos on + 2? 


3 


3 wo 
a” — 2az cos en + 2” and a? — 2az cos on + z*. From these examples it is 
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clear that all of the factors have been obtained when for 2k + 1 all odd numbers 
less than n are substituted. In those cases when a perfect square is produced, 


only its square root is a factor. 


151. If the given function is a” — z", then a trinomial factor is 


p’ — 2pqz cosh + q?r?. If we let r= +, then 0 = a" — r"cos nod and 


0 = r"sin nc. Once again sin nb = 0, and nb = (2k + 1) or nb = 2k. In 
this case, however, we make the second choice, so that cos n = 1, with 


0O= a" — fr", andr = 2 = a. It follows that p = a, q = 1, and } = 2h 


gd n 


+ z*. In this formula we 


so that the trinomial factor will be a2 — 2az cos 2k 


let 2k be equal to all even integers no larger than n to obtain all factors. Con- 
cerning factors which are perfect squares, we follow the rule given above. First 
we let k = 0 to obtain a? — 2az + z? from which we take the square root, 
a — z. Likewise, if n is even and 2k = n, then we obtain a? + 2az + z” and 
n. 


a + z isa divisor of a” — z 


EXAMPLE 


As in the previous example we distinguish between the odd and even values 

of n. If n = 1, then the function is a — z and the factor is a — z. If n = 2 

then the function is a” — z” and the factors are a — z anda+z. If n= 3, 
3 3 


then the function is a’ — z and the factors are a-—z_ and 


a” — 2az cos om + z*. If n = 4 then the function is a4 — z* and the factors 


are a — 2, a” — 2az cos in + 27, and a + z. If n = 5 then the function is 


2 2 
a® — z® and the factors are a-— z, a” — 2az cos ra + 2°, and 


a’ — 2az cos on + z*. If n = 6, then the function is a® — z® and the factors 


2 2 


2 4 
are a — z,@° — 2az cos em + 2°, 4 ~ 2az cos (om + 2°, anda + 2. 


152. These examples confirm what had been stated earlier, namely, that 
every polynomial, can be expressed as the product of real linear factors and real 
quadratic factors. We have seen that functions with the form a” + z” with any 
degree, can be expressed as a product of real quadratic factors and real linear 
factors. We progress to more complicated functions such as a + B2" + yar", If 
this function has two factors of the form n + 62”, then the factorization is clear 
from what we have just considered. We will show how to resolve such a function 
a+ Bz” + yz?" into real linear or real quadratic factor in the case where there 
are not two real factors of the form 1 + 02”. 


2n 2n 


153. We consider this function a which cannot be 


— 2Qa"z"cos g + 2 
expressed as the product of two real factors of the form n + 02”. If we suppose 


one of the real quadratic factors to be p? + 2pqz cos @ + q?z”, when we let 


r= P we obtain the following two equations: 


0 


a?” — 2a"r" cos g cos nb + r?"cos 2nd and 


0O= — 2a"r"cos g sin nb + r2"sin 2nd. If instead of the first equation, we 


have from section 149, when m = 2n, 0 = a” sin 2nd — 2a"r"cos g sin no. 
This equation with the second equation above give r= a. Then 


sin 2nd = 2 cos g sin nd. Since sin 2nd = 2 cos no sin nd, it follows that 


cos nt) = cos g. Since cos(2km + g) = cos g, we have nb = 2k + g and 
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We now have the general quadratic factor of the proposed form 


2 


+ 
a“ — 2Qaz cos “AM 9 


n 


+ z” and all factors appear when we let 2k be all even 


integers no greater than n, as we shall see in the following. 


EXAMPLE 


We consider the cases in which n is 1, 2, 3, 4, etc. If the function is 


a” — 2az cos g + 2”, then the factor is a? — 2az cos g + 27. If the function is 
4 2 4 2 g D 
a 2az" cos g + z, then the two factors are a 2az cos + z°, and 


a” — 2az cos ant 9 + z*, that is, a? + 2az cos 9 + z*. If the function is 
a® — 2a%z° cos g + z®°, then the three factors are a? — 2az cos 9 + 27, 
a” — 2az cos = + 27 and a? — 2az cos + z”. If the function is 
a® — 2a‘z4 cos g + 2°, then the four factors are a2 — 2az cos & + z, 


27 — 2a + 
a® — 2az cos —~——¥ + z’, a? — az cos ———2 + z’, and 


a” — 2az cos on + 2" that is, a? + 2az cos 1 + 2”. If the function is 
al? — 24°25 cos g + z'°, then the five factors are a? — 2az cos J 4 z?, 
a” — 2az cos a4 + z°, a” — 2az cos mae + 2°, 
a’ — 2az cos Av 9 + 27, and a? — 2az cos ae + 2°, Again it is 


confirmed in these examples that polynomials can be expressed as the product of 


real linear and real quadratic factors. 
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154. Now we can go further and consider a function of the form 
a + Bz” + yz?" + 82°", which certainly has one factor of the form y + 02” 
and we have seen how to express this as a product of real linear and real qua- 
dratic factors. The other factor is of the form ve + xz” + X22", which, according 
to the preceding section, can also be expressed as a product of real linear and 
real quadratic factors. Next we consider the function 
a + Bz™ + yz?" + 82°" + ez". This always has two real factors of the form 
n + 02" + uz?" and these likewise can be expressed as products of real linear 
and real quadratic factors. Then we consider the function 
a + Be” + yz?" + 829" + ez!” + (z°", which always has one factor of the 
form y» + 02”, while the other factor is of the form just considered. It follows 
that this function can be expressed as a product of real linear and real quadratic 
factors. If there were any doubt that every polynomial can be expressed as a 
product of real linear and real quadratic factors, then that doubt by this time 


should be almost completely dissipated. 


155. We can extend this factorization also to infinite series. For example, 


2 
we have seen that 1 + ~ + —- + — L 
1 1:2 1:2:3  1:2°3-4 


+ +++ = e*, We have 


also seen that e? = (1 + 2/j)’, where 7 is an infinitely large number. It 


L x” x? 
becomes clear now that the series 1 + — + — + 
1 1:2 1:2°3 


+ -:: has an 


infinite number of linear factors, all of them equal, namely to 1 + =. If we 


J 
remove the first term from this series to obtain 
x xz? 23 i 
—+— + + +++ = e* —~1= (1 + 2/jz)i — 1. When we compare 
1 1:2 1:2°3 


this with the form in section 151, where we let a = 1 + = n = jy, and z = 1, 
J 


oka + 1. When all even 
Jj 


each factor has the form (1 + 2/j)* — 2(1 + 2/7) cos 


integers are substituted for 2k we obtain all of the factors. However, when 


2 
2k = 0 we obtain the perfect square =~ as a factor. For the reasons given 


before we take only the square root, =. It follows that z is a factor of the func- 
J 


tion e” — 1, but that is already obvious. To find the other factors we have to 


note that the arc 2k is infinitely small and according to section 134 we have 


2 


cos 2k =1- 9 a 


The other terms in the series are neglected since 7 is 


infinitely large. It follows that each factor has the form 


2 2 2 2 
=~ + x 24 ee and e” — 1 is divisible by 1 + “4 —~—. There- 
J J J J Akar 
| x x” ar 
fore ee? —1= x2]/1 + — + + + :++ | and except for the fac- 
1:2 1:2°3 1:2°3°4 


tor z, it has the infinite product of factors 


2 2 2 
+24 Sf fr+ S4+ 5] fi+ t+ 5 
A4tr J 167 J 367 


2 
1+=+—~|.--- 
| =| 


156. Since all of these factors contain a term which is infinitely small = 
J 


we. /[8 


we] 8 


which, since it is in each factor, and through the multiplication of all the factors 
which are i in number, there is produced a term 7 sO = cannot be omitted. 
J 


In order to avoid this inconvenience we consider the expression 


e7 — e * = (1 + 2/j)) — (1 — 2/j)? 


= 9/= x a since 

1 1:23 1:2:3-4°5 
-_ xr x” x? . ; 
e"~=1- 1 + 12. 123 + +--+ . We compare this with the expression 


in section 151, with n = 7, a =1+ = and z= 1 — =. It follows that the 
J J 


factor of this series will be 


2 2 
2k 
a? — 2az cos E+ = 04 ofp - 2 cos —~T 
n hn J J 
2 2 22,2 k ok 
= _ awe — i since cos an =1- ~ The function 
J J J J 
_ : see M ) x? : 
e” — e *, therefore, is divisible by 1 + yen — FH however, we omit the 
J 


2 
term =, since even when multiplied by j, it remains infinitely small. Further, 
J 


when k = 0, the factor will be z. For these reasons, the factors can be given in 


the order in which they are calculated: 


2 2 4 6 
1+ —— |... =2j1+ ——~— + —*— + ——*+__ + ... |. 
O57 1-2-3 1°2°3°4°5 1:2°3°4°5:6°7 


We have given each of the factors, multiplied by a constant of the same form so 


that when the factors are actually multiplied, the resulting first term will be z. 


157. In the same _ way, ff iy y+ 2 4 


_ fit x/j)) + (1 — x/ gy! 
> , 


When this expression is compared to a” + 2”, 


where we let a = 1+ —, z=1- = and n = jy, we obtain each factor as 
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a” — 2az cos 2ak + 1 + 2” 
n 
Qn" | + 
= 2+ x — 2(1 — 27/7”) cos 2k +1 a. Since 
q n 


2 
cos RAL Ly (2k +1) 


a’, the factor takes the form 


J 27° 
4a? 2k + 1) ; . 
= + (Ok Fy 2 where we have omitted a term whose denominator is 7. 
J J 
x” x4 
Since each factor of 1 + 12 + 1234 + +++ should have the form 1 + az’, 


we reduce the factor already found to the desired form when we divide by 


(2k + 1)° 2 
2k 3 ! a”, We then have the factors in the proper form 1 + 42. 
j (2k + 1)°a 


It follows from this that we can find the infinite product by substituting for 


2k +1 successively all odd integers. Therefore we have 
z —2 2 4 6 
eve 2 y4 2 y+ 4 —*_ 3; 
2 1:2 1:2°3°4 1:2°3°4°5°6 


_ 1+ 42? 1+ 42? 1+ 42? 1+ 42? . 
7 Qa? 25007 AQar” 


158. If we let 2 be an imaginary number, then these exponential expressions 


can be represented by sines and cosines of a real arc. Let zc = za, then 


ei op 7a 3 ,5 zi 
a sin z = £2 FF st 

21 1:2:3 1:2°3°4°5 1:2°3:4°5°6°7 
which has an expression as an infinite product: 


2(1 — 2?/a7)(1 — 27/4”) — 27/9m”) (1 — 2?/16m7)(1 — 27/250*) +: 
that is, we can write sin z = 2(1 — 2/m)(1 + 2/n)(1 — 2/27) 
(1 + 2/2m)(1 — 2/3m)(1 + 2/377) °*-* . Whenever the arc z has a length such 


that any of the factors vanishes, that is when z = 0, + wm, + 2m, etc. or gen- 
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erally when z = + ka, where & is any integer, then the sine of that arc must 


equal zero. But this is so obvious, that we might have found the factors from 
this fact. In like manner, since ££" © = cos z we also have 


cos z = (1 — 42°/m*)\(1 — 427/91”) (1 — 40?/25mr7)(1 — 427/490”) -- ~~, or when 
these factors are themselves factored, we obtain the expression 


cos z = (1 — 22/m)(1 + 22/m)(1 — 22/3m)(1 + 22/37) 


(1 — 22/5am)(1 + 22/577) +++ . From this it again becomes obvious that when 
2k +1 tas . 
z= 3 then cos z = 0, which is clear from the nature of the circle. 


159. From section 152 we can also find the factors of the expression 


2 4 
Zz 


e> —2cosgte”*=2 1 — cosg + —— 
1:2 1°2:°3°4 


+ ++: |. This expres- 


sion can also be written as (1 + 2/j)/ — 2cos g + (1 — 2/j)’, in which we let 


2n=j,a=1+ = and z= 1 —- =. It follows that each of the factors has 
J J 


the form 
+ 2 + 
a” — 2az cos 2ku = 9 +27 =2+4 oe — 2(1 — 27/3”) cos ayakn = g 
n 
J J 
. | + +g) 
Since cos 2 2k J) 1 — 2 ak g , the factor has the form 
J J 
4 2 4( + )? 2 : ‘ 
= + een J) or the form 1 + —-. If the expression is divided 
j j (2k + g) 
by 2(1 — cos g), so that in the resulting infinite series the constant term is 1, 
ae —2£ 
then we have the following infinite product: £ — 2cosg te” 
2(1 — cos g) 


-f+3]fe a" I+ oe I+ | 
g? (Qa — g) (Qa + g) (4a — g) 
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x” re ee 
[+ eal ale and 


Furthermore, if we substitute zt for z, then 


cosz —cosg _ |, _ 2/1], 4 2] |, —2% 1], 4 —2 

1 — cos g g g 2m — g 27 — g 

,- —“_ J] I, 4 —*— J I, — —*~ 1+——~—]... 
27 + g 2m + g At — g 4m —- g 


2 24 


—— + —— << 
1:2(1 — cos g) 1:2°3-4(1 — cos g) 


1 - 


78 


— + 
1:2:3:4:5-6(1 — cos g) 


Now we have an infinite product expression for this infinite series. 


160. It would be convenient to be able to find an infinite product expression 


+ — 
e? T+ of x 


for the function When we transform it into the form 


J H 
+ ~~ e e , , e 
[i + b | + f + 2 | we can compare it with a’ + z/, which has 
J 


mT 


J 


+ z* where m is odd when the sign is positive and 


a factor a? — 2az cos 


m is even when the sign is negative. Since Jj is infinitely large, 


cos mt =1|1- a7? Then the general factor has the form 
J J 
2a? b + 
(a — 2) + a ae. In the present case we have a = 1+ —* and 
W) J 
~ (6 —c + 2x) 
z=1+ 2, so that (a — 2) = — = and 
J J 
_ _ xe 
az = 1+ b+ + be + te b)e — 2 . When these substitutions have 


J zy" 


been made and the result multiplied by zy’, we _ obtain 
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(6 — c)? + 4(b — c)z + 427 + m?n?, where we have neglected terms which 
have j or 7” in the denominator, since they will vanish when compared with the 


remaining terms. We divide by the constant term which will make the constant 


_ 4 Ae? 
term equal to 1 and obtain the factor 1 + Ab e)e + fe 
m°n” + (b — c) 
161. Now, since each factor has 1 as its constant term, the function itself 


e6*2 + e°~* should be divided by that constant which will make the constant 


term equal 1. That is, the value should be 1 when x = 0. Such a divisor is 


b+ c—2 


I+ 
ia) 


eb + e°, so we have this expression: which can be written as an 


eb + ¢ 


infinite product. If the sign is positive, so that m is odd, we have 


b+ c~2£ _ 2 _ 2 
e + e - [r+ cet ae |i + a 


eb + ef m+ (b —c) On? + (b — c)? 


| _ 
fp + Mb ede tae). 


; 5 If the sign is negative, then m is even, and in 
257" + (b — c) 


case m = 0, we take the square root of the factor. Hence we have 


biz _ 2¢72 _ 2 
€ e _ [+ — [i+ c)z + 42 | 
c 


4n”? + (b — c)? 


4 Al =e)e +2? |), 46 — ele +o?) 
bce oP saree a 


16m? + (b — c)? 367° + (b — c)? 
162. If we let 6 = 0, which we can do without loss of generality, then 


e= + ee ? _ i - tte fi Acr a 


1+ eS am? + ¢? Qn? + ¢? 
D 
fs - eet tee) ang 
oT c 


enn efe * _ |, _ 22 , — Sent 42° , — Sent 4° 
1 — e° c An? + ¢? 167? + ¢? 


13] 
ce 
367? + ¢? 
If now we let c be negative we obtain the two equations 


Zz ok Oo 2 2 2 
e° +e “e ~ |p 4ex + 42 i+ fer + te 
Om" + ¢ 


l—e- An? + ¢? 16m" + ¢? 
4+ Aq? 
| + at = | -: + . If the first of these forms is multiplied by the third 
7 c 


em? + @ 22 4 eh + eS 
Q+e° +e * 


y — y c — Cc y) D) 
obtain ev te Ute Fe fp - ee) 2cy + y | 


form we obtain When we substitute y for 2x we 


2+e° +e * aw + ¢? mw + ¢? 
,_ 2utu lf, 4 2ey ty lf, 2ey ty? 
2 2 2 2 2 2 
On" + ¢ 9m" + ¢ 257° + ¢ 
2cy + y” . P 
+ abn? + -+ + . When the first form is multiplied by the fourth, we 
w + ¢ 
22 e722 4+ ec — ¢ c 
have ; ; Again we substitute y for 22 to obtain 
e —e 
y _ —y Cc —C 2 2 
erate THe Te lL iy y YI HK sey Fy i+ Bey Fy 
eo —e ° c Tw +e An” + ¢ 
2 2 2 
p- Su Fy |i, y Buty |); teu ty |... if the second 
On? + ¢? 16m? + ¢ 257" + ¢ 


form is multiplied by the third we obtain 


e® —e °—e¥ +e y Qcy + y? 2cy + y? 
OS dT 1+ ——> 1- —;—"7 
e° —e * c wT + .¢ An’ + ¢ 


2cy + y2 
rr ers 
367" + ¢ 
Finally, if we multiply the second by the forth form, we have 


y ~Yy _ c _ —ce 2 + 2 

fore Te Te li y ¥ a 1+ SF 

Q2-—-e°-—e° c An” + ¢ An” + ¢ 
Qcy + y? Qcy + y? Qcy + y? 
tose, 2 |tt+ 2, allt- ae. 2 
167° + ¢ 167° + ¢ 367" + ¢ 


2 
1+ ot a 
367" + ¢ 


163. These four formulas can now be conveniently written in terms of circu- 
lar functions. We let c = gi, and y= ui then e” + e~" = 2 cos v, 
ut 


e" —e “= 21sinv, e* +e * =2Qcosg, and e* —e % = Qi sing. It 


follows that the first formula can be expressed as 


cos vu + cosg =, | v? n v4 
1 + cos g 1:2(1 + cos g) 1:2:3-4(1 + cos g) 


y® 


ree + 
1:2°3-4°5-6(1 + cos g) 


[33 
uy? vy? 
[+ - (3m + male oF) 


The fourth formula is expressed as 


cos U ~ cosg _ v n vs 
1 — cos g 1:2(1 — cos g) 1:2°3-4(1 — cos g) 
6 
ee a 
1:2°3:4°5:6(1 — cos g) 
— a2 2 
g At” — g At” — g 
_ 2 _ 2 
t+ oou uo L- ogv vo 
167° — g 167” — g 
= |1—-]]24+ 2} f2+ — _— 
g g 2m — g a7 + g 


(47 — g)* (4a + g) 


The second formula is expressed as 


sin g + sin v 


v y? 5 
sin g 


v 
=1+ ~~ + — 
sin g 1:2°3 sin g 1°2°3°4°5 sin g 


— 42 _ 2 
~ [r+ 2][ie ae] [i- 288] 
g Tw - g 4m“ — g 
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When v is taken as negative, we obtain the third formula. 


164. The same expressions we first saw in section 162 can be written in 


terms of circular arcs as follows. Since 


e* + ee * (1+e °“\e*7 + ee ” et te *t+e *+e 7% f 
1+ e° 2te +e 2te te 
we let c = gt and x = zt, this expression becomes 
cos z + cos(g — z) ~ cos z + sin g sin 2 
1 + cos g 1 + cos g 
Since ——--4 = tan Z we have 
1 + cos g 2 
g z g 2? 23 g 
cos z + tan > sin z = 1+ — tan > —- —— —- tan = 
2 1 2 1:2 1:2°3 2 
4 5 
+ —*_ 4 —+ — tan £ - 
1:2°3°4 1:2°3°4°5 2 
_ 2 _ 2 
14+ Ag a 1+ age te age ar 
Tw — g 9m" -— g 207° — g 
—~ |p4 22 _ 22 1+ 22 _ 22 
Tw @ T+ @g 37 — g 30 + g 
22 22 . . . 
1 + ——]|]1 -— ——|°--« . Likewise the second expression, after 
om — g om + g 


multiplication of both numerator and denominator by 1 — e ‘, becomes 


ZT 4 pf _ pct _ pt-c ; 
a When we let c = gt and zs = 2t, we obtain 
2-e°-e° 
cos 2 — cos(g — 2) — OAT FP = cos z — a fe = cos 2 —- We have 
Cos 9 cos 9 tan & 
2 
cos z — cot , sin 2 
2 3 4 
=1-~=ct2-—-—4 + cot £ + 2 
1 2 1-2 1:2°3 2 1:2:3°4 


5 
— = cot 2 + 
1:2°3°4°5 2 
— fy? _ _ 
_ ( _ | f + Age 4z \[: 4gz — 4z n 4gz — 4z 
g 4m” — g 167° — g 3671" — g 


lI 
TT 
pa 
| 
bo 
————— 4 
a 
pme, 
th 

> 

bo 
[| {& 
io) 

—E 
——— 
-— 
+ 
NO 

3 

i] 
+ [xr 
& 
\~nenemee” 
a 
aA 

3 

bo 
| |& 
& 
eee” 


jb - 2]. 
4n + g 


cos —— 
If we let v = 2z or z = > then we have ——————— = cos > + tan 
cos & 
2 
= 1 + U 1- Uv 1+ 1-— ee 
7 9 w+ g rr a 
cos $+ 
2 v Vv 
= cos — — tan ~ sin — 
g 2 
cos 
2 
-~ |, — v 1 v _ v + v 
TT 9 7 +g 37 — g 3m + g 
sin “—— 
We also have = cos > — cot sin — 
sin & 
2 
= fy — 2] ], + —“—J hn —- —“~— Jn + —“_ — | --- ana 
g 27 — g 2m + g 4nqn — g 
sin “7 
= cos — + cot £ sin — 
_ @g 2 
sin 
2 


bo ke 
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and 


~ ip¢ 2p —- —“ In + — IT KC WSC; CW The law of 
g 2m — g 2am + g 4m — 9g 
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formation for these factors is sufficiently simple and uniform. Furthermore, from 
the multiplication of these expressions, there arise the expressions found in the 


previous section. 


CHAPTER X 


On the Use of the Discovered Factors to Sum Infinite Series. 


165. If 1 + Az + Bz? + Cz? + Dzt + 
= (1 + az)(1 + Bz)(1 + yz)(1 + 8z)--- , then these factors, whether they 
be finite or infinite in number, must produce the expression 
1+ Az + Be? + Cz? + Deit «>> , when they are actually multiplied. It 
follows then that the coefficient <A is equal to the sum 
atB+tyt+ot+ert --:-: . The coefficient B is equal to the sum of the pro- 


ducts taken two at a time. Hence 


B 


ap + ay + ad + By + BS + y5 + *+:-: . Also the coefficient C is equal 
to the sum of products taken three at a time, namely 


C 


lI 


aBy + aBd + BydS + ayd + -*-: . We also have D as the sum of pro- 
ducts taken four at a time, and FE is the sum of products taken five at a time, 


etc. All of this is clear from ordinary algebra. 


166. Since the sum a + B + y + 8+ °°° is given along with the sum of 
products taken two at a time, we can find the sum of the squares 
a” + RB? + y? + 8% + --- | since this is equal to the square of the sum dimin- 
ished by two times the sum of the products taken two at a time. In a similar 
way the sums of the cubes, biquadratics, and higher powers can be found. If we 


let P=at+tBtyt+6d5+t+eH 
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=o? + B+ y? + 8 + €? + 


=o + pP+ y+ 8+ + 
V = 08 + Bo + vy? + 88 + €F + 


Q 
R=o0°+ B+ 72+ 8 + 8 + 
S 
T 


Then P,Q,R,S, T, V, etc. can be found in the following way from 
A, B, C, D, etc. P=A, Q = AP — 2B, R = AQ — BP + 3C, 
S = AR — BQ + CP — 4D, T = AS — BR + CQ — DP + 5E, 
V = AT — BS + CR — DQ + EP — 6F, etc. The truth of these formulas is 


intuitively clear, but a rigorous proof will be given in the differential calculus. 


167. Since we found above, in section 156, that 


1°2°3 1:2°3°4°5 1:2°:°7 


2 
2 2 2 2 2 
=alt+ =] a+ Sy] fi+ Slat olht+—slst. 
W q 4 Qrr° 167 2571 


it follows that 


| ie 2 2 4 6 
ee L 4 — 4 L ree] 


x” x4 x° 


+ 
1:2°3 1:2°3°4°5 1:2°°°7 


2 2 2 2 
=|f1+S)04+ S] a+ Glht+—sil-: 
7 An” JI OT 1677 
TT 


1 + 


2 


If we let 2? = wz, 


2 4 6 
7 zt —_t___,? + —__"___,3 
1-2:3 1-2:3-4-5 1-2:3-4-5-6-7 


= (1+ z)(1 + 2/4)(1 + 2/9)(1 + 2/16)(1 + 2/25) °° - 


1 + 


7 at a 
We use the rules stated above where A = —, B = ——, C = ——., 
6 120 5040 
8 
D= 362880 etc., and we also have 
p=i1+¢+i2414,4,4,14 me 
4 9 


16 25 = 36 
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1 1 1 1 
Q=lt+—>+—4+ +—+— > + ; 
4? 9 167 25° 367 

R=it++4+4+44444+ 


S=1+—+—+-——+-—+H + ; 
44 869 = 164 Ss 25*# 364 
T=it+t+ty+ tity Ly 
4 9 16 25 36 
a. a! a? 
From the values of A, B, C’, D, etc. we see that P = —,Q = —,R = —, 
6 90 945 
8 10 
= a T = a etc. 
9450 93555 
168. It is clear that any infinite series of the form 
1 1 ; ; . 
1+ — + — + — + ::° , provided n is an even integer, can be expressed 
2” 3” 4” 


in terms of tw, since it always has a sum equal to a fractional part of a power of 
a. In order that the values of these sums can be seen even more clearly, we set 


down in a convenient form some more sums of these series. 


0 
p¢4244,4,4;,...2 2 ie 
9? 3? 4? 5? 1:2°3 1 
2 
r4 t3,4,+4;,4... = 2 li, 
94 34 44 54 1:2°3:4:5 3 
4 
r¢ t+ 44,4444 - 2 1) 
98 3 4 58 1:2°7 3 
1 _ 98 3 3 
1+ t+ {atwywtout — 
2 3 4 5 1:2°3°-9 5 
1 1 1 1 98 10 
1+ —+—+—+—7 + = — 
10 
i+ jI4 i , i, JI... _ 2 691 ie 
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1 1 1 Dy... 2 8 35 
P+ out gu * ya 7? gu 7 - Je3-415 | 
1 1 1 1 Qh 3617 146 
1+ ji 7 jr * Ge * Ze 7 - Tea-d7 ip” 
1 1 1 1 ee a 43867 18 
P+ pe 7 je 7 pe * ae * -jJe3-19 a1” 
1 1 1 1 _ gis 1222277 9 
1+ 320 + G20 + G20 * 20 TF -jSe3-01 5B 
1 1 1 1 970 854513 99 
1+ — 4+ a+ atsaptocfslUuES 
22 322 422 522 1:2°3°::23 3 
22 
1 + i + i + 1 + 1 toes e = _ 2 1181820455 ate4 
24 324 474 524 1°2°3°+-25 973 
24 
1+ i + i + i + a f-oeee = oe 76977927 a 28. 
926 326 426 526 1:2°3°°:27 1 


We could continue with more of these, but we have gone far enough to see a 


sequence which at first seems quite irregular, 1, u 


11 691 35 
3’ 3° 


3 30, 
5 105’ 1” , 


a 
} 3 I 


but it is of extraordinary usefulness in several places. 


169. We now treat in the same manner the equation found in section 157. 


There we saw that 


z —£ 2 4 6 
ete 1,4, 2 4, 8 4, t= 4 
2 1:2 1:2:3°4 1:2:3'4:5-6 
2 2 2 2 2 
= 1+ 14+ 42 1+ “2. 14+ 4 “++. We let 22 = 24, 
7 On 257 49m 4 
2 4 6 
then 1 + — z+ —_ 2 + —*— 23 
1:2°4 1:2°3-4°4 1:2:--6-4 


(1 + z)(1 + 2/9)(1 + 2/25)(1 + 2/49) -- - 


We now use the formulas, 
2 


4 6 
where A = — ,B= —_t = —_*—.., etc., and 
1-2-4 1:2:3°4°4 1:2:3-'-6°4 


14] 


P=1+ i — — — + 
9 25 49 81 
1 1 1 1 
=1l+—>+—74+-—5+-—-— 
@ 9 25° 49” 81? 
1 1 1 1 
R=1i4+—~+ —~4+ ——}+— 
9° 95° 49° 81° 
1 1 1 1 
S=1+—+—7,+—74+— 
g4 54 494 814 
1 a 2 at 16? 
It follow that P= — —, =——F r-e=e— TD 
e 1 93 @ 1:2°3 95 1:2:3:4:5 97 
_ 272 we 7 = —7936_ a y = 353792 9”? 
1°2°3°°7 99 , 1:2°3°°9 gil ’ 1:2:3°"11 913 ’ 


_ 22368256 74 
1:2°3°13 915 ° 


170. The same sums of powers of odd numbers can be found from the 


preceding sums in which all numbers occur. If we let 
1 1 1 1 . . 1 
M=1+ — + — + — + — + :-> and multiply both sides by —, we 
2” 3” 4” 5” 2” 
obtain Met + —_ + —_ + — + ::: . This series contains only even 
2” 2” 4” 6” 8” 


numbers, which, when subtracted from the previous series, leaves the series with 


only odd numbers. Hence, 


n — 
M-“~=2=1y i744 4,44454454 .... fo times 
Qn on 3” 5” 7" g” 
the series ——~ is subtracted from M an alternating series is produced: 
n-1 _ 
yw 2M 2 *-1y yp typi typi a, ly, 
on onl on 3” 4” 5” 6” 


this way we can sum the series 
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pe 4, 44+4;,4,+4;54 
9 nr n 5” 6 n 
1 1 1 1 1 

rr er er TC 


If n is an even number and the sum is Am”, then A will be a rational number. 


171. Furthermore, the expressions found in section 164 supply in the same 


way sums of series which are worthy of note. Since 


cos ~ + tan & sin — = 1 + v 1 — v 1+———| --- , 
2 2 2 ™—- g a~ +g 37 — g 


if we let v = a and g = at on, then 
n 


1 - = cos —— + tan sin —— 
5n +m n n 2n 
2 2 3.3 
-~y4¢ etitan MO tet TL a 
n 2n 2-4n? 2:4-6n* 2n 
aint 
2:4:6:8n4 
_ 8 
Using the expression in section 165, we have A = — tan at = —t_ 
Qn Qn 2-4n? 
_ 3 4 5 
= ——| tan LL D = —"—_., E = ——"— tan —, etc. 
2°4:6n 2n 2:4:6:8n 2°4°6°8:10n 2n 
Further, since a = —_t_ B= - 1 Y= d ; 
n—-—m n+tm 3n — m 
5 = ~_t  ,-—1 _;-= ~ —1 — ete. 
3n + m 5n — m 5n +m 


172. When we follow the procedure given in section 166, we obtain the fol- 


lowing. 


When we let tan mt 


n—m n+m 3n — m 3n + m 
1 1 
on — m on + m 
1 1 1 
Q = + ‘ 
(n —m) (n+ mp (3n — my 
1 1 
+ at et 
(3n + m) (5n m) 
R= a —— + 
(n — my? (n + m) (3n — m)° 
1 1 
~ + _ 
(3n + m/e (5n — m)° 
S = : t 
(n—m)t (n+ m)* — (3n — m)f 
1 1 
+ + + 
(3n + m)* — (5n — m)4 
T = —~ - 1 + 
(nm) (n+ mj (3n ~ mp? 
1 1 
(3n + m) (5n — m)? 
y= 1 ,~ tft, 1 
(n—m) (n+ m)® — (3n ~ m) 
1 1 
—! , 
(3n + m)® (5n — m)° 
; = k, we obtain, as we have shown, 
n 
ee ed 


Qn 2 1 


An? 


8n° 


_ (3k4 + 4k? + 1)n* 


48n4 


_ (3k° + 5k2 + Qk) _ 


96n° 


2-4n? 


2-4-6n? 


_ (+ bln? _ (648 + 6k)! 
24k* + 32k + 8)a4 


2:4:6:8n4 


120k + 200k? + 80k)a5 


2:4-6:8:10n° 
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173. Likewise from the last form in section 164, we obtain 


cos — + cot 2 sin ~ = [1 + —||1 - v i+ v 
? 2 2 g } 2a — g Qn + g 


,-—e lf,4 2]... 
4a — g 4n +g 


If we let v = nr, g = nn, and tan ——— = k, so that cot gol and 
n n 2n 2 k 
Tr 1 . We wr a2? Tr? atx 
cos —— + — sin — = 1 ne ee > 
2 k 2n 2nk 2-4n 2-4-6n°k 2-4:-6:8n 
55 
,— Te ww nf ye Se 1 - —~“~ 14+ —_~~ 
2:4:6:8-10n°k m In —m In +m 


1 — —“~— 1+ —~~ Lae 
4n-™m 4n +m 


When we compare this with the general formula given in section 165, we find 


_ 2 _ 3 4 5 
A=—, B=—_, 0 =—,), D= —* FE = 
2nk 2:4n 2°4:6n°k 2°4°6':8n 2°4°6°8:10n°k 
| , 1 — 1 1 
etc. From the factors we obtain a = —, § = ——, y = ——, 
m 2n — m 2n + m 
5 = 1 .- — + ete, 
4n — ™m 4n +m 


174. Again we follow the procedure given in section 166 in order to obtain 


the sums of the following series. 


p=-t- 1 1 _ 1 1 7 
m 2n — mm 2n +m 4n —™m™ 4n +m 
1 
Q = 2 _ 2 2 

m (2n — m) (2n + m) 
+ } + u 7 
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1 1 1 
R=" 37 3 3 
m (2n — m) (2n + m) 
(4n — m)P (4n + m)? 
1 1 1 1 
c= 7 4 4 4 
m (2n — m) (Qn + m) (4n — m) 
1 
(4n + m)* 
T= - ~ 5 Tt 5 B 
m (2n — m) (2n + m) (4n — m) 
a 
(4n + m) 


ltr 
2nk 2nk 
Q = (k* + Im? _ (2 + 2k?)a? 
4nk? 2-4n7k2 
p a= Let ln* _ (6 + 64?)n® 
8n>k? 2:-4-6n>k? 
$ = (k* + 4k? + 3)n* _ (24 + 32k” + 3k*)n* 
48n*k4 9-4:6:8n'k! 
7 = (aki + 5k? + 3)m” _ (120 + 200k? + 80k*)m° 
96n°k® 2-4°6:8:10n°k?® 
y = (2k° + 17k4 + 30k? + 15)x° 
960n°k® 


_ (720 + 1440k? + 816k* + 96k°)n° 


2°4-6-8-10°12n°k® 
175. These general series deserve to be particularized by giving special 


TT 


values to m and n. If m = 1 and n = 2, then k = tan 1 


= 1, and both of 


the series become the same: 
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Toye tye ty ti 4 

8 32 5 7 g? 

3 
wey t,4 1,427, 
32 33 53 7 9? 

4 
7 1 1 
— =1_t—te—te—t— 
96 34 54 74 94 
a 1 1 1 1 

——=1,+—+—+—4+—+ 
960 38 58 76 96 


The first of these series was seen before in section 140. The other series, which 
have equal exponents were discussed in section 169. The remaining series, in 
which the exponents are odd, we see here for the first time. It is clear that each 


of these series 


1 1 1 1 


bo jeeea + pened” Gane t Qed has a sum which is 


some function of 7. 


176. Now we let m = 1, n = 3, then k = tan — = =_— and the series in 
6 V3 
section 172 become 
es Oe a 
6V3 y) 4 8 10 14 16 
2 
1 
Tete ey ty ty ty ti 
27 2 4 8 10 14 16 
7 1 1 1 1 1 1 


etc., or 
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An? 1 1 1 
=jJ-—~—~+—--—}y +4 
81V3 D) 4858 78g’ 


In these series there is no term which is divisible by 3° We can find the series 


which contain these terms, at least those series with even exponents, as follows. 


Since 
2 
Twop¢ ty ty ty ty ; 
6 y) 3? 4? 52 

it follows that 
2 2 
TMot,ytiy,t,ity,... Lek 
6°9 32 6” 9? 122 54 


This last series contains only those terms which are divisible by 3° and if it is 


subtracted from the previous series, there remains a series which contains all 


terms not divisible by 7 Then 


Su Ami yy ty, ty, t,t, "++ , as we have already seen. 
54.7 a a a i 


177. With the same hypothesis, that is, m = 1, n = 3andk = et from 


section 174 we obtain 


Ww 1 1 1 

—=- =1-—-++-—+ — + — - 
9V3 5 77 13 1 19 

2 

a 
9 5 7 11? 17 19 
m™ ., 4,4 14,1 1,1_ 
18V3 Sy Go 6 Gas Sc A A 


In these series, the denominators are all odd numbers, and the terms divisible by 


; are missing. The sum of the even powers of these missing terms can be found 


from what we already know. Since 


=~i¢4++44,4444 --+ + , it follows that 


; 2 
1 1 1 I + +++ = 7" If this series, which contains 


7 
89 37 gf 157 at? 
all the terms with odd denominators divisible by three, is subtracted from the® 
series above it, there remains the series of squares of odd numbers not divisible 
by three, so that 


eir4¢4y4, 4,1 


7 11? 13? 
178. If the series found in sections 172 and 174 are either added or sub- 


tracted, we obtain other series which are worthy of note. We have 


2n 2nk m n—-m n+m 2n —m 2n +m 
_ (k? + 1)a 
2nk 
sD On 1 
If we let k = tan —~ = at then 1+ k? = 7, so that 
2n mr mt 
cos cos 
2n Qn 
2k . mT m1 . mr . 
——; = 2sin cos = sin . When we substitute these values, 
1l+k 2n 2n n 
we obtain 
qT _ 1 n —1 1. 1 1 
. m n—-m n+m 2n — m 2n + m 
nm sin 
n 
At a simi by subtracti btai 
3n — m 3n + m . a similar way, by subtraction, we obtain 
72 
Tw ko _ (1 k*)t 1. 1 1 1 _ 1 
2nk 2n 2nk m n—-—m n+t+m 2n —m 
1 1 
— u -— +++ | Tf we let 
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2k = tan 2m 7 = tan NT = n , then 
1-— Zn ” 
cos 
7 
a COS 
noo1i _1  , _!1 1 
omar m n—-—m n+m 2n — m 
n sin 
n 
1 1 . . . 
—————- = + +++ . Series with squares and higher powers 
2n +m 3n — m 


which arise in this way are more easily derived through differentiation, which we 


will do later. 


179. Since we have already considered the results when m = 1 and n = 2, 
or 3, we now let m = 1 and n = 4. In this case sin 2™ = sin ™ = — and 
n 4 Vo 
cos — = — It follows that 
4 V9" 
wm _j,1_1_1,1,4 4 1, ...,, 
V9 5 7 9 11 13 15 
wmoy-ty tty tt tt, If m=1 and 
4 3 9 7 9 1 13 15 
i i 
m qT qT 1 1 2 1 1 2 
= 8, th = an >~> LA, ’ > — + ’ 
n en Ps sin 8 F ni cos E ni 
7 
cos = 
and =1+t Vo, From these we have 
sin — 
om  _,,1 1 Lypaya 
> 7 9 15 17 23 
(2 - V2] 
om  _-, 1,1 1,1 1, 
7 9 15 17 23 
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Now we let m = 3 and n = 8, then —— = 
n 


1 
cos —— = 1_i1i |? oy 
2  9Vo}’ 
qT 1 
4(2 + V2) 
ara et 
3(V2+4] 


_ 


11 


7 31 


—_—s 


+ 


= 
13-19 


180. Through combinations of the above series we obtain 


a (2+ V2) 
; - 
+++ 
19 
1 
(2 = v2)’ 
; - 
4, 
19 
4 
«(0+ ova)? + V2 
g 
1 aya, 
13 15 (17 


1+ - 
3 


ns oe oe 
11 13 15 
td ,i in 
11 13 15 
1,1 41, 
9) 7 9 
ce ee 
+) 9 


11 


[5] 


8 5 7 9 11 
1 1,4 ,4, 
13 15 17 9 
1 
e{va+1— (4 -2va))| fo. 
=1-—-+-= += + — 
8 5 11 
Ao ft,1i 17 
13 15 17 19 
In the same way we could let n = 16 and m = 1,3,5, or 7 which would show 
oo , : 1 1 1 ; . 
the sums of series in which the terms are I Be? 7? 9g? - ++ and in which the 


various changes of positive and negative signs are different from those already 


seen. 


181. If in the series discussed in section 178, the terms are combined two by 


two, we obtain the following: 


7 1 2m 2m 2m 
= FG 2 2 2 2 2 
. m n°“ —m 4n”° — m 9n“° — m 
n sin 
n 
16n° — m 
From this it follows that 
1 1 1 wT 1 
ye m6 dn? — m2 On? —- m2 nt om? 
n m 2mn sin 
n 
The other series gives us 
w ~ 1 _ am mm 
m n? — m? 4n* — m? 9n? — m? 


n tan 


From this we have 
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1 1 1 1 7 
nm ant—m? | On? — mm? 1 

2mn tan 
n 

When these two series are added, we obtain | 

mor 

1 1 1 7 fan on 

re a 

n° — m 9n“* — m 25n° — m 4mn 


If we let n = 1 and let m be any even number 2k except zero, since 
tan kw = 0, we always have 


1 1 1 1 


——, + 7 ty +t oT = (0. However, if in 
1 — 4k 9 — 4k 25 — 4k 49 — 4k 


this series n = 2 and m is any odd number 2k + 1, 


since ——————_ = 0, we have 
Mm 1 
tan 
7 
1 1 1 1 
tae aN + a + ‘npe.)6ofan,. a\2- + oe! ‘Afan. a\2" 
4 — (2k + 1) 16 — (2k + 1)? 36 — (2k + 1) 2(2k + 1) 


182. If we multiply the series by n” and let “= P, 
n 


then they take the form 


1 1 1 1 7 
20 2+ 2 2 + 7 gD? 
1 — p 4—p 9— p 16 — p 2p sin pw 2p 
1 1 
to, , ty tg 
1—p 4—p 9— p 16 — p p 2p sin pit 
If we let p”? = a, then we obtain the series 
1 1 1 1 aVa 1 
_ to tH tS - |, 
1—a 4-—a 9—-a 16—-—a 9a sin wVa 2a 
1 1 1 1 1 aVa 
+ —— + + $$ ee Se 
1—a 4-—-a 9-a 16 — a 2a 2a tan awa 


Provided a is not negative nor the square of an integer, then the sum of these 


series can be represented in terms of the circle. 
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183. By means of the reduction of complex exponentials to sines and cosines 


of circular arcs, which has been treated, we can assign negative values to a in the 


series just discussed. Since e™ = cost + isin z and e~™ = cosz —17 sin x, 
e . ° . e 9 + e¥ 
when we substitute y: for z, we obtain cos ys — 1 = >. and 
ae e ¥ — eY Vp 
sin yt = a Now if a=-— 0b and y=oauvod, then 
1 
—aVb aVb —aVb aVb 
Va’ + Van - 
COS IT ~ 6 = ——*— and sin ~ 6 = —— =. 
1 


It follows that 


tan 7wVY — 6 = ——————__. Then we have 
(.-" boy emVb |; 


wV — b _ ~ Vb and 
sin wV¥ — 6b e tb — emVb 


av — 4b (e-" b 4 ett | V 5 


TOSS TF or. From these remarks it follows that 
tan wV¥ — b e 7™Yh _ em 
ee ee Se 
1+ 6 4+ 6b 9+ 5b 16 + 6b 
1 nV b 


1 in 1 1 1 4 1 
1+) 4+ 6 9+ 5 16 + b 


Gag + et Vb 
= ——-_______-————_ — —. These same series can be derived from sec- 
ab (e" b __ ett | 26 


tion 162, using the same method which was used in this chapter. However, I 
have preferred to treat it in this way, since it is a nice illustration of the reduc- 


tion of sines and cosines of complex arcs to real exponentials. 


CHAPTER XI 


On Other Infinite Expressions for Arcs and Sines. 


184. We have already seen, in section 158, where we let z be any circular 


2 2 2 2 
arc, that sin z = z[1 - —> 1 — — 1 — =~; 1 — —s “s+ and 
7 At Ot 167 


2 2 2 2 
cos Zz = — — 1 —- a 1 — a -++ | We let the 
a1) Or 207 49m 


- and 


’ Mm 1 
sin ——_ = 
n 


| 

3 [3 
3 
rN 
a 
| 

#|8 
ee ) 
\e” 
———— 
| 

—_ 

=| 
rf 
\wee” 
———~ 
pad 
| 

SI 

a 

n| & 
\euwenneme” 
=~ 
| 

@ |3 
3 1%. 
i) 

\wecnnee” 


COS 


Pa} 
a 
— 
| 
3 |> 
ws 

bo 
nee” 
a 
| 
tc j= 
3 (3 
NT op 
EA 
OO ——— 
— 
| 
RO 
a3 
= 

pot MS 
ee 
OL ———— 
| 
> 
© 3 
= 

po] & 
“ee” 


If we substitute 2n for n, then 


. mat mi |4n? — m? 16n2 — m? 36n2 — m? 
sin = es Od Io and 
2n 2n An 16n 36n 


mT n? — m? 9n? — m? 25n2 — m? 49n* — m? 
cos en ey ee 0 rer cee 0 ees ee Ol eer ee 
an n 9n 25n A9n 


sin 2 OT 2n —-—m 2n +m 4n -m 4n +m 
2n 2n 2n 2n An 4n 
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+ 
on tim)... . Since sin(n — m)—- = cos —— and 
5n 2n 
cos(n — m)—— = sin a if we substitute n — m for m, then we have 
n 
mr 7 n+m 3n — m 3n +m on — m 
cos = |(n — m)— | |——— } |—— | |_| | ——— 
an | all 2n \[ 2n \[ 4n \[ 4n | 
ta + a and 
6n 


e e e e Mm TT 
185. Since we have two expressions for each of the sine and cosine of On”? 
n 


when we divide one by the other we obtain 
p= TZ PL 3 38 5 8 TT 9 It follows that 
2 2 2 4 4 6 6 8 8 


TL SAA O ESS 1IO TTA T2 . And this is the exprssion for m7 which 
2 1°3:3°5°5°7°7°9-9-11-11°13 


Wallis found in his Artthmetic of the Infinite. We could set down a great 


number of similar expressions derived from the first expression for the sine. For 


example, from it we deduce that 


Tw_ nse m1 2n 2n 4n 4n 
2 m 2n |2n —m™m 2n +m 4n—-—™m™ 4n +m 


| - ++ where, when we let a = 1, we obtain the Wallis product. If 
6n — m n 
we let a = i since sin — = — we have 

n 9’. 4 Vo’ 
n V2 4 4 8 8 12 12 16 16 m1 
—- = oo Se er a eee te If we let — = —, 
2 1 3 5 7 9g Ii 13 15 = 17 n 3 
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. . 7 1 

since sin— = Q° we have 

wei3 6 6 te ww Ww ow, . We note that if the Wallis 
2 2 5 7 11 #13 417° «+19 =~ 28 


; ; 1 
product is divided by the expression obtained when a = 2° then we have 
n 


1°3°5:7:9:11°13°15°17°19 


186. Since the tangent of any angle is equal to the quotient of the sine by 
the cosine of that angle, it follows that the tangent can also be expressed by 
infinite products. If the first expression for the sine is divided by the second for 


the cosine, we obtain the following expression. 


mr m 2n —-—™m 2n +m 4n —-— ™ 4n +m 

tan —— = I ———_ | —— | | , and 
2n n—-mintam 3n —m 3n +m 5n — m 
mW n—-m|nt+m 3n — m 3n +m 5n — m 

cot = | | — —— | | —- In a 
Qn m 2n — m 2n +m 4n —-—™m 4n +m 


similar way the secants and cosecants have the following expressions: 


oe - (allealiea lesa) 


sec 


| on | and 
5n +m 
CSC ma = aia nr _3n __3n on 
an m\2n-m 2n + m 4n — m 4n +m 
on . . . 
| ‘++ . Tf the second expressions for the sines and cosines are used 
n—-—m 


we obtain the following: 


mm 1 
tan = — . —— . > 
2n 2 n—-—m_ 2 ( 
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cot De = SRM 3 (38n — m) Sin em 


2n m (2n — m) 2 (2n + m) 4 (4n — m) 
sec mr _ 2 n an an 4n 4n a 

2n T n-m ntm  38n-—-m > 3n+m 5Sn—m , 
ese mir _ 2 n 2n: 2n 4n 4n . 

2n 7T m 2n-—-m WwW+tm' 4n—-m ' 4ntam 


187. If we substitute & for m in a similar way the sine and cosine of the 
angle + is defined. When the previous expressions are divided by these new 
n 


expressions we obtain the following formulas. 


Mm 1 


a an _ mi 2n — m 2n +m 4n —m™ 4n +m]... 
. ko k | Qn —k Qn +k 4n —k 4n+k , 
sin —— 
2n 
. mt 
sin 
an m 2n —m 2n +m 4n —™m™ 4n +m]... 
kw n—-kintk 3n —k 3n +k 5n —k , 
cos —— 
2n 
mm 
cos ——— 
an _ n-—-m n+m 3n — m 3n +m 
ko n—k nt+k 3n —k 3n +k 
cos —— 
2n 
5n — m 
d 
[e—= | » an 
8 an n—-—m n+tm 3n — m 3n + m 
aT k 2n —k Qn+ k 4n —k 
cos —— 
2n 
on my)... . If we take ka as an angle whose sine and cosine are known, 
4n+ k 2n 


by means of the above formulas, we can find the sine and cosine of any other 


m 
angle 
n 
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188. Expressions of this type, which consist of infinite products, can be used 
to obtain accurate values of m7 or sines and cosines of given angles, and this is 
rather important, since even now we have no better methods for obtaining these 
values. There are other infinite products of little practical value which could be 
used to find approximate values for 7 or sines and cosines. Indeed, the following 


factors: 


7 = 9 [ — 4] f — x f — a “++ can be expressed with little 


difficulty as decimal fractions, however, too many terms are required to obtain an 


accurate value of m even to only ten decimal places. 


189. The principal use of these infinite products, however, is in the calcula- 
tion of logarithms. Without these expressions the calculation of logarithms 


would be very difficult. In the first place, since 


v= 4/1 - i 1 — _ 1 — i]... , when we take logarithms we find 
9 25 49 
log w = log 4 + log li — +] + togli — 2] + togli- EI] 4 --- or 
| 9 20 49 


1 1 1 
log + = log2 — log|1 ~ —| — log/1 — —] — log] - —] - --: 
og m= loge — tog[~ 4] ~ toe ~ 2] toon Eo, 


whether common logarithms or natural logarithms are used. Since it it easy to 
find the common logarithms from the natural logarithms, there is a significant 


advantage in using natural logarithms to find the logarithm of w. 


190. Since, when we use natural logarithms, 


log(l — r)= -~x-—- > - — - ‘-++ . if each of the terms in the 
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expression for log m are expressed in this form, we have 
1 1 1 1 
log wm = log 4+ | — = —- —~ - —~ - — - 
| 29° 39% — 4-94 | 

yf. A #1 1 1. 

25 2-257 3-258 4-254 

1 1 1 1 
+ fos A _ 4+ _ _4__ i Ja... ein fint ; 

| 49 9-492 3-498 149 | In this infinite series 


we notice that when we descend vertically we find infinite series whose sums we 


have already found. For the sake of brevity we use the following notation. Let 


A=1+—>+44+44 4 
3 5 7 g? 
peitte ty te ty 

3 5 74 g4 
C=ltatatatat 
p=i¢++4444444 ..- then 


log m = log 4 ~ (A ~ 1) ~ (B~ 1) ~ (C= 1) - 7(D - 1) - 


But we have, using the approximate results found above, 


A = 1.23370055013616982735431 B = 1.01467803160419205454625 
C = 1.00144707664094212190647 D = 1.00015517902529611930298 
FE = 1.00001704136304482550816 F = 1.00000188584858311957590 
G = 1.00000020924051921150010 = 1.000000023237 15737915670 


I = 1.00000000258143755665977 


1.000000000286807697 45558 


L = 1.00000000003186677514044 1.00000000000354072294392 


oO ff ® 
i 


N = 1.00000000000039341246691 = 1.0000000000000437 1244859 
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P = 1.00000000000000485693682 @ = 1.00000000000000053965957 
R = 1.00000000000000005996217 S = 1.00000000000000000666246 
T = 1.0000000000000000007 4027 V = 1.00000000000000000008225 
W = 1.00000000000000000000913 X = 1.00000000000000000000101. 


In this way with little tedium we find that the natural logarithm of m has the 
value 1.14472988584940017414342. If we multiply this value by 0.43429 --- , we 


find the value of the common logarithms of m to be 0.49714987269413385435126. 


191. Since we can also express both the sine and cosine of an angle equal to 


m1 
2n 


by means of infinite products, we can conveniently express the logarithms 


of both. From the formulas found earlier we have 


2 2 
log sin mT = log 7 + log — + logl1 — 2 + log }1 — m 
2n 4n? n? 


3 
m 
+ log }1 — + -::+ and 
36n? | 
2 2 2 
ma m m m 
log cos = log|1 — —~] + log]1 — ——]| + log]1 — 
n* | | 9n? | | 25n? | 
m2 
+ log }1 — 19n2 + +: . It follows, as before, that by using natural loga- 
n 


rithms these can easily be expressed in rapidly converging series. Lest we have to 
multiply infinite series unnecessarily, we leave the first terms in the form of loga- 


rithms. 


log sin at = log 7 + log m + log(2n — m) 


+ log(2n + m) — log 8 — 3 log n 


ee CC 


162 21674 3:16°n® 4:164n8 
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om mmm 
36n2 2:36? n4 3:36°n® 4:364n® 
m2 m4 m® m8 


64n2 2-647 n4 3-643 4-641n® 


a= log(n — m) + log(n + m) — 2 log n 


49n* 2-49?n* = 3-498n® = 4-494 ® 
192. There occur in these series all even powers of a which are multiplied 
n 


by series whose sums we have already found. Therefore, we have 


log sin mt = log m + log(2n — m) + log(2n + m) — 3 log n 
tloga—logs- ™M [2444 4, 45,44... 
n? (42 62 ~— 8? 10? 12? 
4 
i +4 
an* | 4 6 8 10 12 
6 
m 1 1 1 
—~ ——~|/—+—+—+—-—-+— + 
3n® F 6° 3° 10° 12° | 
8 
_ m_{i pies + +a n _ 
4n® | 48 6 8 10 12 


and 


a= log(n — m) + log(n + m) — 2 log n 


m 
log cos 


2 
-leteratgt 
2 72 2 
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The sums of the latter series were given in section 190, while the sums of the 


former can be derived from these. In order that they may be more easily used, 


however, we will append 


193. For the sake 


1 1 

B = + + i + 7 + “7 + 
2 4 6 8 
98 48 68 88 
a = 0.41123351671205660911810 
y = 0.01589598534350701780804 


= 0.00097753376477325984898 


mM 


1 = 0.00006103889453949332915 
0.00000381471182744318008 
dX = 0.00000023841863595259154 


0.00000001490116141589813 


< 
I 


0.00000000093132257548284 


° 
I] 


ro = 0.00000000005820766091685 


tT = 0.00000000000363797880710 
= 0.00000000000022737387544 


= 0.00000000000001 421085471 


of brevity we let a = 


. The sums are 


om 


ox 


Oo 


A 


Juyr 


x 


at least partial results in what follows. 


1 
2. eB UR 
+4 4t4A4 
4 6 8 


approximated as follows: 


= 0.06764520210694613696975 
= 0.00392217717264822007570 
= 0.0002442007047 2492872274 
= 0.00001525902225127269977 
= 0.00000095367522617534053 
= 0.00000005960464832831555 


= 0.0000000037 2529031233986 


0.00000000023283064370807 


0.00000000001 455191522858 


I 


0.00000000000090949470177 


0.00000000000005684341886 


w = 0.0000000000000035527 1367. 
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The remaining sums decrease by about one fourth per sum. 
194. When we use these results we have 


log sin 7 = log n + log(2n — m) + log(2n + m) — 3 log n + log w 
n 


tgs - ™[.-4+)- mm [,g- 4) mel, 4)... ana 
n? 2? an‘ 24 3n® ("98 
log cos —— = log(n — m) + log(n + m) — 2 log n 
m* m*4 m® 
— (A — 1) - —4(B - 1) - (eC - 1) - ++. Since we know log 7 
n an 3n 


T 


and log 8, the natural logarithm of the sine of the angle aL 9 is equal to 
n 
log m + log(2n — m) + log(2n + m) — 3 log n 
; | 
— 0.93471165583043575410 — -0.16123351671205660911 
n 
m‘4 m® 
— 7 0.00257260105347306848 — —Z-0.00009032844783567260 
n n 
m8 m 10 
— — 7 0.00000398179316205501 — zp 0-0000001 9425295465196 
n n 
m!2 m!4 
— 797 0.00000001001328748812 — 7 0.00000000053404135618 
n n 
m'8 m8 
— —7_-0.000000000029 14859658 — —7,-0.00000000000161797979 
n n 
20 m2 
— Zp 0-00000000000009097690 — —Jq70.000000000000005 16827 
n n 
m2 26 
— 37 0.00000000000000029607 — Gg 0.00000000000000001708 
n n 
m28 30 
— gg" 0.00000000000000000099 ~ —~¥5/0.00000000000000000005. 
n n 
The natural logarithms of the cosine of the angle = + is equal to 


n 2 
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log(n — m) + log(n + m) — 2 log n 


4 
— +*-0.00733901580209602727 
nn 


8 


— —-0.00003879475632402982 
n 


m2 


ni2 


0.0000003 14308097 18659 


m '8 


n'8 


0.00000000290464467239 


m29 


n2° 


0.00000000002868076974 


m24 


n24 


0.00000000000029506024 


m8 


— Gg 0.000000000000003 12232 
n 


m? 


— — J, 0-00000000000000003373 
n 


m8 


n38 


0.00000000000000000037 


2 
— ~4|-0.23370055013616982735 


n 


6 
— = 0.00048235888031404063 
n 


10 


> 0.00000340827260896510 
n 


14 
= { 0.00000002989150274450 
nr 


m8 


— —7q-0.00000000028682639518 
n 


22 
Ss 0.00000000000289697956 
n 


m 28 


n2® 


0.00000000000003026249 


m2 


n30 


0.00000000000000032379 


m*4 


— —J70.00000000000000000352 
n 


m8 


n°8 


0.00000000000000000004. 


195. If these natural logarithms of sines and cosines are multiplied by 


0.4342944819 etc., the common logarithms of these functions are produced. Since 


it is customary in tables of common logarithms of sines and cosines to add 10, 


this is done in what follows, after this multiplication. The tabular logarithm of 


mi 


the sine of the angle ; 
n 2 


log m + log(2n — m) + log(2n + m) — 3 log n 


2 


is equal to 


+ 9.594059885702190 


m m‘ m?® 
—~ —-0.070022826605901 — —, 9.001117266441661 — —,-0.000039229146453 
n n 


n 


ms 
— —7-0.000001729270798 


n 


m 10 


7 10 


0.000000084362986 
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12 14 
— —57-0.000000004348715 — zz 9.000000000231931 
n n 
m8 m'}8 
— —7-0.000000000012659 — zg 0.000000000000702 
n n 
20 
~ —5-0.000000000000039. 
n 
mT 


The tabular logarithm of the cosine of the angle is equal to 


n 2 


log(n — m) + log(n + m) — 2 log n + 10.000000000000000 


2 4 6 
— “*-0.101494859341892 — —-0.003187294065451 — + -0.000209485800017 
n nr nr 
m8 m 19 
— ™9.000016848348597 — -0.000001480193986 
n nr 
12 m'4 
— —57-0.000000136502272 — —z70.000000012981715 
n Tr 
16 18 
— > 0.000000001261471 ~ zg 9-000000000124567 
n n 
m2 22 
— —5-0.000000000012456 — Jz 0.000000000001258 
n n 
94 m8 
— —,-0.000000000000128 - —-0.000000000000013 
n nm 


196. With these formulas we can find both the natural and common loga- 
rithms of the sine and cosine of any angle, even without knowing the sines and 
cosines. Furthermore, from the logarithms of the sine and cosine we can find the 
logarithms of the tangent, cotangent, secant and cosecant by simple subtraction. 
For this reason there is no need for special formulas for the other functions. We 
also note that in the formulas, when we find the logarithms of 


m,n,n— m,n +m, etc., they must be natural or common logarithms 


depending on which formula we use. Furthermore, the ratio ” indicates that 
n 
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part of the right angle, which represents the angle. Therefore, we recall that the 


sine of an angle larger than a right angle is equal to the cosine of an angle less 


than a right angle and vice versa. The fraction ~~ need never be greater then 
n 


- and for this reason the terms converge much more quickly. 


197. Before we leave this topic, we show a method for finding the tangents 
and secants of any angle, which is better than the methods we have seen so far in 
this chapter. Although the tangent and secant are determined by the sine and 
cosine, nevertheless this is accomplished through division, and when there are 
many digits, this is extremely tedious. Furthermore, in section 136 we gave for- 
mulas for the tangents and cotangents without the rationale, which we have 


saved for this chapter. 


We recall from section 181 an expression for the tangent of the angle na. 


since A + Pe a = tan He, we 
n° —™m 9n*° — m 25n* — m 4mn 2n 
have tan a = Amn yt + to + te +... | and also 
Qn a n2 — m? 9n? — m? 25n2 — m? 
1 1 1 1 7 m 
+ + 2 GH OC cot —a. If 
n= — m? 4n2 — m? 9n? — m?* Im? 2mn n 


we substitute 2n for n, then 


2n 4mn 1 1 1 
a 7? nt tae? 2 tea tT |: 
An“ — m™m 16n° — m 36n° — m 


Each of the fractions, except for the first, can be expressed as infinite series 


which can easily be summed. Hence, 


4 3 5 
tan ty = A my , mM 
2n nn? — m* ow tT | 37n 34n3 3°n? 
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3 5 
¢ Af my, mM iy my 
wT (52n 54 n3 58,5 
3 5 
Tw (7%n 7 on 7 on 
and 
cot eg =e BR 2 mn 4 A mm 4 
2n m 4n* —~ m? ow Tt | 4?n 44n? 4§,5 
4 m m? m?® 
~ Tee, + Gas tT cos Tt 
Tw (6%n 6°n 6°n 
4 m m? m?® 
~ aT lee, 7 eta tT ges tT OCC Ft 
7 | 8°n 8in 8on 


198. Since we know the value of 7, we compute the value of 4 to be 
7 


0.318309886 18379067 1537767926745028724. We have already found the sums of 
the series, which we designated by A, B, C, D, etc. and a, B, y, 5, ete. With 


this notation we have 


tan ig = mm 4, mtg — 1) + msi — I) 
Qn nz — m? 7 now n> 7 
5 7 
m 4 4 
+ = (C —1)+ —7 -—(D — 1)+ , 
n 7 n 7 
and 
n 2 4mn 1 m 4 1 
cot —T = —.— —- a > oo. le 
n m 7 4n? — m? 7 now 9? 
3 5 
_ m4 ~ At mt y- _ — +++ From these formulas are 
n°? T 94 qT 2 


derived the expressions given above in section 135 for the tangent and cotangent. 


In section 137 we have shown that from the tangent and cotangent, we find the 
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secant and cosecant by simple addition and subtraction. With the use of these 
rules the entire table of sines, cosines, tangents, and secants, as well as their loga- 


rithms can much more easily be found, than was the case in previous times. 


CHAPTER XII 


On the Development of Real Rational Functions 


199. It was in the second chapter that we gave a method for expressing any 
rational function by means of just as many partial fractions as the denominator 
had linear factors, indeed those linear factors became the denominators of the 
partial fractions. From this it is clear that if the linear factors are complex, then 
the partial fractions to which they give rise will also be complex. In this case it 
will be of little use to express a real rational function in terms of complex frac- 
tions. Since we have seen than every polynomial, which is what the denominator 
of a rational function is, can always be expressed by real quadratic factors, no 
matter how many complex linear factors it may contain. In this way we can 
express any real rational function in real partial fractions by allowing the denom- 


inators to be quadratic. 


200. We let the given rational function be M and for each of the real 


linear factors of the denominator N we find partial fractions by the method 


already given. Instead of the complex linear factors we use the factor of N with 


2 


the form p”? — 2pqz cos @ + q*z”. Since in this process it will be helpful to look 


at the numerator and denominator of the function at this stage of development, 
we suppose the form to be 


A + Bz + Cz? + Dz? + E24 + 


Tp? ~ Onan cosh + tera t+ Br hve deep) The partial fraction 
(p 2pqz cos b + g°z°\(a + Bz + yz z ) 
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whose denominator is the factor p” — 2pqz cos d + q?z* has the form 


- pam 79: Since the denominator is a second degree polynomial, 
p’ — 2pqz cos d + q°z 
the numerator must be a first degree polynomial and not of higher degree, since 


otherwise the fraction would contain a polynomial, which should have been 


removed. 


201. For the sake of brevity, we let, M be the numerator 
A + Bz + Cz* + +--+ , and we let Z be the other factor of the denominator, 


a+ Bz + yz? + --+ . We let the rational function which comes from the 


M — PZ — QzZz 


; , Since Y should be a 
p — 2pqz cos bd + q°z 


factor Z be ; , where Y = 7: 


polynomial, it is necessary that M — PZ — QZz be divisible’ by 


p” — 2pqz cos @ + q’z*. It follows that M — PZ — QZz vanishes if we let 


p? — 2pqz cos b + q?z* = 0, that is when we let z = P (cos mb + 7 sin d) or 


q 
_ P fa P_ 
when z = “(cos b — 1 sin b). We let — = f, then 
q q 
z" = f"(cos nb+t sin nd). When we make the two substitutions for z we 


obtain two equations from which we can find the two unknown quantities P and 
Q. 

202. After we make the two substitutions in the equation M = PZ + QZz 
we obtain the following two equations: 


A + Bf cos + Cf*cos 26 + Df%cos 3b + 


It 


(Bf sinh + Cf*sin 2b + Df*sin 3b + +--+ )i 


P(a + Bf cos b + yf?cos 2b + Sf%cos 36 + °- -) 


I+ 


P(Bf sin b + yf?sin 2b + Sf%sin 3b + - °° \t 
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+ Q(af cos b + Bf?cos 2b + yfrcos 3b + +--+) 
+ Q(af sin b + Bf*sin 26 + yffsin 3b + ++ - de. 
For the sake of brevity in calculation we let 
A + Bf cosh + Cf*cos 26 + Dfrcos 3h + ++: = R 
Bf sin b + Cf?*sin 26 + Df*sin 36 + +++ =F 
a+ Bf cos d + yf7cos 26 + Sf%cos 3h + +°: = S 
Bf sin d + y f *sin 2b + Sf%sin 3b + +--+: = 8 
af cos d + Bf cos 2b + yf cos 36 + os = T 
af sin db + Bf sin 2h + yf sin 38m + css = t. 
With these substitutions, we obtain the equations 
Rtn = PS+Psi + QT+ Qt. 
203. Since we have the plus and minus signs, we obtain the equations 


Rt — rT 


R = PS + QT, r = Ps + Qt and from these we find P = oY eT and 
— § 
Q= fis = 15 It follows that the rational function 
sT — St 
_—_—____#____ has the partial fraction —, pag - 
(p“ — 2pqz cos bh + q°2°)Z pp — 2pqz cosd + q°z 


which we calculate by the following rules. Let f = P and express each of the 
q 


terms as follows: when z” = f"cos nd, then M = R, when z” = f”sin nd, 
then M = r, when z” = f"cos nd, then Z = S, when z” = f”sin no, then 
Z=s, when z” = f"cosndh, then 2Z = T, when 2” = f"sin no, then 


zZ = t. When Rk, r, S, s, T, and t have been found, then P = Rt aT and 


St — sT 
rS — Rs 


q = St — sT 
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EXAMPLE I 


2 


ory a We have to find 
(1 — z+ 2°)(1 + 2°) 


Let the given rational function be 


P+ Qz 


3 which arises from the factor 1 — z + z” in the denominator. In 
1-—-2z2t+z 


the first place we recall the general form p? — 2pqz cos b + q?z*, which, when 


; i ; 
compared with the given factor, give p = 1, q = 1, and cos } = - From this 


it follows that = 7 Since M = z?,Z=1+ 24, and f = 1, we have 


V3 V2 

R = cos Sn = ~ =, r=, S=1+cstn= 4, s=- —, 
3 2 2 3 2 2 

T = cos + cos on = 1, ¢ = 0. From these we find that P = — 1 and 


Q = 0, so that the partial fraction is and its complement is 


1—2z+t 2? 


Lt+ezt 2? 


14 of The real factors of the denominator 1+ z* are 1 + Voz + 2 
z 


and 1 — V 22 + z’, so that this rational function can also be expressed in partial 


fractions, where @ = 77 and in one case f = — 1 and inthe other f = + 1. 
EXAMPLE II 
1t+2t 2? 
Let the given rational function be ——-———=-—-——_——_=———, so 
(1+ Vaz + 221 — Vaz + 2?) 
that M = 1+ 2+ 2". For the first factor we have f= -1,o= 7 and 
2 V9 — j 


Z=1-2V2+2% so that R =1-—cos~ + cos — = —-—, 
4 4 V9 
on V2—-1 


r= —sin 7 + sin [> = 7, S$ =1+ V2cos T + cos =F = 9, 
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s = Vosin =~ + sin 2™ = 2 T= — cos = — 2 cos 2 — cos 37 = 0, 
4 4 4 4 4 
_ . 7 . OT . ot V5 
t= ~ sin _ 2 sin ~~ ~ sin = —2V2. From these we _ have 
V5 Vo-1 , 
St—sT = —4V2,P= Vo , and @ = 0. It follows that the partial 
2V2 
Vo \/5 
fraction which arises from the factor 1 + 2V2 + 2” is 27 RY . Ina 
1 + Voz + 27 
_ (V2 + 12V2 
similar way we find the other partial fraction to be . Now we see 
1 —- Voz + 27 
7? 
that the original function —_————.————— is expressed as 


(1-2 + 2*)(1 + 24) 


-1 (V2 — 1)2V2 fi (V2 + 12V2 


l1-z2+2? 1+ Vaz + 2? 1— Vaz + 22 
EXAMPLE III 


2 
Let the given function be lteter From the fac- 


[- S242) (0+ 20 +2) 
5 


tor in the denominator 1 — 7 + 2” there will arise a partial fraction 
Ph tg Here r=1, s=1, and cosod= 4 so that 
8 9 5 
1-—z +2 
5 


M=1+ 22 + 27,7 =1+ 22 + 3z”. Since this angle is not a fractional part 


of a right angle, we have to investigate the sine and cosine of its multiples. Since 


; 24 

cos = <, we have sind = -. Further, cos 2d = at sin 2h = 35” 
cos 3h = = sin 3d = a From these we have 

3 24 54 

peitote ti pao 4 ML OM 


25 25” "5 25 95” 
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sa14+ 244 30. 36 s=2243.2 = 
5 5 25 5 25 25 

potggt 544 8 pl 3 4 28d, BUIT _ 666 

5 25 125 125 5 25 125 125 
It follows that St —sT = 23100 2130 P= 41830 4193 

25°125 125 2136 178 
Q= - 240 A and so the partial fraction arising from 
2136 178 


1 — = + z” is MIT — 92 78 We seek in like 


manner the partial fraction 


1-324 2 
+) 
corresponding to the other factor. Here r = 1,5 = — V3 andcos@> = NA SO 
3 
_ 1 2 _ 8 2 ; 
that f = -~ ~~, M=1+ 2z4+ 2 and Gal wet we Since 
3 
V/9 V9 
cosh = we have sin 6 = ey cos 2d = _ sin 2p = =, 
cos 3h = — a , sin 36 = V3 prom this we have 
3V3 3V3 
pet. % +41 _1).2 
3 V3 3 3 9 
2 V2.1 2V2 aV2 
pe ee + a = 
V3'°V3 3°: «83 ) 
8 1 1 1 64 
S=1+ eH + =.) - =] = 
5V3 V3 [ | 45 
= 8. ¥2, 1 2V2 _ 34V2 
5V3 V3 3 3 45 


t= - ee eee eee Eee .. It th foll 
V3 V3 5-3 3 3V3 3V3 135 en OHOWS 
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_ Vo 
that St — sf = —U42 "2 p = WO 25g = B40 _ 135 he civen 


675 712 178 712 178 


1+ 2z + 2? 


rational function is expressed by the partial 


q — + “(i + 22 + 32°] 


. 9117 — 52z)/178 o(5 + 272)/178 
fractions + 


a 
1- cet 1+ 2z + 32 


204. If we know the values of S and s, we can calculate the values of T 


and t. Since S=a+t Bf cos + yf?cos 26 + df%cos 3b + 
s = Bf sind + yf’sin 26 + Sf sin 3m + +++ we have 
S cos b — s sind = acoso + Bf cos 2b + yf?cos 3h + --: sO that 


T = f(S cos — s sin >). 
Likewise S sind + s cosh =asingd + Bf sin 26 + yf*’sin 3b + «+++ 50 
that ¢ = f(S sin b + s cos ¢). Furthermore St — sT = (S* + s*)f sin d and 


Rt — rT = (RS — rs)f sind + (Rs — rS)f cos o. It follows that 


_ RS + 4s Rs — rS cos o 
S? + 5? S? + 5? sing 


and Q@= — —_fis tS Hence 


(S? + s*)f sin 
from a factor p? — 2pqz cos b + q?z? in the denominator there arises a partial 


fraction with the form RS + rs)f sin + (Rs — rS)(f cos — z 


(p? — 2 + gets? + 62 or since 
p pqz cos b + q°z*)( s°)f sin 


f= Pe we have the form 
q 


(RS + rs)p sind + (Rs — rS)(p cos b — qz) 


(p? — 2pqz cos b + q?z”\(S? + s)p sin o 


205. This partial fraction has arisen from the rational function 


M 


a re a with factor p”? — 2pqz cos @ + q%z” in the denomi- 
(p" — 2pqz cos hb + q°2°)Z 
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nator. The values of R,r, S, and s can be determined in the following way 


n 
from M and Z. We substitute f- cos nd for z” in M to obtain R and in Z to 
q 


n 
obtain S. We substitute i sin nd for z” in M to obtain r and in Z to obtain 


s. It is to be noted that the functions M and Z should be written as polynomials 
before the substitutions, so that they have the form 
M=A + Bz + Cz? + D2? + Ez* + +++ and 


Z=at Bz + yz? + 822 + ez* + ++: so that 


p p” p° 
R = A + B> cos od + C=, cos 2h + D*> cos 3h + 
q q q 
p p” p° 
r = B sind + C-> sin 26 + D*> sin 36 + 
q q q 
p p” p° 
S =a + B- cos + y~> cos 2h + 8*> cos 3h + 
q q q 


p p” p° 

s = B= sin d + yoy sin 26 + 6*> sin 3h + 
q q q 

206. From what we have just done, it should be clear that this procedure 

will not succeed if the function Z_ still contains the same _ factor 

p? — 2pqz cos hb + q?z”. In this case after the substitution 


z" = f"(cos nd + 1 sin >) is made in the equation M = PZ + QZz, the quan- 


tity Z vanishes and we cannot solve for P and @. For this reason, if in the 
denominator of the rational function W there is the factor 


(p’ — 2pqz cos d + q°z*)? or some higher power, we need a special form for the 
partial fractions. Let N = (p? — 2pqz cos d + q?2”)Z, then from the factor 


(p? — 2pqz cos d + q’2z”)’ there arise these two partial fractions, 
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+ + 
3 P 2 wr At where P, Q, K, and 
(p" — 2pqz cos hb + q*z") p’ — 2pqz cosh + q“z 
L are to be determined. 
207. With the above hypothesis, the expression 


M — (P + Qz)Z — (K + Lz)Z(p? — 2pqz cos d + q?2”) 


is a polynomial, so 
(p? — 2pqz cos d + q’2”) pos | 
that the numerator is divisible by the denominator. In the first place, the expres- 


sion M — PZ — QzZ is divisible by p? — 2pqz cos @ + qg?z*. Since this was 


true in the previous case, the same method will determine P and Q. Therefore 


n 
we let 2” = P cos nod in M to obtain R and in Z to obtain N. We let 
q 
p” 
z" = “——sin nd in M to obtain r and in Z to obtain n. Having calculated these 


values, we now have, by the rule derived above 

RN + rn Rn — rN cos o , — Rn + rN q 
= Te oC and Q =--oONwyO,oY,T,. eg 
N? +n? NN? + n? sind N? +n? psind 


208. When we have found P and Q, then M —(P + @2)4 is a 


p? — Qpqz cos @ + q?z” 


polynomial W, and W — KZ — LzZ is divisible by p? — 2pgqz cos b + q*z’. 


n 
Since this case is now like the first case, we substitute P cos nd for z” in W to 


n 


obtain T and -~sin nod for 2” in W to. obtain t. Then 


n 


TN + tn Tn — tN cos o _ — Tn + tN q 
= tO and L = 
N? + n? N? + n® sin & N? +n? psing 


209. Now we show how to proceed in the general case, when the rational 


function = has a factor (p? — 2pqz cos d + q?2”)* in the denominator. Let 
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M 
N = (p? — 2pqz cos b + q?2” kz. so that ————---_——____— is to be 
(P m4 d+ a7) 2 — Qnqz cos b + qr2’)Z 


expressed in partial fractions. The factor (p? — 2pqz cos db + q?27\ gives rise 


to the following partial fractions : 


U + uz n V + vz 
(p? — 2pqz cos db + q?2")' (p? — 2pqz cos b + qrz?)k ~ 3 
W + wz n X + xz 
+ 2 2 2\k—2 2 2.2\k — 3 
(p 2pqz cos hb + q*z") (p 2pqz cos b + q°2") 


n 
Now let z” = P_ cos nd in M to obtain Y and in Z to obtain N. We let 
q 


n 
z= E— sin nd in M to obtain Y and in Z to obtain n . Then 
q 
U = YN + yn + Xn — yN yN cos b and u = — Xn + yN yN 9 . Then we 
N? + n? N? + n® sin d N? + n® psin d 


let _ M—-(U+t+uz)zZ be the 


polynomial F. When we let 
p? — 2pqz cos hb + q*2” 


n n 
Zz = p. cos nd in F we obtain P and when we let z” = p sin nd in F we 
q 


PN + pn Pn — pN cos Pn + pN q 
as + — >) wp. a 9 and v= > 3)  & gS. qe 
N? + n? N? + n? sin N? + n? p sin o 


Next we let _ F-(Vitvw)z 


p* — 2pqz cos b + q?z? 


obtain p, V = 


be the polynomial G. When we let 


n n 
z= E— cos nd in G we obtain S and when we let z” = co sin nd in G we 


SN + sn Sn — sN cos 
N? + n? N? + n? sin ob’ 


w= - Sn + sN og Now we let a ae ee be the poly- 


N? + n? p sino 2 — Qnqz cos b + q7z 


obtain s. Then W = 


n 


nomial H. We let 2” = p cosnd in HAH to obtain R and we let 
q 


n — 
22 = PF gin no in H to obtain r. Then X = RN torn. fn — rN —+ w 
q” N? + n? N2 4+ n? sin 
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+ . : 
and x = — fin + rN og In this way we proceed until the numerator of 


N? + n? p sin b- 
the last partial fraction, whose denominator is p? — 2pqz cos ob + q?z*, shall 
have been determined. 


EXAMPLE 


z— 2° 


We consider the rational function ha 
(1 + 2°)*(1 + 2?) 


. From the factor (1 + z?)4 


in the denominator there arise the partial fractions 


Utw , Vtw , Wt w X + xz 


. When we compare this factor 
ate) a¢2)) a+ 2? 142 P 


with the general form we find that p 1, q¢ = 1, cos h = O, so that d = om. 


Furthermore M = z — z® and Z=1+ 24. It follows that Y = 0, y = 2, 
N=2,n=0, and singd=1. Then y=~+.0=0, U=1 and 
a2 2° —- 2 7 2 3 
U + uz = Z. Now the polynomial F = rr = — z° so that 
z 
1 1 . 
P=0,p =1, V = 0, and v = o- Hence V + vz = 9” and the polynomial 
7 3 - ia 1 4 
G = = — —z — —z°, From this it follows that S = 0 
1+ 2? 2 2 


and s = 0, sO that W = 0, w = 0, and the polynomial 


~1,_1, 
H=—~__4_._l, Then R=0,r=-+, X=02--74. 
1+ 2? 2 2 4 


From these’ calculations we have the required’ partial fractions 


vA z z 
_ SO 


a 3 ——-. The numerator of the remaining frac- 
(1+ 2°)* = (1 + 2?) 4(1 + 2”) 


tion is [ = HT (X + 2)é =- me + 72, so that the remaining fraction is 
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—~z+23 
A(1 + 24) 
210. This method gives not only the partial fractions but also the comple- 
mentary fraction, which when added to the partial fractions gives the original 


rational function. For example, if all of the partial fractions for 


M 


« e k 
———__________—_———.—— arising from the factor p* — 2pqz cos d + qrz? 
(p? — 2pqz cos b + q’z’) Z ( ) 


have been found, we have used the sequence of polynomials F, G, H, I, and K 
if the sequence has to be continued further. It will be the last of these polynomi- 


als which will be the numerator of the complimentary fraction, which has Z for a 


denominator. For example, if k = 1, then = is the complementary fraction; if 


k = 2, it will be , if K = 3, it will be 2 and so forth. Once this comple- 


mentary fraction has been found, this fraction with denominator Z may itself be 


expressed in partial fractions. 


CHAPTER XIII 


On Recurrent Series. 


211. We here refer to a type of series, called by DeMoivre recurrent, which 
arise from rational functions by actual division. Above we have shown that 
series of this type have the property that any term is determined by a certain 
number of preceding terms, according to some fixed law. This law depends on 
the denominator of the rational function. Now we have a method for expressing 
a rational function by simpler partial fractions, so that the corresponding 
recurrent series can be expressed in terms of simpler recurrent series. In this 


chapter we propose to express any recurrent series in terms of simpler recurrent 


series. 


2 3 . 
212. Let at bet ce + ee be a proper rational func- 
1 — az — Bz" — yz" — 62° - +: 


tion which by division is expressed by the recurrent _ series 
A + Bz + Cz? + Dz? + E24 + F2o + +--+ . The partial fractions, which we 
have already learned how to find, give partial series, whose property is easily per- 
ceived: all of the partial series taken together must give the original recurrent 


geries. 


213. Let the respective recurrent series from the partial fractions be 
a + bz + cz* + dz® + ezt + 


ait Wet c22 4+ d'z2 + e'zt + 
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a’ + be + cz? + d''22 + e''z4 + 
a’! 4+ b'''s + c!'' 23 + d'''23 + ell'y4 + 


Since these series taken together must be equal to 


A + Bz + Cz? + Dz? + Ezt+ +++ , it follows that 
Az=zatata’t+a’ + c7:, B=6+06' + 0’ +0 + ++: , 
C = ¢ + c! + cl! + al! + eo ee , D = d + d' + d'' + d''' + 


If we can find the coefficients of z” in each of the series arising from the partial 
nr 


fractions then their sum will be the coefficient of z in the series 


A + Bz + Cz? + Dz? + 


214. A doubt could arise as to whether the two series really are equal, that 
is, whether the coefficients of the same powers of z are equal. We can easily 
remove this doubt if we recall that equality must hold for every value of z. If we 
let z = O, then it is clear that A = a + a’ + a’ + a’’’ + +++ . When we 
have seen this equality, we subtract these terms and divide by z. Then the con- 
stant terms will be B and 6 + 6’ + 6’ + 0'"' +. -:> . From this it follows 
that B= 6b + Bb + 0 + B'' + ,CH=aete +e’ +c" + 


D=dtd+d' +d" + ++: , ete. 
215. Now we examine the series which arise from the partial fractions into 


which any rational function can be resolved. The first such fraction is 1 
— pz 


which clearly gives rise to the series A + Apz + Ap?z? + Ap%z? + 


3 


whose general term is Ap”z". This expression indeed is customarily called the 


general term, since from it, when n is given successive integral values, all of the 


terms of the series are produced. Then from es arises the series 
~ pz 
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A + 2Apz + 3Ap*z? + 4Ap3z? + +--+ | whose general term is (n + 1)Ap”z”". 
A ; 

Also from (i — pe we have the series 
— pz 

A + 3Apz + 6Ap?z? + 10Ap?z? + ; whose general term is 

+ + 
fn te) apt et, In general the fraction Go oF gives rise to the 
~ pz 


series A + kApz + SAE 452? + PEE AMET ED 4p3e8 + 


. (n + In + 2)(n + 3):°-(n + k — 1) 
whose general term is 


Ap"z". F 
1-23 +++ (k — 1) pee eee 


the progression in the series itself we gather that this general term should be 


equal to E(k + i(k + 2)- +: (k + n = 1) Ap'z 


1230 ". This expression is equal to 
the other, which is clear from the cross multiplication, which gives the identical 
equation 

P23 --+n(n + ij oss(n +k — 1) = 1:23---(k —Dk-+- (hk +n — 1). 


216. It follows that as often as we have, in the expression of a rational func- 


tion, the partial fractions then we can find the coefficient of each of 


1 — pz)F’ 
the powers of z, since it will be the sum of the corresponding general terms of 
the partial fractions. 


EXAMPLE I 


Find the general terms of the recurrent sertes which arises from the rational 


—_— 2 


function ————__-. 
1— z — 22? 


The series which arises from this function is 


1+ Oz + 22% + 223 + 624 + 1025 + 2228 + 4227 + 8628 + +--+ . In order 
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to find the coefficient of the general term, we express a in the form 


2 i 
3 3 
1+ 2z 1— 22 


From this we obtain the desired general term 


2 n lointin 27 +2 , wy: . ; 
3 | — 1)" + 32 Zz" = —3 3? where the positive sign is used when n is 


even, and the negative sign when n is odd. 


EXAMPLE II 


Find the general term of the recurrent sertes which artses from 


1-2z 


rere = 1+ 4z + 1427 + 4623 + 14624 + 45425 + 
— z Zz 


Since the denominator is equal to (1 — 2z)(1 — 3z), the function is 


— 1 n 2 . 
1 — 2z 1 — 32z 


expressed as From this we obtain the general term 


2°32" — 2%2" = (2:3" — 2")z2". 
EXAMPLE III 


Find the general term of the series 


14+ 32 + 427 + 723 + 1124 + 1825 + 2929 + 4727 + 


which arises from ae 
: _ Zz 2 
1+ V5 
Since the factors of the denominator are 1 — a z and 


1 — . ; . ; 
1 — a8]. the expression in partial fractions is 


V5 +4 1- V5 
nr er 

[25 [a5 
1 — |——— Iz 1 - >? 


. From this we obtain the general term 
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Ve n+1 _wWe n+] 
fone 4 1—s ” 


EXAMPLE IV 


Find the general term of the series z + (aa + b)z + (a?a + ab + Ba)z? 


+ (a®a + ab + 2aBa + Bb)z> + --- which arises from the function 


at bz 


1 —- az — B27 
Ge + Va? + 4p} + 26 | 
. . . 2Vq? + 46 
For the partial fraction expression we have 


L- = Var t+ 4 F 
2 


(a(Vo? + 48 — a] — 26 | 
+ 2Va? + 48 


; Hence the general term is 
t- a — Via? + 48 , 
2 
a(Va? PBs Je (as Vari a+ Vo? + 48 |. 

2V a? + 4B 
a( a? + 46 — a) — 25 a — Vo? + 48 | . . 
+ z". From this result it 

2Va? + 4B 2 


becomes reasonably easy to express the general term of any recurrent series in 


which each term is determined by the two preceding terms. 
EXAMPLE V 
To find the general term of the series 
1+ 2 t+ 227 + 223 + 324 + 32° + 428 + 427 + 


which arises from the function 
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1 7 1 
1-2-2423 (1 — zl + 2) 


Although the law of the progression seems at first quite obvious and in need 


of no explanation, nevertheless, the partial fraction expression 1s 


i i i 
2, 4, 4 
(1 — zy 1-2z 1t+2z 


From this we obtain the general term 


+ 
= ( + 1)z" + v2 + <( — 1j"2" = on Set, where the positive sign 


is used when n is even, and the negative when n is odd. 


217. After having established this result, we note that the general term for 
any recurrent series can be found, since every rational function can be expressed 
as partial fractions with denominators which are powers of linear factors. How- 
ever, if we wish to avoid complex expressions, we will frequently encounter par- 


tial fraction of the form 


A+ Bee CCA Bp 
1 — 2pz cosh + p22?” (1 — 2pz cos b + piz’)?’ 


A+B . 
a so we have to investigate the series which arise from 
(1 — 2pz cos b + p°z*) 
such fractions. First we note that since 


cos n = 2 cos d cos(n — 1)h — cos(n — 2), the series corresponding to 


A 


oO is A + 2pz cos b + 2Ap*z?cos 2b + Ap?z? 
1 — 2pz cos b + prz? P o P 


+ 2Ap%z%cos 3h + 2Aptztcos 4h + 2Ap*z%cos b + 2Aptztcos 2b 


+ Aptzt + +--+ . The general term for this series is far from obvious. 


218. In order that we may arrive at our goal, we consider the following two 
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series: 
Ppz sin b + Pp*z’sin 26 + Pp®z3sin 3b + Pptz‘sin 4h + 
Q + Qpz cos b + Qp*z*cos 2h + Qp?z3cos 3h + Qptztcos 4h + 


These two series arise from the partial fraction whose denominator is 


1 — 2pz cos b + p22’. The first arises from the fraction 
— tpt sin while the second from —@ = Gps cos @ When 
1 — 2pz cos bh + p*z 1 — 2pz cos hb + p*z 

these two fractions are added, the sum is & + Poe sin b — Qpz cos b and the 


1 — 2pz cos d + pi2" 


series arising from the sum has a_ general term equal to 


(P sin n & + Q cos n d)p"z". If the given’ partial fraction is 


A + Bpz 


——————->, then Q = A, and P = A cot 6 + Bese d. It follows 
1 — 2pz cosh + p°z 


that the general term of the series arising from the given partial fraction is equal 


to 


A cos sinn > + Bsinn b + A sinh cos nd 
sin 
A sin(n + 1)b+ Bsinnb pn» 
= : p”2”. 
sin 


219. In order to find the general term when the denominator of the partial 
fraction is a power, like (1 — 2pz cos h + p72?) there is an advantage in 


expressing the fraction as the sum of two complex fractions 


a b 


Oo sss. If we take the sum 
(1 — (cos b + 7 sin ¢)pz) (1 — (cos b — 7 sin )pz) 


of the general terms of the series arising from each of the fractions, we obtain 


(n + 1) (n_ + 2) (n + 3) | _(n tk ~ 1) 
1 2 3 


(k — 1) (cos nb + 1 sin nd)ap” 2” 


+ pera ints. {nt Degg ng — i sin b)bp"z". Let 


(k — 1) 
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, then 


frWtd way = ng 
t 


a+b=f anda —6 = 4, s0 that a = 
t 21 


the expression for the general term of the series becomes 


(pein taints. Mm tk- Vie cos nd +g sin nd)p"2" and 


(k — 1) 
the fractions from which it arose become 


“f+ a9 =f ~ 309 


—__@__#s + ——__# This sum can be 
(1 — (cos b + ¢ sin )pz) (1 — (cos @ — 7¢ sin s)pz) 


expressed as a single fraction whose numerator is 


‘f — kfpz cos db + FARA ppt? cos 2 
_ EAE 2) 2 sFeos 3 + 


2 


+ kgpz sin d — 5 AED gp?2?sin 2h 
n BAB) Ep Moin 3b — 


and whose denominator is (1 — 2pz cos 6 + p?2*) 


220. If k=2, then the series arising from the fraction 


2 _ ; 2,2 _ ' 
f = 2pz(f cos > ~ g sin b) + p'z'{f cos 26 — g sin 2b has a general term 


(1 — 2pz cos b + p*z”)? 
equal to (n + 1)(fcos nb + g sin nd)p"z™ The series which arises from 


a a — 2apz cos > + ap*z 


———___—_—_— or = ” has a general term equal to 
1 — 2pz cosh + p“z (1 — 2pz cos b + p?z”)? 


a sin(n + Ub p"z". When these two fractions are added and we let 


sin ¢ 
at+f=A, 2a cos hb + 2f cosh — 2g sind = — B, and 
a+ f cos 2h ~ 9 sin 2 = 0, then | BDA cosh 
2 sin 


A + Bcoso A+ Bcoso 


qo = AtBesd _AtBosh ~ _ _ A cos2p — B cos 


1 — cos 2h Asin ob)? Asin b)? 


; and 
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7 = Bsind + A(sin o)’ 


. It follows that the general term of the series which 


2(sin )? 
arises from —__A + Spe __ is equal to 
(1 — 2pz cos h + p“z") 
2(sin >) 
4 {n + 1)(B sin b sin nd + A sin 2 sin nd pz” 
(sin b)? 
n_ + 1)( — B cos h cos nb — A cos 2h cos nd) , » 
+ ; 9 Pp @ 
2(sin ¢) 
_ _—(n + 1A cos(n + 2)b + B cos(n + 1)p)p"2" 
(sin db)? 
4 (A_+ B cos >) sin(n + 1)bp"z" 
2(sin )° 


1 ; 1 . 
Fe + 3) sin(n + 1)b — rat + 1) sin(n + 26] 


= ne myn 
asin b)? P 


+ 2) sin nb — =n sin(n + 26] 


+ Bp"z". Hence the general term for 


2(sin )* 
the series arising from —_A + Spe __ is 
(1 — 2pz cos b + p*z*) 
n+ 3 sin(n + Lb — nt sin{n + 3)b 4 yn n 
A(sin >) 
n+ 2) sin nb — n sin n+ 2 ® Byte”, 
A(sin ¢) 


221. Let & = 3, then from the fraction 


f — 3pz(f cos od — g sin db) + 3p?2*(f cos 2h — g sin 2) 


(1 — 2pz cos b + p*z?)3 


_ p°2*(f cos 36 — g sin 3d) 


233 , the series which arises has a general term of the 
1 — 2pz cos hb + pz . 
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form (ain Fd cos nd + g sin ndb)p"z". Further, the series arising 


from the fraction 


a + bpz 
_ 22\2 
(1 — 2pz cos b + p“z*) 
_ a@ — 2apz cos d + ap*z? + bpz — Qbp7z2cos & + bp?z® 
(1 — 2pz cos + p?z”)8 


has a general term of the form 


(n_+ 3) sin(n + 1)b — (n + 1) sin(n + 3)bap"z" 
4(sin )° 


n + 2)sin no ein PF + 2)b bp" 2" . When these two fractions are 
added and the numerator is set equal to A, then at+f=A, 
3f cos d — 3g sin d + 2a cosh — 6b = O, 

3f cos 2h — 3g sin 2h + a — 2b cos h = O, and 

b = f cos 3h — g sin 3d. 


It follows that 


a f cos 3h — g sin 3h — 3f cos + 3g sin 
2cos 


= Qg(sin d)’tan b — f — 2f (sin o)’. 
We also have 


f_ sin 5m — 2 sin 3h + sin and 
g cos 5 — 2 cos 3h + cos 


a+ f =A = 2g(sin o)*tan b — 2f (sin ob). It follows that 


—_4 = g sin d — f cos } From this, finally, we have 
2(sin od) cos 
_ A(sin > — 2 sin 3h + sin 56) A(cos 6 — 2 cos 3h + cos 5d) 
f= : and g = 5 , 
16(sin ) 16(sin >) 


Since 16(sin ob) = sin 5 — 5 sin 3h + 10 sin o>, we have 


a = Ald sin & — 3 sin 36) and p = Al sin 2h + sin 26) _ 


; 5 Since 
16(sin ¢) 16(sin >) 
3 sin db — sin 3h = 4(sin dh), we have a = ———,. From this we have the 
A(sin ¢) 


general term equal to 


eis 2) p” om asin SG — oan + ale + sinfn + Be 


16(sin )° 
+ 3Ap"2" (n_+ d3)jsin(n + Ib — (n + I)sin(n + 3)d 
16(sin )? 
= _2P 2 fn Fata + ein + 1) 
Tolan oF 
mon 
_ _2Ap™z : (n+ 1) (n + ») sin(n + 3) 
16(sin >) 1 2 
4 —Apte” _ in FU An in + 5) 
wean oF I 
222. The series which arises from A+ Bpz 523 has the general 
(1 — 2pz cos hb + p“z*) 
term 
—Aptet  [(m +) (mt Minty 4 V6] 
wlan oF 
~ Apts [yin tn FD intn + g 26] 
wlan OF 
non 
n Ap z Ae Beinn + 5) 
16(sin )? 
non 
1 Bp’ z Oe Din no | 
16(sin )? 
— Bere _ |p. min FD sin(n + 26] 
16(sin ¢) 1 
+ a Bint Dein(n + 1. When we take the next step, the 
16(sin )° 
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general term of the series which arises from 


silt 5, 


+ 


salen 
wa 
war (4 
Hin 


ve (sin 5, ; 


A + Bpz 
(1 — 2pz cos h + p*z”)4 


oes in + 6] 


is equal to 


2 


pint mt Tin + Ont, fi 26] 


_ (sin sow ay 


: pint) (n +2) (n+ 7), (n + | 
(m+ Bm +2) (m +3) in fi ns] 
3— Bin +8) te F ein(n + 2 | 


1 


n(nt iin +6), (n + 096] 


in + 6]. From these expressions it can 


ean Oy 2 


easily be understood how to form the general term corresponding to higher 


powers of the denominator. It is important to note the following identities when 


discussing these general terms. 


etc. 


sin d = sin 

4(sin b)® = 3 sin b — sin 36 

16(sin b) = 10 sin b — 5 sin 3h + sin 5d 

64(sin ob)! = 35 sin @ — 21 sin 3h + 7 sin 5m — sin 7h 
256(sin b)® = 126 sin b — 84 sin 3h + 36 sin 5h 

— 9sin 7h + sin 9d 
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223. Now that we are able to find the general term for the series arising 
from any real partial fraction, we also are able to find the general term of the 
series of any real rational function, by summing the individual general terms. In 
order that this become perfectly clear, we add the following examples. 


EXAMPLE I 


From the fraction 


1 1 


—— =. there arises the series 
(1 — z)(1 — 2*)(1 — 23) 1-2-2274 zt + 26 — 28’ 


Lt 2 + 227+ 3234+ 4244+ 5294+ 725+ 8274+ 1028+ 1229+ +--+ . We would 


like to find the general term of this series. The given function is expressed in 


terms of the factors of the denominator as tb The 


(1 — z(1 + z)(1 + 2 + 27) 
expression in terms of partial fractions is 


1 1 17 ee 2+ z 
(i-2z 41-2  72@—-2) 81 +2) 8(1 + z) 91 + z + 2) 


The general term corresponding to the first fraction is 


(n+ 1) (n+ 2) 1, _ nit3n+2, , 1 


= —————-z". The second fraction, 


1 2 6 12 4(1- zy?’ 
gives rise to n+l z”; the third, WV gives AZ yn, the fourth, 
4 72(1 — z) 72 
————..,, gives + — 1)"z"; the fifth, etl when compared to the 
8(1 + z) 8 Q(1 + z+ 27) 
form A+ __ gives p=-1o="7A=-2,8=--H4, 
1 — 2pz cos db + p°z 3 9 9 


From section 218 we see that the general term has the form 
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2sin(n + 1)b — sin nd 
9 sin db 
_ Asin(n + Do ~ 2sin nO _ y)n yn 
9V3 


4 sin(n + i) — 2 sin a 


n/n 


When we take the sum of all these general terms we have the general term of the 


(- 1)" 


series which we are seeking. This general term is 


4 sin(n + i) — 2sin n— 


[2 + 4 1. + A yn + >———-z", where the 
2° 2. 72 8 9V3 


positive sign is used when n is even, and the negative when n is odd. We 


further note that when n is of the form 3m, then 


4 sin s(n + 1)n — 2 sin wm 


il 
4 


9V3 + .; when n = 3m + 1, then the expres- 


sion is equal to the negative of + + when n = 3m + 2, then the expression is 


equal to the negative of + —, depending on whether n is even or odd. From 


i 
9 


these results we can explain the nature of the series as follows. 


If then the general term is 
n2 

n=6m+0 — + — + 1]2” 
12 
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9 
n= 6m+4 no, My Aton 
12 2 3 


n= 6m+5 toy 
12 


nS 
bo |3 
+ 
ox 
— 
NR 
a 


For example, if n = 50, them n has the form 6m + 2, so that the term of the 
series is equal to 234z°9. 


EXAMPLE II 


1+2+ 2? 
From the rational function ————\———— tthere arises the recurrent 


1—2z-—24+ 2° 
series 


1+ 22 + 327 + 323 + 424 + 52° + 629 + 627 + 72% + , and we would 


like to find the general term. The given function can be expressed as 


1+24 2? 


TS and this gives rise to the partial fraction expression 
(1 — z)*(1 + z)(1 + 2°) 


a: re 


—_—_—_—_ . The first partial fraction 
4a —2z?  8d—z) 8a+z) 4(1 + 2%) P 


—_3 gives the general term 3 (n + 1)z"; the second fraction, —_ 3 
4(1 — 4 8(1 — z) 
gives 3 yn, the third gives 1 — 1)"z"; the fourth, — a when com- 
8 8 A4(1 + 2°) 
pared to the form 4+ gives 
1 — 2pz cos gd + p°z 

1 1 1 . 

p =1,cosho = 0,06 = o™ A=- 7 B= me so that the general term is 


| — “sin = (n + 1)m + “sin bn] When all of these terms are collected 
to form the desired general term, we obtain 


Bn + Zen + Len — 1 Isin din + 1)a — sin sna z". Hence, 
4 8 8 4 2 2 
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if then the general term is 


n= 4m+ 3 [3 + rate 


Thus, if n = 50, then n = 4m + 2,80 that the term is 392°". 


224. Suppose a recurrent series is given. Since the rational function from 
which the series arose is easily recognized, we can find the general term of the 
series from our previous discussion. From the law of the recurrent series, that is, 
the law by which each term is defined by its predecessors, we immediately know 
the denominator of the rational function. The factors of this denominator give 
the form of the general term, since the coefficients are determined by the 
numerator alone. Let 
A + Bz + Cz? + Dz? + Ezt + Fz? + +--+ bea recurrent series. Suppose the 
law of progression, by which each term is determined by a certain number of its 
predecessors, gives the denominator 1— az - Bz? — ye, Then 
D=aC + BB+ yA, E=aD+BCt+yB, F=aE+BD+ YC, ete. 
These multipliers, a, 8, and y were called by De Moivre the scale of the relation. 
The law of progression is contained in the scale of the relation, and the scale of 
the relation immediately gives us the denominator of the rational function from 


which the series arose. 
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225. In order to find the general term, that is, the coefficient of any power 
z", we find the linear factors or quadratic factors, if we wish to avoid complex 
factors, of the denominator 1 — az — Bz? — yz. If the factors are all distinct 


and real, namely, (1 — pz)(1 — qz)(1 — rz), and the function generating the 


A, BL 


series is expressed as + 
1 — pz 1 — qz 1 —- 


, then the general term of the 
rz 


series will be (Ap" + Bq" + Cr")z". If two of the factors are equal, namely, 
q = p, then the general term will be ((An + B)p" + Cr")z". If r = q = p, 
then the general term will be (An? + Bn + C)p"z". If the denominator 
3 


1 — az - Bz? — 2 has a quadratic factor, for instance, 


(1 — pz)(1 — 2qz cos + q?z”), then the general term will be 


[ans in B sin(n + 1)> + C sin nd 


q” |z". When we let n be equal to three 


sin 
successive integers, 0, 1, and 2, then we obtain A, Bz, Cz” and in this we find 


the values of A, B, and C. 


226. If the scale of the relation has only two members, that is, each term is 
determined by two of its predecessors, so that C = aB — BA, D = aC — BB, 
FE = aD — BC, etc. It is clear that the series is recurrent with the form 
A + Be + Cz? + D2? + Bet to +++ + Pot 4 Qz"*14 +--+ which arises 
from a rational function with denominator 1 — az + Bz’. If the factors of the 
denominator are (1 — pz)(1 — gz), then p + q = a and pq = B. The general 
term of the series is (Up" + Vq")z". We let n = 0, so that A = U + V. 
When n=1, B= Up+Vq, and Aq-—B=U(p-— gq), so that 


Aq Bag y= e748 
q ~ Pp p~ q 


U = When we have found the values of U and 
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V, then P = Up" + Vg" and Q = Up"*! + Vq"*!. Furthermore, we have 


2 2 
uv = 2 GAB + BAT 
4B -—a 


227. It follows that we can find a method for forming any term of the series 
from the preceding term alone, although according to the law of progression two 
are required. Since P = Up" + Vq" and Q = Upp" + Vqq", we have 
Pq — Q = U(q — p)p” and Pp — Q = V(p — q)q". When these two expres- 
sions are multiplied we have P?pq — (p + q)PQ + Q? = — UV(p - q)*p"q". 
Recall that p + q = a, pq = B, (p — q)? = (p + q)? — 4pq = a? — 48, and 
p"q" = B”. After we make these substitutions, we obtain 


BP? —aPQ + Q? = (BA? — aAB + B?*)B". It follows that 


2 2 
— + 
= aPQ = 8". This is the principal property of the recurrent series, 
B“ — aAB + BA 
that each term be determined by the two preceding terms. Note that if the term 


P is known, then 


Q = “aP + V((1/4)o? — g)P? + (B? — aAB + BA’)B". This expression 


appears to contain an irrationality but it is always rational, since no irrational 


terms occur in the series. 


228. Given any two successive terms, Pz” and Qz"*!, without much work 
we can find some remote term Xz". Let X = fP? + gPQ — AUV, since 
P = Up" + Va", Q = Upp” + vgq", and X = Up?" + Vq". It follows then 
that fP? = futp?" + fV7q?" + 2fUVB", 


gPQ = gu7pp?” + gV°qq°" + gUVap", — hUV = — hUV, and SO 


X = Up?" + Vq?". Hence f + gp =, f + 99 = 4p and h = 2f + ga. 
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V-U Up — Vq ; 
It follows that g = => and f=——-. Since 
UV(p — q) UV(p — q) 
V-U-= aA — 2B and Up — Vq = ob — 2A we have 
P~ q D~ q 
_ aB — 2AB _ aA — 2B 2AB — aB 
f= ; and g = eT COr ff = , and 
UV(a*® — 4p) UV(a? — 48) B* — aAB + BA? 
_ _ 2 
g = — As aA Hence h = — 4B aA Finally we have 
BY —~ xaAB + BA B“ —~ ~AB + BA 


y — GAB = oB)P* + (2B — aA)PQ — Ap’ 


B* — wAB + BA? 


In a similar way we also have 


y = (aBA = (a* = 28)B)p? + (2B — «A)Q? — 2BB" 


a(B? — aAB + BA”) a 


With these two expression for X we eliminate the RB” term to obtain 


y =. BA = aB)P* + 2BPQ — AQ? 


B* — «AB + BA? 


229. In a _ similar way, if we let the terms have the form 
A+ Bet C2? + +++ + Po™ + Qe th + Ryn t?2 4 


+ X22? 4 yyermtl 4 grant2. , Then 


z = (BA = oB)Q* + 2BQR — AR? 


B® — wAB + BA? 


y= B°AP*® + 28(A ~ B)PQ + (aB — (a? — B)A)Q? 


B* — wAB + BA? 


; and, since RK =aQ — BP, 


Since Z=aY— BX, it follows that Y= 4+ BX so _ that 


ye BBP’ + 28APQ + a(B — aA)Q? 


B* — aAB + BA? 


. Furthermore, from X and Y, we 


4n+1 


. 8n+1 
can define the coefficients of 24" and z z” 


and also those of 2°", , and so 


forth. 
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EXAMPLE 


Let the recurrent series 
1+ 32 + 427 + 723 + 1124+ 182° + °°: + Pz" + Qe" * 1+ +--+ be 
such that the coefficient of each term is the sum of the coefficients of the two 


preceding terms, then the denominator of the rational function giving rise to this 


function is 1 — z — z”. Hence a = 1, B= -—1,A =1, and B = 3, so that 


B® — aAB + BA? = 5 and 


where the sign is positive 


g - P+ V5p" + 20( — 1)’ _ P+ V5p* + 20 
y) 2 


when n is even and the sign is negative when n is odd. Thus, when n = 4, 


Vr. 
since P = 11, we have Q = ee = a = 18. Further- 


— 4P? + 6PQ — qQ? 
5 


more, if X is the coefficient of z?", then X = . It follows 


that the coefficient of z® is equal to A lat + 6198 ~ 324 76. Since 


5 


3P? + 10+ PV5p? + 20 
y) 


V5nt + 
g = £t ‘op = 20 oP = 20" we have @Q? = 


— p> +2+ PV5p? + 20 
nn 


and 


X = We have seen that from any term of this 


P+ V5pP? + 20 


2 


+ 
ghtl 


series Pz”, we can obtain and 


—~ pP?+24+ PV5p? + 20 on 
nn rn a 


230. Likewise, for a recurrent series in which each term is determined by 
the three preceding terms, any term can actually be determined by only two 
preceding terms. Let such a series be 


A + Bz + Cz? + D2? + +++ + Pe™ + Qe tl 4+ Re"t? + +--+ in which the 
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scale of relation is a, — B, y, that is, it arises from a rational function with 
denominator 1 — az + Bz? — yz. When the coefficients P, Q, and R are 
expressed in terms of the factors of this denominator, say 
(1 — pz)(l — gqz)(1 — rz), then P = Up” + Vq" + Wr", 

Q = Upp" + Vag" + Wrr", and R = Up?p" + Vq?q" + Wr'r™. Since 
p+qtrz=a, pq + pr + qr = B and pgqr = y, we have the following equa- 
tion : 

re +(— 20Q + BP)R® + ((a? + B)Q? — (aB + 3y)PQ + ayP?)R 

+ (— (aB — y)Q° + (ay + B’)PQ? — 2ByP*Q + y'P?) 

= y"(W* + (— 2aV + BU)W? + ((a° + B)V® — (aB + 3y)UV + ayU*)W 
+ (—(aB — y)V? + (ay + B*)UV? — 2ByU?V + y?U%)). It follows that 
the value of R can be found as a solution of a cubic equation in the two preced- 


ing terms P and Q. 


231. Now that we have discussed the general term of a recurrent series, it 
remains to investigate the sum of such a series. The first thing to note is that 
the sum is equal to the rational function from which it arose. The denominator 
of that function is clear from the law of progression, so we have only to define 
the numerator. Let such a series be 
A + Bz + Cz? + Dz? + Ext + Fz? + Geb + --- , with a law of progression 
which yields 1 — az + Bz? — yz? + 82‘ as a denominator. We take the sum of 


at+ bz + cz? + dz? 


the infinite series to be equal to a rr ar 
1—az + Bz" — yz" + Bz 


. Since the pro- 


posed series is supposed to arise from this function, we see that 
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a=A 
b= B-a«aA 
e= C—-—aB+ BA 


d=D-—aC + BB- YA. 


It follows that the desired sum is equal to 


A+ (B— aA)e + (C — oB + BA)e + (D — aC + BB yA)e 


1 — az + Bz? — yz? + 823 
232. With this result it is not difficult to understand how to find the sum of 
the series only up to a certain term. That is, we would like to find the sum up 
to only the term Pz”. We let 
=A + Bz + Cz? + Dz? + Ezt + +--+ Pz". Since we know the sum of the 
infinite series, we seek the sum of the infinite number of terms following Pz”, 
and let ¢ = Qz"*! + Rz™t? + Sz"t3 4 Tz"*4 4 = - ++ | When this series is 


divided by z"*!, we have a recurrent series like the original series, so that 


bo Qzrth + (R — aQ@)z"*? + (S — aR + BQ)z"*? 


bo ae 8 BE ae toe 


n (TS + BR ~ yQ)2"" 


1— az + Bz? — yz? + 824 


A +(B—aA)z +(C —aBt BA)z* + (D -— aC + BB ~ 8A)z° 


1 — az + Bz? — yz? + 824 


. It follows that the desired sum S is equal to 


R_— aQ)z"**-(S — aR + BQ)z"*3-(T — aS + BR — yQ)z"*4 
1 — az + Bz? — yz? + 824 


233. If the scale of the relation has two members, a, and — £B, then the 


series A + Bz + Cz* + Dz? + +++ 4+ Pz", which arises from the fraction 


A + (B — aA)z 


1 — az + Bz? 


A_+ (B — aA)z — Qz"™*! — (R — aQ)z2"*” 


1— az + B2? 


has a sum equal to 


. Since from the nature of the 
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series, we have R =aQ-— BP, we can write the sum in the form 


A + (B-— aA)z — Qz"th + BPz2"*? 


1 — az + B2? 


EXAMPLE 
Let the given series be 1+ 3z + 4e7 + 723 + +--+ + Pz", where 
_ n+1 n+2 
a=1,8 = -1,A =1, B = 3. Then the sum is a a 
—- 2-2 


If we let z = 1, then the sum of the series is equal to 


1+3+4+4+7+4+11+ -:-: +P=P+ Q— 3. Since 
. _ 
Q = a ae the sum of the series 


3P —6+ V5p? + 20 


1+3+4+7+11+ °°: + P is equal to - 


It fol- 


lows that the sum can be expressed in terms of the last term alone. 


CHAPTER XIV 


On the Multiplication and Division of Angles. 


234. Let z be any angle or arc of a unit circle. Let its sine be z, its cosine 
be y, and its tangent be t. Then we have c? + y*7 =1,andit = =. As we have 
y 


seen above, both the sine and cosine of the angles z, 2z, 3z, 4z, 5z, °°: forma 
recurrent series with a scale of relation given by 2y, — 1. First we consider the 


sine of these angles. 


sin 0z = 0 

sin lz = £ 

sin 2z = 2zy 

sin 3z = 4ary? — x 

sin 4z = 82y° — 4zy 

sin 5z = l6cy4 — 122y? + x 

sin 6z = 32zy° — 32ry? + 6zy 

sin 7z = 642y® — 80zy* + 24ry" — £ 

sin 8z = 1282y! — 192ry® + 80zy? — 8zy. 


We conclude that sin nz = z(2"-ty" —(n - 2)" -3yn—3] 


1: 2[ A=. = Age tyes 7 (n= A) 2 9) (= Bae tyes) 
n p= 8). = 8) 2 27) fn — Bhar tyes ole | 


235. If we let the arc nz = s, then 


sin nz = sin s = sin(w — s) = sin(27 + s) = sin(3m — s) etc. These sines are 
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all equal to each other. Now we obtain different values for 2, such as 


= . 27 + ; 7 ; + 
as ans > sin 3m 8 sin Av ts etc., although each of 
n 


sin = sin 

n n n n 
the arcs is related to an arc in the above equation. There will be as many 
different values of x as there are units in the integer n. Each value of 2 will be 
a root of one of the equations given. We must be wary, lest we expect the same 
values from similar expressions. Since we know the roots of the equation after 
the fact, a comparison of the terms of the equation will give properties worthy of 
notice. In order to have an equation in which only xz appears, we substitute 
V1 — x” for y, and we will have different operations depending on whether n is 


even or odd. 


236. Let nm be an odd number. Since the arcs — z, z, 3z, 5z are different 


from the case 2z, whose sine is 1 — 227, the scale of the relation in the sine pro- 


gression will be 2 — 427 and — 1. Hence we have 
sin(—z)=- gz 
sin z= 2 


sin 3z = 32 — 42° 

2023 + 162° 

sin 7z = 7x — 562° + 112° — 642’ 

sin 9z = 9x — 120° + 4322° — 5762’ + 2562”. 


| 


sin 5z2 = 5z 


It follows that 


2 2 2 
; n(n — 1) n(n — 1)(n — 9) 
sin nz = nx — r° + 2° 


1:2°3 1°2°3°4°5 
2 2 2 
_ 2 1{n on 29 x! + , provided n is an odd number. 


1:2°3°4°5°6°7 


. . . |2 . | 4a 
The roots of this equation are sin z, sin [2 + :| sin fe + ‘|, 
n 
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sin (= + ‘|, sin [= + ‘|, etc., where there are n roots. 
n n 


n(n? = 1) 
237. From the above equation we obtain 0 = 1 — ate + i" s 2° 
sin nz 1:2°3 sin nz 
2 2 n—1 
— n{n = i(n” ~ 9) 55 torte + 2 xz”, where the positive sign is used 
1°2°3°4°5 sin nz sin nz 


if n is one less than a multiple of four, otherwise, the negative sign is used. The 


factors are 


 - = \ji-—25 {1 — ———>—_—_ | . , from which we 
sin z 
sin [2 + 3 sin [a= + | 
n 


conclude that 


n 1 1 4 1 


; = — + ———_ ——_—__—_——___— 
sin nz gin z 9 
sin (2 + | sin [+ + | 
n n 


———— + ++: , until there are n terms. The product of all these 
_ (6 | 
sin 


_ 1 


ee —soési—oHs _iéi*< i IIe , that is, 
sin nz 
sin z sin (2 + sin [4 + in & + | wee 
n n n 


. 4. . 2 . . . 
gin nz = + Q” lsin z sin [2 + sin [+ + sin [f= + J soe, Since 
n n n 


the penultimate term is lacking, we have 


O = sins + sin[2% 4 ] + sin [4 + 5] + sin [+ | + 
n n n 
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EXAMPLE I 


If n = 3, then we have the equations 


0 = sin z + sin [22 + j + sin [4 + j 


= sin z + sin|— — z| — sinJ— + z ; 
3 3 


=. _ 1 , 14 1 
gin 3z gin z 
sin 2m 4, sin 4m 4, 
3 3 
_ 1 1 7 1 
sin z , 
sin [= — ] gin [= + | 
3 
sin 3z = — 4 sin z sin [22 + sin & + | 


= 4 sin z sin [= — sin = + |. As we have noted above, we also have 


sin [= + j = sin z + sin = — | and 


3 csc 3z2 = csc z + ce (7 — | - exe + ‘| 


EXAMPLE II 


We let n = 5, and we have the equations 


0 = sin z + in 2 + , + sin [4 + ] 
+ sin [es + + sin ti + ‘|, or 


= gin z + sin [2 + ] + gin [+ — ; 
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~sinjta +z] — sinf2a — zl, 
O = sin z + sin 1i_, — sin itz 
| 5 5 
. {2 . {2 
+ sin [2+ -| ~ sin [2 ~ 2]. we also have 


ee a es 
sin 52 sin z E | E | 
sin|—tw — z sin|—w7 + z 
9) 5 
es ee 
2 


sin 5z = 16 sin z sin 1 alsin lite gin 2 — etsin 2a + al. 
5 5 5 5 


EXAMPLE III 


If we let n = 2m + 1, then 


o= sin + sin[™ 2] = sin[® + 2} ~ sin[2x ~ 2 
n n 
. . 13 
+ sin? w+ 2] + sin[2n ~ 2] ~ sin [Sn +o} - 


sin [2 — ‘|, where the upper sign is used when m is odd, and the lower 
n 


sign when m is even. There is another equation 


a ee ee 
sin nz sin z E | 2 | 
sin|— — Zz sin|— + z 
n n 
- 1 1: 1 1 


or 
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1 1 


ee eo 8 + ———_—_—————" 
sin [25 + | sin [2 + | 
n n 


translated into cosecants. In the third place we have the product: 


sin nz = 2?™sin z sin [= — sin [= + sin [25 — sin [2 + | 
n n n n 
sin [2= — sin [25 + | "* + gin [5 — sin [2 + ‘|. 
n | n n n 


238. Now suppose n is an even power. Since y = V1— 2? and 


and this equation is easily 


cos 2z = 1 — 22”, just as before, the scale of the relation is 2 — 42” and — 1, 


so that 


sin Oz = 0 
sin 2z = 22 V1 — 2? 
sin 4z = (42 — 82°)V1 — 2? 
sin 6z = (6x — 322° + 3225)V1 — g? 
sin 8z = (82 — 802° + 1922° — 1282’)V1 — 2? 


and in general 


2 2 2 
ee eee 4)\n Ls|vi- 2 


1:2°3 1:2°3°4°5 


4 _ n(n’ = 4)(n* = 16)(n* = 36) 7g gn tpn Vp ge? 
1:2°3°4°5°6°7 


where n is any even number. 


239. In order to remove the radical from the equation we square both sides 


of the equation to obtain (sin nz)? = n?2?2 + Prt + Qr® + + -- — 2?"~ 222" of 


2 
an... _ 2 


p2n-2 + pina | 


r sin nz)” = 0. The roots of this equation are both 
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negative and positive, that is, 

° n—-l e . T e 2 . 3 

sin nz = + 2" 'sin z sin|— — z|sin|—a + zjsin|]—7 — z]°°-° , where 
n n n 


either sign could be used, depending on the particular case. 


EXAMPLE 


When we substitute successively the numbers 2, 4, 6, etc. we obtain n 


different sines. 


sin 2z = 2 sin z sin [= —_ ) 


sin 4z = 8 sin z sin 7 — gIsin 7 + zIsin aT _, 
4 4 2 

sin 6z = 32 sin z sin 7 ~ gIsin 7 + zlsin 28 
6 6 6 

sin 2 + zlsin a 

6 6 

sin 8z = 128 sin z sin 7 ~ gisin 7 + glsin 22 

8 8 8 


. 2 . 3 . 3 . 14 
sin|i—tw + zisin|—w — z]sin|—w7w + z{sin|—Tw — z 


240. From the above it is clear that in general we _ have 


sin nz = 2" 'sin z sin [= — in [= + sin [2= — | 
n in n 
. | 2 . , . : . 
sin [2 + sin [S= — in [25 + | * + sin [= — ‘|, provided n is even. 
n n n 


If this result is compared with what we obtained above when n is odd, the 
results are so similar, that we can use one formula in either case. Whether n is 


odd or even, we have 
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. —-1). . 7 . Tv . 2 
sin nz = 2" ‘!sin z sin|— — zlsin]—- + z]sin —Tt — 2 
n n n 


sin [2 + sin [25 — in [25 + | ‘* + , until the number of factors is 
n n n 


equal to n. 


241. These formulas by which the sine of multiples of an angle are 
expressed as factors are useful, not only for finding the logarithms of sines of 
multiples of an angle, but also for other expressions for the sine by factors, simi- 


lar to those given above in section 184. We now have 


sin z = 1 sin z 

sin 2z = dsin = sin|[ — | 

sin 3z = 4 sin z sin [= — sin = + | 
3 3 

. . . 7 . 7 . 2 

sin 4z = 8 sin z sin|— — z]lsin|— + zlsin|—Tw — z 
4 4 4 

sin 5z = 16 sin z sin|— — zlsin|]— + z\lsin 242 
5 5 5 


sin [2 + 3 
5 
sin 6z = 32 sin z sin 7 — glsin 7 + zisin 2-2 
6 6 6 
gin 2 + zisin SH: 
6 6 


sin 2nz 


242. Since = 2 cos nz, we can also express the cosine of multiple 


SsIn nz 


angles by factors. 


. 7 
cos z = 1 sin|— — z 
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cos 2z = 2sin]— — z|sin|— + z 
4 4 
cos 32 = 4sin|~ — clsin]™ + zlsin| 2a — z 
6 6 6 
. |W . | . 13 . [3 
cos 4z = 8 sin|— — zlsin]— + zjsin|—w — zIisin|—w + z 
8 8 8 8 
cos bz = 16 sin|—— — zlsin|—- + z]sin 3, 
10 10 10 
. 3 . 9) 
sin |——7 + zisin|—t — Zz]. 
10 10 


In general we have 


cos nz = 2" sin] — zlsinJ— + 2z|sin 3, — 2 
2n 2n an 
; 3 ; +) 
sin |—7 + z]sin one — z|, where there are n factors. 
n n 


243. The same formulas can be derived from a consideration of the cosine 


of multiple angles. If we let cos z = y, then 


cos 0z = 1 

cos lz = y 

cos 2z = 2y* - 1 

cos 3z = 4y> —3y 

cos 4z = 8y* — 8y? + 1 

cos 5z = 16y® — 20y* + 5y 

cos 6z = 32y° — 48y4 + 18y? —- 1 

cos 7z = 64y’ — 112y° + 56y? — Ty 
and in general, 


cos nz = gn—lyn _ a 4 ain , 3) on-5yn—4 


_ n(n _ 4) (n _ 5) on-T yn 
1 2 3 
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+ n(n — 5) (n — 6) (n ~ 7) gr-9yn 8 _ . Since 
1 2 3 4 
cos nz = cos(2m — nz) = cos(Q2a + nz) = cos(4m + nz) = cos(6m + nz) etc., 


the roots of the above equation are 
2 4 6 . 

cos z, cos|——w + z], cos|—7 + z], cos|—w + z], etc. These values will be 
n 


different for as many expressions as there are roots, but there are n roots. 


244. First we note that, with the exception when n = 1, since the second 


term is lacking, the sum of all these roots is equal to zero. That is 


QO = cos z + cos [2m - | + cos [2 + | + cos [4m - | 
n n n 


+ cos [40 + | + +++ , where there are n terms in the sum. This equality 
n 


is immediate when n is even, since for each positive term there is a correspond- 


ing equal negative term. Hence we consider the case when n is odd, with the 


exception n = 1. Since cos v = — cos(w — v), we have 
0 = cos z — cos{|— — z| — cos]~ + 2 
3 3 
7 7 2 2 
0 = cos z — cos|— — z] — cos|— + z] + cos|—m — z + cos|—7 + z 
0 = cos z — cos [2 — j — cos [2 + | + cos [2 — | 


+ cos [2 + j — cos [3 — | — cos [3 + ‘| In general we have, when 


n is any odd number, 


2 
= cos z — cos [2 _ | - eos(% + | + cos [2 - | 
n n n 


+ cos [45 — | + cos [45 + | — +++ | with a total of n terms. As we 
n n 


have already remarked, n must be an odd number greater than 1. 


245. As far as the product of these terms goes, the formulas depend on 
whether n is odd, oddly even, or evenly even, but they are all covered by the 
expressions derived in section 242, where each of the sines was transformed into a 


cosine. That is, 


cos z = 1 cos z 


cos 2z = 2 cos =~ + z}cos ay, 
4 4 
2 2 
cos 3z = 4 cos [2 + es [2 — es 
3 3 7 1 
cos 4z = 8 cos|—m + zlcos|—wm — zI{cos|— + z]|cos|— — z 
8 8 8 8 
cos 5z = 16 cos 4 + zlcos 4, — z\|cos tote 
8 8 8 
2 | 
cos |—7Tr — z|cos z 
8 


In general we have 


cos | ~ > at — Jes | * — la + | -+ + | where there are n factors. 
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246. If nm is odd and the equation begins with 1, then 

O=1+ “2% +... , where the negative sign is used when n is odd with 
cos nz 


the form 4m + 1, while the positive is used when n = 4m — 1. Then we have 


ee 
cos z COs 2 
3 2-1 1 1 
cos 3z COs 2 | | | 
cos|—— — z cos |— + z 
3 
Fe ee ee 1 
cos 52 COs z | | | | 
cos |— — 2 cos|— + z 
5 
n 1 n 1 
2 


n 2m + 1 1 1 
= TOP" 
cos nz cos(2m + 1)z m 
cos}——m + z cos|-—-tT — z 
n 
ee ee Se 1 
cos[@— A + 2| cos [®t — 5| cos [B= | 
n n n 
1 1 
+ — SO  —_ —- _::-,, where there are nr 
cos — 2 cos + Zz 
n n 


terms. 


247. Since — sec v, we deduce the following important properties of 
cos U 


secants. 


sec 2 = Sec 2 
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3 sec 32 = sec] + z + sec] — z — gec ote 
3 3 3 

5 sec 5z = sec tte + sec te — sec]~ + 2 
5 5 5 

— sec] — 2 + sec O +e 
5 5 
7 sec ts = ae[ So + 2} + seo[S ~ 2] ~ sc [2n =| 


— sec 22 + sec] + 2 + sec|— — z — sec Oe + al. 
7 7 7 7 


In general, when n = 2m + 1, then 


m m 
nm sec nz = sec]|——tw + z]| + sec|—w — zl — sec 
n n 


nts] + oec[B@— Pn | 


248. From section 237, we have for cosecants 


csc 2 = csc Z 


3 csc 3z = csc z + xe — | - xe + | 


5 ese 5z csc z + csc [= — | — ese [= + | 


— csc 2-2 + csc tate 
+) 5 
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7 csc 7z = csc z + oe{™ — | - oe [Z 4 | 


— csc 2-2 + csc tate + csc 3-2 
7 7 7 
— ese [3 + ‘| 
7 
In general, for n = 2m + 1, we have 


qT 7 
n csc nz = csc z + csc |— — zl — esc]— + z 
n n 


— ese [2 — | + csc [25 + | + csc [25 — | 
n n n 


— csc fa + ] — +++ + ege [2 + j , where the upper sign is used if m 
n n 


is even and the lower when m is odd. 


249. As we have seen above, 


cos nz + 1 sin nz = (cos z + ¢ sin z)", so that 


(cos z + ¢ sin z)" + (cos z — 1 sin z)" 
cos nz = and 


») ’ 


. cos z + 1 sin z)" — (cos z — 1 sin z)” 
sin nz = - . Furthermore 


(cos z + 1 sin z)" — (cos z — ¢ sin z)" 


tan nz = — a — a 
(cos z + 1 sin z)"i + (cos z — 7 sin z)"1 
sin z 
We let tan z = —— = 1, then 
cos Zz 


(1 +t)” — (1 - tr)" 
tan nz = 


—— +—, and we have the following tangents of multi- 
(1 + te)? + (1 — tr)"1 


ple angles. 
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tanz = t 
tan 2z = ot 
1-t 
_ 43 
tan 32 = So 
1 — 3t 
448 
tan 42 = AE AE 
1-— 6t° + £ 
3 5 
— + 
tan 52 = 22 AOE FE 
1 — 10t° + 5t 


In general we have 


nt — aint ie 2) 4+ 


2 


i- ain Uy 4 


tan nz = 


Since tan nz = tan(w + nz) = tan(2m7 + nz) = tan(3a7 + nz) = +--: ,~ the 
roots of the equation are 
i 2 3 
tan z, tanj— + z], tan|—w + z|, tan|—7+ z], ‘°° , where there are n 
n n n 
roots. 
250. If the equation begins with 1, it will be 
_ , — _ 3 
ony, - tte nti Dye, n(n-Y(n=%) fy 
tan nz 1 2 1 2 3 tan nz 
When we compare the coefficients with the roots, we obtain 
7 2 | 
n cot nz = cot z + cot|— + z| + cot}|—wm + z 
n n 
+ cot [2 + | + cot [45 + | torte + cot | — ls + ‘| Further- 
n n n 
n2 
more, the sum of the squares of all of the cotangents is equal to (Gin nz — n, 
sin nz 


In the same way higher powers can be defined. When we substitute specific 


numbers for n we obtain 


cot z = cot z 


er 


~~” 


3 cot 3z = cot z + cot + | + cot [Zn | 
ate 2 
4 cot 4z = cot z + cot + ] + cot [2m 4 | + cot [Sn 4 | 


9 cot 5z 


cot z + cot + | + cot 


+ cot [3 + ] + cot [4 + ‘| 


251. Since cot v = — cot(a — v), we have 


or|ro 
| 
+ 
N 
ane” 


cot z = cot z 


2 cot 2z = cot z - oot % - 


bo | 
RU 


3 cot 3z = cot z — cot [™ 


4 cot 4z = cot z — cot [™ — | + cot + | ie ] 


a + oot [% + 2 


— cot 23 + cot tate 
5 4) 


In general we have n cot nz = cot z — cot [= _ ] + cot [= + 
n n 
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— cot 2 - ] + cot [2 + | — cot [3 _ | + cot [3 + ] — ete., 
n n n n 


where there are n terms. 
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252. We consider the equation found from the highest power, and first we 


distinguish the cases where n is even and odd. Suppose n is odd, of the form 
n = 2m + 1, then 


t — tan z = 0 


t? — 3t?tan 3z — 3t + tan 3z = 0 


t® — 5¢4tan 52 — 10¢° + 10¢*tan 52 + 5¢ — tan 5z = 0. 
In general we have t” — nt" ‘tan nz — 


+ tan nz = 0 where the negative 
sign is used when m is even, and positive sign when m is odd. From the 


coefficient of the second term we have 


tan z = tan z 


3 tan 3z = tan z + tan [2 + | + tan [2 + | 


5 tan 52 = tan 2 + tan| +a] + tan [2a + 3 
3 
+ tan [2 + 2] + tan| n+; 


253. Since tan v — tan(m — v), angles larger than a right angle can be 


reduced to an angle less than a right angle, with the result that 


on |3 


ov | 


etc. 


tan z = tan z 


= tanz — tan]|—- — z + tan|—~ + z 
3 3 


= tanz — tan|— — z + tanJ~ +z 
5 5 
— tan 28 + tan 2ote 
5 5 


3 tan 3z 


5 tan 5z 
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7 tan 7z = tan z ~ tan [2 — + tn {™ + | - tan | 2x - | 


+ tan tte — tan 3 + tan 3 + al. 
7 7 7 


In general we have, when n = 2m + 1, 


n tan nz = tan z - tan [® — ;] + tan[™ 4 | 
n n 


254. Next we note that the product of all of these tangents is equal to 
tan nz since, due to the alternation of the sign with the odd and even values of 


m, the ambiguity of the sign in the product is removed. Thus we have 


tan z = tan z 


tan 3z = tan z tan [= — tan [= + | 


tan 5z = tan z tan|— — z|tan|— + z|tan 2 — zitan 2a tal, 
+) +) +) 4) 


in general we have, when n = 2m + 1, 


tan nz = tan z tan = — tn [= + tn [2 — ta [2 + | 
n n n n 


200. Now if n is even and we begin with the highest power, we have 


t?7 + 2t cot 2z —1=0 
t* + 4t° cot 4z — 6t? — 4t cot 4z + 1 = 0. 


In general, if n = 2m, then 


222 


t” + nt” cot nz — +++ + 1 = 0 where the negative sign is used when m is 
odd, and the positive when m is even. When we compare the roots with the 


coefficient of the second term, we have 


- 2cot Bz = tans + tan{™ + 2] 


— 4 cot 4z = tan z + tn | + ] + ta [2 + J + ta {3 + ] 
a 2 
— § cot 6z = tan z + ton ™ + ] + tn [2 + , 
+ tan Ste + tan Ante + tan Oat al, 
6 6 6 
etc. 
256. Since tan v = — tan(w — v), the following equations can be stated 
7 
2 cot 2z = — tan z + tan — | 
4 cot 4z = — tan z + tan Ty — tan THe + tan 2 
4 4 4 
6 cot 6z = — tan z + tan {™ — | —_ tan [2 + | + tan {2 — | 


— tan tte + tan 3 al. 
6 6 


In general, if n = 2m, then 


n cot nz = — tan z + tan ™ — ~ tan [2 + ] + tan [2 - ] 
n n n 


— tan [2 + | + tan [25 — | — tan [S= + | + 
n n n 
tan [2 — ‘| 
n 


+ 
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257. In the even case the ambiguity of the sign in the product of all of the 


roots is also removed, so that we have 


1 = tan z tan Z , 
2 
7 2 
tan z tan |—- — z|tan — zitan|—tr — z 


tan z tan Gl — tan 
tan 2 + z|tan (3, 
6 6 


etc. An obvious reason for these equations is seen when it is noticed that these 


—_ 
Il 


1 


roots occur in pairs, each pair being cosines of complementary angles. Since the 


product of each pair is equal to 1, the product of all the pairs is equal to 1. 


258. Since the sine and cosine of angles making an arithmetic progression 
provide a recurrent series, so that by the results of the previous chapter, we can 
find the sum of any such sines and cosines. Let the angles in the arithmetic pro- 
gression be 
a,a + b,a + 2b, a + 3b, a + 46, a + 5b, +--+: , and first we find the sum 
of the infinite series of sines of these angles. We let 
s = sina + sin(a + b) + sin(a + 2b) + sin(a + 3b) + ---° . Since this is a 
recurrent series, whose scale of relation is 2 cos 6, — 1, this series arises from a 
rational function whose denominator is 1 — 2z cos b + z? when we let z = 1. 


The rational function is 


sin a + z(sin(a + 6) — 2 sin a cos 5) . 
which, 


1 — 2z cos b + 2? 


_ sina + sin(a + 6) — 2sin a cos 6 _ sin a — sin(a — 6) 
2 — 2 cos b 2(1 — cos 6b) 


when z= 1, becomes 


, because 
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2 sin a cos b = sin(a + b) + sin(a — 6b). Since 


sin f — sin g = 2 cos [+ sin [++]. we have 


sin a — sin(a — 6) = 2 cos [. — 5 }sin +. Furthermore, 
: 9 cos . — + 
1 — cos 6 = 2fsin [20] , so that s = ——————___ 


259. It follows that the sum of any series of sines whose arcs are in an arith- 
metic progression can be found. For example, let us find the sum of the following 
progression: 
sin a + sin(a + 6) + sin(a + 2b) + sin(a + 36) + +--+ + sin(a + nb). 


Since, if this progression were to be continued to infinity, the sum would be 


cos [. — i, 
2 
2 sin [+ 
2 
sin(a + (n + 1)b) + sin(a + (n + 2)b) + sin(a + (n + 3)b) + 
cos . + [» + >| 
2 
2 sin [2 
2 


tracted from the former sum, we have the desired sum. That is, if 


, we consider the last terms of this infinite series: 


Since the sum of this series is , when this latter is sub- 


s = sina + sin(a + 6) + sin(a + 2b) + --- + sin(a + nb), then | 
cos [. — 15] — cos [. + [> + ay 
2 2 
s= --oooo 


2 sin [2 
2 
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sin [. + no|sin dn + 1)b 
2 2 


o( 


260. .In a similar way, if we consider the sum of the cosines, and let 


ro | 


s = cos a + cos(a + 6) + cos(a + 2b) + cos(a + 3b) + +--+ . Then 


cos a + z(cos(a + b) — 2 cos a cos b) 
s = when z = 


3 = 1. Since 
1— 2z cosb + z 
2 cos a cos 6 = cos(a — 6) + cos(a + 6b) we have 
cos a — cos(a — }) ; 
s = . Since 
2(1 — cos b) 
cos f — cosg = 2 sin ; sin [=] we have 
, 1 . {l ; 
cos a — cos(a — b) = — 2 sin [. _ 16 ein [+. Since 
9 — sin [. — 1] 
1 — cosb = 2 [sin Ful , we have s = ——————————. Furthermore, since 
2 _ (4 
2 sin [2 
2 
cos(a + (n + 1)b) + cos(a + (n + 2)b) + cos(a + (n + 3)b) + +--+: has 


gin (. + . + ay 
2 
2 sin [+ 
2 


from the sum of the first series, we have 


the sum equal to when this expression is subtracted 


s = cos a + cos(a + 6) + cos(a + 26) + cos(a + 36) 


+ +++ + cos(a + nb) 
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sin[ - 1] + sin . + . + ag 
2 2 
2 sin [2 
2 

cos|a + 1p sin Lin + 1)6 | 

2 2 
sin [2 

2 


261. There are many other questions about sines and tangents which could 


be settled on the basis of the principles which we have discussed, such as the 
sums of squares or higher powers of sines and tangents. Since these are derived 
in a similar way from the coefficients of some of the equations given above, we 
will not delay here any longer. There is one thing, however, which we here note 
in this regard. Any power of a sine or cosine can be expressed in terms of the 


sine or cosine. For the sake of clarity we make a brief exposition. 


262. In order that the explanation be more expeditious, we recall the follow- 
ing lemmma. 
2 sin a sin z = cos(a — z) — cos(a + z) 
2 cos a sin z = sin(a + z) — sin(a — z) 
2 sin a cos z = sin(a + z) + sin(a — z) 


2 cos a cos z = cos(a — z) + cos(a + 2). 


First we treat the powers of the sine. 
sin z = sin z 
(sin z)? = 1 — cos 2z 
4(sin z)> = 3 sin z — sin 3z 


8(sin z)* = 3 — 4 cos 2z + cos 4z 
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16(sin z)° = 10 sin z — 5 sin 3z + sin 5z 
32(sin z)° = 10 — 15 cos 2z + 6 cos 4z — cos 6z 
64(sin z)’ = 35 sin z — 21 sin 32 + 7 sin 5z — sin 72 
128(sin z)®> = 35 — 56 sin 2z + 28 cos 4z — 8 cos 6z + cos 8z 
256(sin z)® = 126 sin z — 84 sin 3z + 36 sin 52 


— 9 sin 7z + sin 9z 


etc. The law by which the coefficients progress is given by the binomial 
coefficients, except for the absolute number in the even powers, which is provided 


by the binomial coefficient of the previous power. 


263. In the same way the powers of cosines are given. 


COS Z = COS z 
A(cos z)* = 1 + cos 2z 
4(cos z)> = 3 cos z + cos 3z 
8(cos z)* = 3 + 4 cos 2z + cos 4z 
16(cos z) = 10 cos z + 5 cos 3z + cos 52 
32(cos z)° = 10 + 15 cos 2z + 6 cos 4z + cos 6z 


64(cos z)'’ = 35 cos z + 21 cos 32 + 7 cos 5z + cos 7z 


etc. As for the law of the progression, the same applies as in the case of the sines. 


CHAPTER XV 


On Series Which Arise From Products. 


264. Let a given product of factors, whether a finite or infinite product, be 

(1 + az)(1 + Bz) + yz)(1 + 8z)(1 + ez) + Cz)--: . When we actually 
multiply the factors we obtain a series 

1+ Az + Be? + C22 + Det + B22 + F2® + +--+ . It is clear that the 
coefficients A, B, C, D, E, etc. are obtained from the numbers a, B£, y, 3, €, ¢, 
etc. as follows: 

A=atBty+S6+e+C¢+ °::* which is the sum of the individual 
numbers; B is the sum of the products taken two at a time; C is the sum of the 
products taken three at a time; D is the sum of the products taken four at a 
time; E is the sum of the products taken five at a time; etc., until we arrive at 


the product of all of the numbers. 


265. Now if we let z = 1, then the product 
(1 + a)(1 + B)(1 + y)(1 + 8)(1 + €)--- is equal to 1 and the series of all of 
the numbers a, B, y, 5, €, etc. taken singly, then products two at a time, etc. 
Furthermore, if the same number can occur in two or more ways, it will occur 


twice or more times in this series. 


266. If we let z = — 1, the product 


(1 — a)(l — B)(1 — y)(1 — 8)(1 — €)--- is equal to the sum of 1 and the 
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series of all the numbers which arise from a, B, y, 8, €, (, *** taken singly, 
and products of two or more at a time, as before, but with this difference: those 
taken singly, or three at a time, five at a time or any odd number at a time have 
a negative sign, while those taken two at a time, four at a time six at a time, or 


any even number at a time have a positive sign. 


267. For a,B,y,5, °°: Jet us use all of the prime numbers 
2, 3, 5, 7, 11, 18, +: - , and let 
P = (1 + 2)(1 + 3)(1 + 5)(1 + 7)(1 + 11)(1 + 13)--- be the product. The 


series which arises has 1, all of the prime numbers themselves, and numbers 
which arise from products of different prime numbers. Hence 
P=1+2+3+5+6+7+10+ 11+ 13+ 14+15+ -:--+ . We note 
that this series contains all of the natural numbers except powers and numbers 
which are divisible by powers. The series lacks the numbers 4, 8, 9, 12, 16, 18 


since they are either powers, as 4, 8, 9, 16, or divisible by powers, as 12, 18. 


268. A similar thing happens if we substitute for a, B, y,8, °°° any 


power of the prime numbers. For example, if we let 


ro foalte sessile a= 


then p=i¢—~t44t,14,4,4, 1,21 
hk 3” 5” 6” 7” 10” 11” 


which fractions all numbers appear except powers or those which are divisible by 
powers. Since all integers are either prime or are products of primes, the only 
numbers excluded from the series are those in which the same prime occurs two 


or more times. 
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269. If the numbers a, B, y, 5, ° °° are taken as negative, as was done in 


Ayn - Af - +4] - |---| then 
3" 5” 7” 11” 


1 1 1 1 1 1 1 


+ 
2” 3” 5” 6" 7” 10” 11” 


section 266, and we let 


P= 


| 
— 
— 
| 
RO 
2 fe 
Es 
a 
—_ 
| 


— +++ , We note that the terms with primes, or products of 


three different primes, or any product of an odd number of different primes, 
appear with a negative sign. Those terms in which the product of two, four, six, 


or any even numbers of different primes, appear with a positive sign. Thus in 


this series there occurs the term a Since 30 = 2:3°5, it contains no power of 


a prime as a factor. The term = appears with a negative sign, since 30 is the 


product of three different primes. 


270. Let us now consider the expression 


1 
(1 — az)(1 — Bz)(1 — yz)(1 — 8z)(1 — ez) s+: 
When the division is carried _ out, we _ obtain the series 
1+ Az + Be? + Cz? + Det + Ez + Fz®+ +--+ . It is clear that the 


coefficients A, B, C, D, E, F, etc. depend on the numbers a, 8, y, 8, €, etc. in 
the following way: A is the sum of the numbers taken singly; B is the sum of 
the products taken two at a time; C is the sum of the products taken three at a 
time; D is the sum of products taken four at a time; etc., where we do not 


exclude products of the same factor. 
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271. When we let z = 1 the expression 


1 
(1 a)t— pa — ya A) 


series of all the numbers which arise from a, B, y, 5, €, ¢, etc. taken either singly 


is equal to the sum of 1 and the 


or the product of two, or more at a time, where we do not exclude the possibility 
that some of these terms may be equal. This is different from what we con- 
sidered in section 265, since there we allowed only different factors. Here we 
allow the factor to occur twice or even more times. Here all numbers occur 


which can be obtained as products of a, B, y, 5, etc. 


272. For this reason, the series always has an infinite number of terms, 


whether the product has an infinite or finite number of factors. For example 
—t— =14 4445444 
2 4 8 
] — 
2 


Ala 
16 32 


+ 


where all numbers occur which are powers of =. Then we have 


where numbers do not occur unless they are products of powers of 2 and 3, that 
is, unless they are divisible by 2 or 3. 
273. If for a, B, y, 5, etc. we substitute the reciprocals of all of the primes, 


and let 
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then p=i1¢++444444 +ty ty te.., where - all 
2 3 4 5 7 8 9 


i 
6 
numbers, whether prime or products of primes, occur. Since every natural 


number is either a prime or a product of primes, it is clear that all integers will 


appear in denominators. 


274. The same happens if any power of the primes is used. We let 


P= i ; 
2” 3” 5” 7” 
wen Portbo te ty hy ty dy ty i here 
on 3” 4” 5” 6” 7” g” . 


all natural numbers occur with no exception. If in the factors we have every- 


where the positive sign, so that 


Pp = u 
fi | [or 2] fre] fe | 
n 3” 5? 7” 
then 
pe,o-2 byt _ byt _tb ity, iyit-. 


2” 3” 4” 5” 6” 7” 8” 9” 10” 
where the primes have a negative sign, the products of two primes, either the 
same or different, have a positive sign. In general those numbers whose number 
of prime factors is even have a positive sign, while those with an odd number of 


prime factors have a negative sign. For example, since 240 = 2:2:2:2:3:5, the 


term sur has a positive sign. The reason for this law is stated in section 270, 


when z = —- l. 
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275. When we compare these results with those obtained above, and con- 


sider two series whose product is equal to 1, we have the following. 


5” 7” 
thenP=— +2474 4,4;,1;,1,;,4;, 
3” 4 4) 6” 7 8” 
g-1-2-4 4 4 4,1 131 
on 3” 5? 6” 


(see section 269). It is clear that PQ = 1. 


276. If we let 


P = u | 
1+ | fae] rg + J fe + 
n gn | nr mn 
n 3” 5” mn 
then p=ei,-2 1,4 4,4 1 _1i1,1, 
2” 3” 4” 5 6” 7” g” g” 
and Q =]4+— + i + i 1 i 1 i Se We 
2” 3” 5” 6” 7” 10” 11” 
also have PQ = 1, so that when the sum of one series is know, we also have the 
sum of the other. 


277. On the other hand, from a knowledge of the sums of these series we 


can determine the values of the infinite factors. For example, if 


on eee and 
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1 1 1 1 1 
N=1+ pin + en + rc + on + gin + an + +--+: , then 
M= u 
pf 2] [ee] fe | 
9” 3” 5” 7" 
and N u 


M _ i¢ 4 p42 io 14 4 1+ ! “s+ . go that 
N 2" 3” 5” 7” 11” 


M?_ 2 +1 3%+1 5" +1 7TH] UW" +1 
ON 


a7 — 4° 3" —-1° 5" —-41 = -1°=«11"-41 


. From a 


knowledge of M and N, besides the values of these products, we also have the 


sum of the following series: 


Aol, -4 14 4,14 4 a 

M 2” 3” 5” 6” 7” 10” 11” 
Ai.,-t_ 1 i _ i 1 

N ~ gen gen Ben 62" 7an 102" 11°" 
Miysty ty ty yt yt yaya 

N 2” 3” 4) 6” 7” 10” 11” 

Ni, 1 14,2 2,4 4 1,4, 1- 
M 2” 3 4” 5” 6” 7” 8” g” 10” 


From combinations of these, many others can be deduced. 


EXAMPLE I 
Let n = 1, and since we have already seen that 
2 3 4 5 6 
log H =zt Hy 242454 ---, if we let x = 1, 
1-— gz 2 3 4 5 6 


=logo=1i+t+iytyt4 ‘++ . Since the 
2 3 4 5 
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logarithm of an infinitely large number is itself infinitely large, we have 


M=1++4+444,1,14,14 =, so that ~=1t-=9 
2 3 4 +) 6 7 M 00 
and 
oni 4-4 144 1,4 4 2,aya. 
5 10 11 13 14 15 
In the products we have 
M=oa = 


SIGIGIETAT 


so that oe = — 3 3 7 HH WB WT iW and 
2 4 6 10 12 16 18 
o-1.2 4° 6 10 12 16 18, We have seen above that 
2 3 5 7 11 13 17 19 
Naito 4+ +t 44,4,44 _ = 
9? 3” 4? 5 6” 7 6 


6, ff 1 1,24 ~i, 1 1 
aw 9? 3? 52 6? 7? 10? 11? 
onye¢ip ti h4y4,14,14,1,4 
y) 3 5 6 7 10 11 
one, -2 1,4 _1,1_1_ t1,i,12 1 
p) 3 4 5 7 8 9 10 11 
For the factors we have 
wv 3° ee Oe 
6 7-1 3-1 52-41 ° 7-4 ° 1-41 
m 4 9 2 49 121 169 
6 3 8 24 ° 48 ° 120 ° 168 
N 
Si — = © or — = OQ, we have 
ince oT uM 
o- 2 4 6 8 12 14 18 20 
2 3 ° 5 7° 11°13 °17 ° «19 
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ou. 3 4 6 8 12 MM 18 20 
1° 2° 4 °6 10 12° 16° 18 

0 = 1 i2 ; 3 . 2 8 8 Do . Note that in this last product, 
3 2 3 4 6 7 9 10 


except for the first fraction, in each fraction the numerator is always 1 less than 
the denominator, and also the sum of the numerator and denominator of each 
fraction gives the sequence of prime numbers, 3, 5, 7, 11, 13, 17, 19, 


EXAMPLE II 


Let n = 2, then from above we have 


M=1+—54+t4+44444444 = 2 

2 3 4 5) 6 7 6 

4 

N=i1to¢tetye ty ty te ... = Z, From these we 
a4 634 g4*# 5A Gt oP! 90 
obtain the sums of the following series: 
6 1 1 1 1 1 1 
—=1-—~-—-—- — + —~ - ~ + — - — | 
a 2 3 5% 6 7 10? 11? 
90 1 1 1 1 1 
—=|1-—-—- — + — —- — + — - — - 
ar’ ae 83% tt #00 Ss 8 
15 1 1 1 1 1 
—~—=1+—-4+—-4+—>-4+—-4+—-4+——+—+H 
a? Q 863??? 00? sat? 
2 
7 1 1 1 1 1 1 1 1 1 
— =,-—~-- e+e e+e ee E + —+— - 
15 22 32g? FF? og? og? 40)? 
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15 +t B+ Std P+. arti or 
am? 7 a: n\n ; ns Gb 

mw _ 4 9 2 49 121 169 

1 5 10 26 ° 50° 122 ° 170 

5 +d +t Stet +1 arti 

2 gg? —~41 ° 32-14 5? -1 0° 72-1 °° a2? -4 

5.5 5 138 2 61 8 - 3 _ 5 13 2 61 8 
2 3 4 ° 12 ° 24° 60° 84 2 4 12 24 ° 60 ° 84_ 

In this last product, each numerator exceeds the denominator by 1, while the 


sums of numerator and denominator give the sequence of squares of the primes, 


37 57, 77, 117, 


Since we know, from our 


we can let n = 4, so that 


EXAMPLE III 


previous work, the values of M only if n is even, 


1 1 1 1 at 
M=1+>4+—7—4+——-+—->-+—+H = — 
24 34 gt 5 64 90 
8 
N=1+¢—e¢t4+ty titi = —_. 
28 = 3 46 58 68 9450 
From these we obtain the following sums of series: 
92, 1 -fL 1,42 1,1 12_ 
a4 > a nn Sn ey Se |) 
400, 21 1 2,2 1,1 1 
a8 28 38 5s gS 7 10° 11° 
105 1 1 1 1 1 1 
ee ee 
ar! ae 334 tt 7*#  t00*# 18 
4 
7 1 1 1 1 1 1 1 
— = 1l-—>- Se +e - ote ee + — + 
105 24 34 gt# A AA gt og 
We also have the values of the following products: 
aw ot 34 54 74 114 
9 2-1 34-4 54-1 7-1 114-1 


a? 98 38 58 78 118 
9450 98 — 1° 398— 4° 58-1 7-1 118-1 


105 41 344+1 #5441 #7741 «11°41 
art 94 4 At 


7 ao 41 3441 #5441 741 «11°41 
6 o4_— 4, 34-41 54-1 74-1 114-1 


35 _ Al ; 318 . 1201 . 1321, . In this last expression the numerator of 
34 40 312 1200 7320 


each factor is one greater than the denominator and the sum of the numerator 
and denominator of each factor is the fourth power of the prime numbers, 


3, 5, 7, 11, 
278. Because we can express the sum of the series 


M=1+—~+444444+44 *++ as a product of factors, it is 


If we use natural logarithms, then 


weMeafbebty ty ty ty... 
2” 3” 5” 7” 11” 
1 1 1 1 1 1 
+ 9 Ez gen + Ben 7an 112" | 
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1 1 1 1 1 1 
+ tle + gin + Bin + 7an + 114" 


etc. If we also let 


and taking natural logarithms, we have 


_,f{.1 1 1 1 1 _— 
log N a iF + gen + Ben + mon + 112" + | 
1 1 1 1 1 1 
+ 9 Ez + gin + 5 in + 7in 114" + | 
1 1 1 1 1 1 
+ 3 FE + ghn + 5 on 76n 11°” + 
1 1 1 1 1 1 
+t as Tye 7 gen 7 yen Gyan * | 
etc. From the two expressions we obtain 
lg M- +g Naif 24 b+ +t4434 13... 
2 Q” 3” 5” 7” 11” 
¢tj/ty44,4,;,4,41,... 
3 g3n g3n 53n 73n 113” 
1 1 1 1 1 1 
+ 5 Fz + gin + pon + 7on + 115" + | 
ptj/$4,4;,4,;,4,4;... 
7 gin gin 5/n vin 11°" 
etc. 
1 1 1 
279 If n= 1, then M=1l+ot at qt = log © and 
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2 
20 6 “(2 3 #5 7 

1{1 1 1 1 1 

+—]/>+——2-4+——-+——2+--+H 
aE 33 53 3 11° | 
1{1 1 1 

++] +——-+—+—+-—-— + 
aE: ge 5B 8 | 
1 (1 1 1 1 1 

+o] + t+ e+e +t: 
ac: 5 rn ny ns 6 | 


etc. But these series, except for the first ones, not only have finite sums, but the 


sum of all of them taken together is still finite, and reasonably small. It follows 


that the first series i + i + i + i + _ + +--+ has an infinite sum. 
2 3 5 7 11 
a art 
280. Let n = 2, then M = ry and N = 0° It follows then that 
1 1 1 1 1 
2logm — log6=1)37>+47+37+3077W TFC 
1] 1 1 1 
+—]/—+—+—+—+—+ 
2 E a ry ns 6 i | 


etc., and 
1 1 1 1 1 
4 log w — log 90 = 1}—-+—+—+——-4+—7 F°°: 
E 34 bt #8 | 
1] 1 1 1 1 
+=—/—+—+—+—+—+ 
,Af(4,4,4,1,51 
3 | 12 gl2 p12 72 112 
etc., and 


] o 1 1 1 
pees emilee et eee it | 
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etc. 


281. Although the law by which the sequence of prime numbers proceeds is 
not known, still it is not difficult to assign an approximate value to the sum of 


the series of higher powers. Let the series 


M=14¢—-4++44,4;,4;,134 and 
2” 3 4” 5” 6 7” 
1 1 1 1 1 
S = — + — ST — 7 a , then 
2 3 D 7 11 13 
1 1 1 1 1 
4 6 8 9 10 
Mot,zt,ztlt,zi,yt,ty, "+ , so that 
2” 2” 4” 6” 8” 10" 12" 
M 1 1 1 1 
SMa on Lt oe 7 oe 7 ee ge 
2 2 9 15 21 
1 1 1 1 1 1 
S=(M—\)l- se) - 7 - Wo to 
2 9 15 21 25 27 
Since 
mMi-2|Jt-4;,1,;4 A + d + +++ , we have 
| 2” J 3" 3” 9g” 15” 21” 
s=(M-1|1-—+ ,- +4 ee ee ee oe 
Q” 3” 6” 25" 35” 45" 


Since we have the value of M, the value of S can conveniently be found, pro- 


vided only that n is reasonably large. 
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282. Since we can find the sums S for larger values of n, we now consider 
the values for smaller values of n, which can be obtained from the formulas 


already found. In this way we find the following results for the series 


1,4,4,4,;,4;,+;H 

2” 3” 5” 7” 11" 13” 17” 

If n equals then the sum of the series equals 
2 0.452247420041222 
4 0.076993139764252 
6 0.017070086850639 
8 0.004061405366515 
10 0.00099360357 3633 
12 0.000246026470033 
14 0.000061244396725 
16 0.000015282026219 
18 0.000003817278702 
20 | 0.000000953961123 
22 0.000000238450446 
24 0.000000059608184 
26 0.000000014901555 
28 0.0000000037 25333 
30 0.000000000931323 
32 0.000000000232830 
34 0.000000000058207 


36 0.000000000014551 
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The remaining sums decrease by about one fourth at each step. 


283. The series 1 + —_ + —_ + —_ + +++ can be converted into a pro- 
2” 3” 4” 
duct directly as follows. Let 
Agz14¢24+t,4,4,4,4,4, 
2” 3” 4” 5” 6” 7” 8” 
From A we subtract 
1 1 . 
—A = — + —- + — + — + to obtain 
2 2” 4” 6 8” 


P,i,iy,a 
3” 5” 7” g” 11” 


, in which 


there remain no terms divisible by 2. Then from B_ we_ subtract 


2pety ty, ty bi... tocbtain 

3” 3” g” 15” 21” 

C= 1.-+t|lepai+ +444 14 ty +e: In © there are 
3” 5? 7” 11” 13” 


no terms divisible by 3. From C' we subtract 


toot, u + +b ... to obtain 

5” 5” 25” 35” 55” 

p=l1-tle=j1+2+4 u + u + u + +++ which contains 
5” 7” 11” 13” 17” 


no terms divisible by 5. In like manner we remove terms divisible by 7, 11 and 
all of the remaining prime numbers. It is clear that after all terms have been 
removed which are divisible by any prime, only 1 remains. Now for B, C, D, E, 


etc., we substitute their computed values to obtain 


t=Al,—- + ,- — yt 1 — | “++ | Jt follows 
2” 3” 5” 7” 11” 


that the sum of the series 
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284. This method can conveniently be used to find infinite products for 
series for which we have already found sums. For instance in section 175 we 


found the sums of the series 


1 1 1 1 1 
+ + 
3" 5M 7M gh 43" 


— +++ . If n is odd, the sum is 


equal to Na” where N has the various values we gave in that cited section. We 
note also that, since only odd numbers occur, when a number has the form 
4m + 1, we use a positive sign, while if it has the form 4m — 1, the negative 


sign is used. Now we let 


Aziy-t4t-+t,4 -t,t-1 We add 
3” 5” 7” g” 11” 13” 15” 
t,21A 1, 1 _ it + u — +++ to obtain 
3” 3” g” 15” 21” 27" 
pelit¢tilawvwi+t-4-+,4,4- 
3” 5” 7” 11” 13” 17” 
Then we subtract 1p = — + to 1 + +: to obtain 
5” 5” 25” 35” 55” 
C= 1,-tI|pe1,-+- u + | + u — +++ where the 
” 7” 11” 13” 17” 


numbers divisible by 3 or 5 have been removed. We add 


1 . 
Oo = a TO + +++ to obtain 


D= 1¢tIice=1- u + u + Po. which contains no 
7 11” 13” 17” 
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numbers divisible by 7. We add L D= 1 __ to obtain 
11” 11” 121” 
1 1 1 woes 
B= }|1 + D=1+ + — ‘++ , where numbers divisible by 
11” 13” 17” 


11 have been removed. In this way we remove all of the remaining terms which 


are divisible by prime numbers, so that we finally have 
re afr+ 2) 2) ie 2s 2) ©)... ona 
3” 5” 7” 11” 13” 
n n n n nr n 
A = 3 5 7 11 13 17 


3a" +1 5" — 2 7 Hd 11" + 10° 138" — 14° 7-4 
where the the powers of all of the prime numbers in the numerators occur and 
the denominators are increased or decreased by 1 depending on whether the 


number has the form 4m — 1 or 4m + 1. 


285. Let n = 1. Since A = 7. 


Zi% 2 TU BW WY 2B... previously we found that 
4 4 4° 8° 12° 12° 16° 20° 24 

5 a ey Ge 8 Ue 13” 17° 19” 
"2:4 ° 46 ° +68 ° 10:12 © 12:14 © 16:18 ° 18-20 


If owe 


divide the second expression by the first, we obtain 


an _ 4 3 5 FT IT 138 17 19) 23 - or 

3 3 2 6 6 + 10° 14° «18 ° 18 ° 22 

7 3 5 7 I 13 #17 «219 ~ 23 

— = 7.7. a +: ~ «XOWhere the numerators are 
2 2 6 6 10 14 ° #218 ° #+18 ° 22 


prime numbers and the denominators are oddly even, differing from the numera- 


tors by 1. If now we divide this last expression by the first expression for =z we 


obtaing= 4.48 12 12 18 20 24 


; ; ; ; ; ' or 
6 6 10 14 18 18 = 22 
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g227 2 4 6 8 8 DW -+ + . These fractions arise from the 
1 3 3 5 7 9 9 11 
odd prime numbers, 3, 5, 7, 11, 138, 17, °°: . For each of these primes we take 


the pair of numbers which differ from it by unity, in either direction. From each 
of the resulting pair of even numbers, when divided by 2, the odd number 


becomes the denominator and the even number the numerator. 


286. We can compare these expressions with those of Wallis: 


7 _ 2:2:4-4-6-6°8°8-10°10°12 


4 _ 33 55 7T7 99 Itt 
7 24 46 ° #68 °& 8:10 ° 10°12 


1 33 55 77 11-11 13°13 


8 24 46 68 10:12 © 12-14 
If the previous expression is divided by the last one we have 


32 9:9 = 15:15 21-21 25-25 


| | | , where all of the non-prime odd 
nm 8-10 14-16 ° 20-22 ° 24-26 WEES BE OE AIE DOVPEINE 


numbers appear in the numerators. 


3 
287. Let n = 3, then A = a and 


we 1 1 1 1 
From the — series 045 = 1+ 50 + 38 + 7p + 50 + we —ihave 
nT 3° 5° 7° 11° 13° 
945 2®— 1 384 58—~ 4° 74 ° 448— 4 © 1438 — 4 
6 6 6 6 6 6 
3 
or TT 9 7 At 13 . When this 


90 384° 584° 7 _ 4 ° 448 4° 438 


a? 33 53 73 11° 13° 17° 


ener 


30 33-1 5341 F-41113 —-41° 19344 > 173 44 
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When this expression is divided again by the _ (first we have 


i6 38 t+1 58-1 P+ Ue+1 18-1 177-1 
15 33-1 53 +1 72-1 1822-1 197 +1 £49177 41 


iu , 62 . Ai , 666 ; 1098 . These fractions arise from the 
15 13 63 171 #424665 #1099 
cubes of odd prime numbers. After dividing by two the pair of even numbers 


which differ from the cube by unity, we take the even part for the numerator 


and the odd part for the denominator. 


288. From these expressions we can derive new series in which the denomi- 


nators consist of all the natural numbers. Since 


aT 3 5 7 11 13 
— = . ; oo . mC C—7e We have 
4 3¢+1 #5-1 7+1 #1141 13 — 1 
we 
R . 

ee eee eee ee eee 

2. 3 5 7 11 

It follows that the series is 
a Se a OR OO CO SS 
6 2 3 4 5 6 7 8 9 10 


the rule for the signs is as follows: for 2 the sign is negative; for the odd primes 
of the form 4m — 1, the sign is negative; for odd primes of the form 4m + 1, 


the sign is positive; for the composite numbers, the sign is the product of the 


. ; . 1. . 
signs of the prime factors. For example, the sign of the fraction 60 is negative 


since — 60 = ( — 2)( — 2)( —3)( + 5). In a similar way we have 


so that the series is 


i 


— +++ , where 2 
10 


moiyzit_ ty ty ttt + iyi 
2 2 3 4 5 7 8 9 

has a positive sign; prime numbers of the form 4m — 1 have a negative sign; 
prime numbers of the form 4m + 1 have a positive sign; a composite number 


has the sign of the product of the signs of its factors, according to the rules for 


multiplication. 


289. Since 


a 
we have — where 


Il 
— 
+ 

co |e 
| 
ole 
+ 
“1 |[H 
+ 
CO |e 
+ 

| 

| 

| 

| 

| 
+ 


1 Bb 6b ° 


only the odd numbers occur and the signs follow this law: prime numbers of the 
form 4m — 1 have a positive sign; prime numbers of the form 4m + 1 have a 
negative sign; from the previous rules the sign of a composite number is defined. 


A second series can be formed, from this one, in which all the natural numbers 


occur, namely, 7 = 


From this we have 


= 
10 


wmaitteg ty tet ty by ty te + :-: , where 2 
2 3 4 5 6 7 8 9 


has a positive sign; prime numbers of the form 4m — 1 have a positive sign; 


prime numbers of the form 4m + 1 have a negative sign. 
290. There are innumerable ways of assigning signs so that the series with 


1, i i i i i = i ‘++ take some sought for sum. For example, 
23 4 5 6 7 8 
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10 11 

where 2 has a positive sign, 3 has a positive sign and the remaining prime 
numbers of the form 4m — 1 have a negative sign; prime numbers of the form 
4m + 1 have a positive sign; the sign of the composite numbers is known from 


the signs of its factors. In the same way, since 


a 


, when this expres- 


wee” 
———— 
bd 
+ 
or | 
\wueee” 
EE 
—_ 
| 
ee 
“eee” 
—————— 
pi 
| 
pom 
= |e 
\w” 


1+ = 
sion is multiplied by , we have 
1 2 
1- — 
5 
Cu | 
2 
2) (,-2)(,-2) 2) 424 
2 3 4) 7 11 
and Part ty ty ty ty ty ty sty sty... Where o 
2 2 3 4 4) 6 7 8 9 


has a positive sign; prime numbers of the form 4m — 1 have a positive sign; 


prime numbers of the form 4m + 1, except 5, have a negative sign. 
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291. There are innumerable ways of constructing a series with a sum equal 


2 3 #5 #7 11 13 17 
. ol QO=-—-.-.-. re. oO ; h 
to zero. Since 3 4 6 - 10 1d 18 we have 
9 = ———__ es 
144 i¢i 144 i4t 14 mons 
2 3 5 7 11 
oo that owt 2-444 4,4 1 1th, 
2 3 4 5 6 7 8 9 10 


where all prime numbers have a negative sign and composite numbers have the 
sign given by the rules of multiplication. If we multiply the given product 


expression by 


1+ > 

1 | 3 then 
1- - 

2 
0 = u ; 

1-2] fit] free] aes] fit 

2 3 4) 7 11 
so. that on=r1¢ tty t_t_ti_ty,tyf 4 - ; 
2 3 4 5 6 7 8 9 10 


where 2 has a positive sign; the other prime numbers have a negative sign. Like- 


wise, 
0= L ; 
1424 fi-4] fr—-4] i+ 2] i+ 
9) 7 11 
so that 


+—->-- > = + —- — —-— :°': , where all 


2 3 4 +) 6 7 8 9 10 


primes except 3 and 5 have a negative sign. In general, as long as all prime 


numbers, except for a finite collection, have negative signs, then the sum of the 
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series will be equal to zero. On the other hand, if all but a finite collection of 


primes have a positive sign, then the sum of the series will be infinitely large. 


292. In section 176 we found sums for the series 


— coe If 
n is an odd number, then 


—A = — -—- — — —_ 


2” 2” 4” 8” 10” 14” 


— +++ . When these two series are 


added we obtain 


pe (r+ tiger 24-42-45, 1 3 
Q” 5” 7” 11” 13” 17” 
1 1 
19” 23” 25” 
and 1p = to 1 + to it + -:+-* . When these two series are 
5” 5” 25” 35” 55” 
added we obtain 
C _— 1+ i B = 1 + i _ i + i —_ i + 1 _ 1 
n 7” 11” 13” 17” 19” 25” 
1 1 1 1 . 
and —-C = — + — . When the last is subtracted from 
7” 7” 49” 77” 


the other series we obtain 


p= [1-4 ]o=1- 1 yt ty 


n 11” 13" 17” 19” 


From all of these we obtain 


Al1+ — pe a r+ 1 —- | -+ + = | where the 
Q” 5” 7” 11” 13” 


prime numbers which are 1 greater than a multiple of 6 have a negative sign and 


those which are 1 less than a multiple of 6 have a positive sign. It follows that 
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2h 1, 
om 44° 5" 44° 77-4 G1 "+ 1° = 138" -41 


293. Let us consider the case when n = 1. Since A = wT we have 
3 V3 


2 5 7 MW 13 i 19, 


Wee’ 6 bk 1B , where all of the prime 
3V3 


numbers except 3 occur in the numerators, and the denominators are all divisible 
by 6 and differ from the numerator by 1. Since 


4 9 55 77 ALI Ils ||. 
3 8 


; _——- ; , when this expression is 
46 68 10°12 12:14 


TT 
6 


divided by the previous expression, we obtain 


\/o 
mY3 29 8S TH BW VW - ++ | where the denominators are 
2 4 4 8 10 14 16 — £420 


not divisible by 6. We also have 


we. 5d 7 UM WB Ww 19 23 
oV3 6 6° 12° 12° 18 ° 18° 24 
an 85 7 Lh 1 Wt IW 23 
3V3 4 °8 ° 10° 14° 16° 20° 22 


When the last expression is divided by the previous one, we obtain 


4_6 6 12 12 18 18 MM | 

3 4 8 10° 14° 16 ° 20° 22 

4_3 ; 3 ; 6 . 6 . 9 , 3 ; 12 . In this expression each fraction 
3 2 4 5 7 8 10 I! 

arises from a prime number 5, 7, 11, ++: by taking the pair of even numbers 


which differ from the prime by unity, and by using the number divisible by 3 for 


the numerator. 


294. Since we saw above that Tos 3 . 2. . t . 
4 4 4 8 


Wt 13 7 
12 12 16 
5 7 dt 18 A719 


Tat +f. . ; . -++ | when the expressions above for 
3 4 8 12 12 16 £420 
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7 
—>= and —>~ are divided by this latest expression, we obtain 
2V3 3V3 
V3 2 4 8 #10 14 16 
— — rr - and 

2 3 3 9g 9 15 $15 
2 _ 6 


_ 12 18 24 30 
V3 «#5 


6 .—. oo. ; . In the first of these two expres- 
7 11 #19 23 29 

sions, the fractions arise from primes of the form 12m + 6 + 1, while in the 
second they arise from primes of the form 12m + 1. In both cases, the pair of 


numbers, differing from the prime by unity, form the numerator and denomina- 


tor is such a way that, when reduced, the numerator is even. 


295. Now we consider the series discussed in section 179 which is expressed 


by 

A= W ~y4 + -1_1,4,4 1 1,.... Then 
2V2 3 3D 7 9 11 13 15 

1,-1,1 1 2,iyi_ 

3 3 15 21 27 33 


When this is subtracted from the previous expression we have 


21,1, 


B=}1-2]ae1-+-44+4-4,4:414....) the 
3 5 7 11 13 17 19 
1 1 1 1 1 ; ; 
~B=—>- — - =~ + = -— °::° , which when added to the previous pro- 
5 25 35 55 
duces C' = r¢+}]pe1-444-1,144 "++. Tf we proceed 
5 7 11 13 1 


in the same way we finally arrive at the expression 


eal balk alll bal 


where the signs are assigned as follows. If the prime has the form 8m + 1 or 


8m + 3, then the negative sign is used, while if the form is 8m + 5 or 8m + 7, 
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the sign is positive. It follows that 


3 5 7 Tt 138 W 19 2. 
2°6° 8 10 14 ° 16° 18° 24 


where all denominators are divisible by 8 or are oddly even. Since we have 


aw 3 56 7 lh 1 W 19 23, 
4 4°4°8 ° 12 12 ° 16 20° 24 

and 

m3 5 7 Ll 18 WT 1 2, 

2 2° 6 6 10 14° 18 ° #418 °° 22 


when these two expressions are multiplied we have 


2 338 55 TT MAL 1843 


T 
8 24 46 468 10°12 12:14 


When this expression is divided by the expression for Va we obtain 
2 


3.5 7 MW 18 I 19 23 


T 
oVo 4 °4°6 °° «12° «12° «18° «20° 22 


where no denominator is divisible by 8, but those divisible by 4 are present 


whenever the numerator differs by unity. When the first expression for 


Tis 
2V2 
divided by this second expression, we obtain 


,-2 2. 3 6 6 9 10 it 
2.3 8 8 


8 9 12 
where each fraction arises from a prime number. For each prime the pair of 
numbers which differ from the prime by unity are divided by 2 and then the 


even number becomes the numerator unless it is divisible by 4. 


296. In a like manner the other series, which express circular arcs, found in 
sections 179 and following, could be expressed as products dependent on the 


prime numbers. In this way we could develop important properties of both 


255 


infinite series and infinite products, but since we have discussed the principal 
results, we will not delay any longer to develop more. We will now proceed to a 
related topic. In this chapter we have considered the expression of numbers by 


products; in the next we move to the generation of numbers through addition. 


CHAPTER XVI 


On the Partition of Numbers 


297. Let the following expression be given: 

(1 + x%z)(1 + c®z)(1 + 2¥z)(1 + c®z)(1 + c€z) +--+ . We ask about the form 
if the factors are actually multiplied. We suppose that it has the form 

1+ Pz + Qz? + Rz2 + Szt+ +--+ | where it is clear that P is equal to the 
sum of the powers c* + c® + c¥ + x£ + +--+ . Then @ is the sum of the pro- 
ducts of the powers taken two at a time, that is Q@ is the sum of the different 
powers of x whose exponents are the sum of two of the different terms in the 
sequence a, B, y, 5, €, C, n, etc. In like manner R is the sum of powers of x 
whose exponents are the sum of three of the different terms. Further, S is the 
sum of powers of x whose exponents are the sum of four of the different terms 


in that same sequence a, B, y, 5, €, etc., and so forth. 


298. The individual powers of z which constitute the values of the letters 
P,Q, R, S, etc. have a coefficient of 1 if their exponents can be formed in only 
one way from a, B, y, 6, etc. If the same exponent of a power of x can be 
obtained in several ways as the sum of two, three, or more terms of the sequence 
a, B, y, 5, €, etc., then that power has a coefficient equal to the number of ways 
the exponent can be obtained. Thus, if in the value of Q there is found Nz”, 


this is because n has N different ways of being expressed as a sum of two terms 
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from the sequence a, B, y, etc. Further, if in the expression of the given product 
the term Nzr"z™ occurs, this is because there are N different ways in which n 


can be a sum of m terms of the sequence a, B, y, 6, €, C, etc. 


299. If the given product (1 + 2%z)(1 + 2®z)(1 + x¥z)(1 + 2®z) +++ is 
actually multiplied, then from the resulting expression it becomes immediately 
apparent how many different ways a given number can be the sum of any desired 
number of terms from the sequence a, B, y, 6, €, ¢, etc. For example, if it is 
desired to know how many different ways the number n can be the sum of m 
terms of the given sequence, then we find the term 2”z™, and its coefficient is 


the desired number. 


300. In order that this may become clearer, let us consider the following 
infinite product, (1 + 2z)(1 + 2?z)(1 + 29z)(1 + xtz)(1 + xz) + +> , which 


by actual multiplication gives 


Ltiz(o to? + oF + ot + ot oo 4 op? + 8 + 94 ++: ) 
+ 22%(23 + of + 20° + 229 + 827 + 328 + 40° + 4x1? 
+ bell + ++.) 
+ 2°(2° +x) + 27% + 32° + 42! + 52!) + 721? + B28 
+ 10r'4+ ---) 
+ 24719 + ot + Qe! + 32'8 + 52! + 62'® + 9x18 
+ dict? + 15238 + ---) 
+ 2°(cl® + 78 + 2217 + 3n!8 + 5219 + 7279 + 1027! 
+ 13277 + 187° + +--+) 


+ 2°(x7) + 72? + Qn73 4+ 3774 4+ 5025 4+ 7778 4+ 117?" 
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+ 1478 + 20777 + +--+) 

+ 2%(278 + 279 + 9799 + 329) + 503? + 723 + 112% 
+ 152° + 217°° + +--+) 

+ 28296 + 23? + 2738 4 3239 4 524 4 724 + 112%? 


+ 152° + 20744 + ---?) 


etc. From this series we can immediately determine how many ways a given 
number can arise as the sum of a given number of terms in the sequence 
1, 2, 3, 4, 5, 6, 7, 8, **: . For example, if we want to know how many ways 
the number 35 can be the sum of seven different terms in the sequence 
1, 2, 3, 4, 5,6, 7, °° -° , we look in the series for 27 multiplying the power z°°. 


The coefficient, 15, is the number of ways in which 35 can be the sum of seven 


different terms in the sequence 1, 2, 3, 4, 5, 6, 7, 


301. If we let z = 1 and put all of the same powers of z in one term, or, 
what comes to the same thing, if we express the following infinite product 
(1+ x)(i t+ 2?\(1 + 23\(1 + 241 + 2®)\(1 + 2°) +--+ , we obtain the series 
L+a2 t+ 227 + Q27° + 224 + 32° 4+ 42° + 527 + 628 + , Where each 
coefficient indicates in how many different ways the exponent of z can be 
expressed as the sum of different terms of the sequence 1, 2, 3, 4, 5, 6, 7, 

For example, 8 can be produced six ways as a sum of different numbers, as fol- 
lows: 

8 = 8 8=4+3+1 8=7+1 

8=5+2+1 8=6+ 2 8=5 + 3. 


i 


We note that the proposed number itself should be counted since the number of 


terms is not specified with the result that a single one is not excluded. 
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302. We know now how many ways a number can be expressed as the sum 
of different numbers. The condition that the numbers be different is omitted if 


the product is put into the denominator. Let us consider the following expres- 


e 1 e e e 

sion, <> TO. By actual division 
(1 — 2%z)(1 — cPz\1 — xz)\(1 - 2 z\(1 — a’z)--- 

we obtain an infinite series 1 + Pz + Qz? + Rz2 + Sztt+ --- , where it is 


clear that P is the sum of the powers of x whose exponents are contained in the 
sequence a, B, y, 5, €,f, 7 °°: . Then Q is the sum of the powers of z whose 
exponents are sums of the two terms of the sequence, whether the same or 
different. Further, R is the sum of powers of z whose exponents are the sum of 
three terms of the sequence; S is the sum of powers whose exponents are the 


sums of four terms in the sequence; and so forth. 


303. If the total expression is written out and similar terms added, then we 
will know how many ways a given number n can be the sum of m terms, 
whether the same or different, of the sequence a, B, y, 5, €,C, °°: . Indeed, we 
look for the coefficient N of the term with x"z™, where the total term will be 
Nz"z™, and N is the number of different ways in which n can be expressed as 
the sum of m terms in the sequence a, B, y, 8, €, °°: . After having settled 


the previous question we resolve the present one in a similar way. 


304. We consider a particular case which is especially worth noting. If the 


1 


given expression is — ——H————_.____L_——.,, when 
(1 — xz)(1 — x*z)(1 — 23z)(1 — ctz)\(1 — 2®z)- 


the actual division is carried out we have 
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Pteetort et att oP + 8 + ol + cP + oc? + +: ) 
+ 2%(07 + 22 + Qc4 + 22° + 30° + 327 + 428 + 42° 

+ 52/9 + +++) 

+ (23 + ot + 20° + 32° + 4x’ + 52% + 72° + 82° 

+ 10c)' + ---) 

+ 24(c4 + 2° + 22° + 327 + 58 + 62° + O2'9 + Liz"! 

+ 152% + +++) 

+ 2(2° + 2° + Qe’ + 32% + 52° + 72'9 + 102)! + 132” 
+ 1828 + +--+) 

+ 29/09 + 2? + 208 + 32° + 52! + Te" + Lie! + 1428 
+ 20244 + +--+) 

+ 2%(e' + 8 + 22° + 3219 + 5a) + 7c? + 112!8 + 1524 
+ Qiz® + ---) 

+ 29(08 + 2® + 2719 + 32!) + 5e!? + 72! + 112'4 + 152) 
+ 22718 + +--+) 


From these series we can immediately state how many different ways a given 
number can be written as a sum of a given number of terms from the sequence 
1, 2, 3, 4,5, 6,7 *:: . For example, if we desire to know how many ways 13 


3,° and notice that 


can be written as the sum of 5 whole numbers, we look for 2! 
18 is the coefficient of that term. This gives the answer that 13 can be written in 


18 ways as the sum of 5 numbers. 


305. If we let z = 1 and express together all similar powers of z, the 


expression 


1 
(1 — x) — 2’) — 2°) — x*\ — 2®\a — 2): 
gives rise to the series 


1+2 + Q27 + 32°? + 524 + 775 + 117° + 152!’ + 2278 + 


In this series the coefficient indicates how many different ways the exponent of 


the power can be expressed as the sum of the whole numbers, whether they are 
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equal or unequal. For example, from the term 112° we know that the number 6 


can be expressed in 11 different ways as the sum of whole numbers. These eleven 


ways are: 

6 = 6 6=3+1+1+1 6=s5+1 6=2+2+ 2 
6=4+ 2 6=2+2+1+1 

6=-4+1+1 6=2+1+1+14+1 

6= 3+ 3 6=1+1+1+1+1+1 

6=3+2+ 1. 


It is worth noting that the number 6 itself, since it is a term in the sequence 
1, 2, 3, 4,5,6°-° , is one of the ways. 

306. After having given this general view, we now, with some diligence, 
investigate how we might find this information. In the first place we consider 
sums of whole numbers in which we allow only different addends, as we did pre- 
viously. To this purpose we consider the expression 
Z= (1+ az)(l t+ x?z)(1 + 2®z)(1 + 2tz)(1 + 2®z)--- . This gives rise to 


the series according to powers of z, 


Z=1+ Pe + Qe? + Reo 4+ Szt*+ Tz° + 


+] 


where we desire a reasonable method for finding the functions of z: 
P,Q, R, 8S, T, etc. This is the most convenient way of answering the question 


posed above. 


307. It is clear that when zz is substituted for z, we obtain 


Z 


(1 + 2?z)(1 + xoz)(1 + xtz)(1 + 2°z) = . It follows that when zz is 


substituted for z, we have for Z. It follows that since 


1+ rz 
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Z=1+ Pz + Qz? + Ree + Szt+ +--+ , we have 


Z 


itu = 1+ Pez + Qxr*z* + Riz? + Sxtz* + -+- . When we multiply 
Tz 


this expression by 1 + zz we obtain 


Z=1+ Paz + Qr?z? + Rr®z? + Sriz* + 
+ gz + Pr?z? + Qr?z? + Ratz4 + 


When this is compared with the original definition of Z we obtain 


p= x 
1- oc 
“" 1 zl ~ 2) 
R = = , 
(1 — z)(1 - “V(t — 2°) 
s- L 
(1 — x)(l - “y(t ~— 2°\(1 — 2°) 
T = x 


etc. 


308. In this way we can give each of these series by itself, from which it is 
possible to say in how many different ways a given number can be expressed as 
the sum of a given number of integers. It is clear that each of these series is 


recurrent, since it arises from a rational function of x. For example, the first 


, x ; ; ; 
expression, P = , gives the geometric series 
— 2£ 


1 
2 3 4 5 6 7 os 
ctr tae +e +2? +a +a + <+-: . From this it is clear that each 
number occurs once in the sequence of whole numbers. 


3 


309. The second expression SCPE gives the series 
1 — x£)1 — z°*) 


a+ et t+ Q2° + 278 + 327 + 328 + 409 + 4719 + 
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in which the coefficient of each term indicates in how many ways the exponent of 
x can be expressed as the sum of two different numbers. For example, 42° indi- 
cates that the number 9 can be cut into two unequal parts in four ways. If this 


series is divided by 2°, we obtain the series which arises from the rational func- 


; 1 
tion ——————————,, namely, 


(1 — x)(1 — 2”) 


1+0 + 277 4+ Qr° + 324 + 325 + 478 + Ay? 4+ 


? 


whose general term is Nr". From the nature of this series we understand the 
coefficient N to be the number of different ways in which the exponent n can be 
expressed as the sum of the numbers 1 and 2. Since the general term of the pre- 


n+ 3 


vious series is Nx , we can state the following theorem. 


The number of different ways in which the number n can be expressed as the 
sum of the numbers 1 and 2 ts the same as the number of different ways that 
n + 3 can be expressed as the sum of two different numbers. 


6 


$4 when 
(1 - x)(1 - x*)(1 — 2°) 


310. The third expression in the series, 
developed as a series gives 
o® + x! + 228 + 329 + 47!9 + 5r!! 4 7z!2 + 8213 +--+ | In this series the 


coefficient of each term indicates the number of different ways the exponent of 


the power of x can be written as the sum of three different numbers. If the 


; ; 1 . ; ; 
rational function ———-—————--————___ is developed in a series, we have 


1— 2)(1 — x*\(1 — 23) 


Ltn t+ Q2? + 32° + 424 + 52° + 778 + 827 + 


If we let Nx” be the general term, then the coefficient N indicates the number of 


different ways in which the number n can be expressed as the sum of the 
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numbers 1, 2, and 3. Since the general term of the preceding series is Nx” + 6 


we have the following theorem. 


The number of different ways in which n can be expressed as the sums of the 
numbers 1, 2, and 8 ts the same as the number of different ways that the number 


n + 6 can be expressed as the sum of three different numbers. 


311. The fourth expression in the series, 


71? 


(1 — z(t — 21 — 2°\(1 — 24) 


when developed in a series gives 


) 


gi? + oll + Oe? + 3733 + 5z!4 + 6r!® + Qxt8 + 


In this series the coefficient of any term indicates the number of different ways in 
which the exponent of the power of z can be expressed as the sum of four 


unequal numbers. If the expression 


1 


ee a ry ae is developed in a series, we obtain the above 
(1 — x)(1 — x*)(1 — x°)(1 — 2’) 


series after division by z!°, namely, 

Lt+ar t+ Q27 + 32° + 524 + 62° + 928 + 112? + 
The general term of this series is Nr", and the coefficient, N, indicates the 
number of different ways in which n can be expressed as the sums of numbers 1, 


n+ 10 


2, 3, 4. Since the previous series has a general term Nx , we deduce the fol- 


lowing theorem. 


The number of different ways in which the number n can be expressed as the 
sums of the numbers 1, 2, 3, and 4 1s the same as the number of different ways in 


which the number n + 10 can be written as the sum of four different numbers. 
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312. In general, if the expression — is 


(1 — x) — x*)\(1 — 29)--- (1 — ™) 
developed in a series with general term Nx", then the coefficient N indicates the 
number of different ways in which the number n can be expressed as sums of the 


numbers 1, 2, 3, 4, :-° ,m. On the other hand, if the expression 


m(m + 1) 
£ 2 
(1 — )(1 — 271 — 23)--- (1 -— 2™ 
a+ m(m + 1) 


is developed in a series with general term Nz 2 , then the coefficient N 


indicates the number of different ways in which the number n + m(m + 1) oe u 


can be expressed as the sum of m different numbers. We then have the following 


theorem. 


The number of different ways in whitch n can be expressed as the sums of the 


numbers 1, 2, 3, 4,° °° ,m, is the same as the number of different ways in which 


n + m(m + 1) 
1:2 


can be expressed as the sum of m dtfferent numbers. 


313. After considering the partition of numbers into unequal parts, we now 
turn to those in which equality of parts is not excluded. This kind of partition 


has its origin in this expression: 


1 
(1 — az)(1 — 2?z)(1 — 23z)(1 — vtz\(1 — Pz) s+? 


We let the resulting series be 


Z=1+ Pz + Qe? + Re? + Set + Te + 


It is clear that when we substitute zz for z we obtain 
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1 
(1 — 2?z)(1 — 2?z)(1 — ctz)(1 — 2®z)--- 


If we make the same substitution in the series, we have 


= (1 — 2z)Z. 


(1-— az)Z = 1+ Prz + Qa*z? + Rxiz? + Sxtz4 + 


If we multiply the original series by (1 — xz), the result is 


(1 -— 2z)Z = 1+ Pz + Qz? + R22 + S2* + 
— gz — Prz* — Qrz*? — Rrzt — 


When we compare the two expressions, we have 


p=—*—, g=—4,, p= —8., 5 = —* ete. It follows that 
l- gz 1-2? 1- 2° 1-2 


for P, Q, R, S, etc., we have the following values. 


Pp = r 
1-c 
a= (1 — x\(1 7) 
a 2\1 - a\( — 33) 
S = = 


etc. 


314. These expressions differ from the earlier expressions only in that the 
exponents of the powers in the numerator are less. For this reason the 
coefficients of the resulting series correspond to those found in sections 300 and 


304. It follows that we have the following theorems. 


The number of different ways in which the number n can be expressed as the 
sums of the numbers 1 and 2, ts the same as the number of different ways in 


which the number n + 2 can be expressed by sums of two numbers. 
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The number of different ways in which the number n can be expressed as the 
sums of the numbers 1, 2, and 8, 1s the same as the number of different ways in 


which the number n + 3 can be expressed as the sum of three numbers. 


The number of different ways in which the number n can be expressed as the 
sums of the numbers 1, 2, 3, and 4, 1s the same as the number of different ways 
in which the number n + 4 can be expressed as the sum of four numbers. 


In general we have this theorem. 


The number of different ways in which the number n can be expressed as 
sums of the numbers 1, 2, 8, ..., ms the same as the number of ways the 


number n + m can be expressed as the sum of m numbers. 


315. It follows that if we want to know in how many different ways a given 
number can be expressed either with m unequal numbers, or with m numbers 
where we allow equality, then both questions can be answered if we know the 
number of ways in which each number can be expressed as sums of the numbers 
1, 2, 3, 4,°°:*,m. The answers are given by the following theorems, which are 


derived from the previous theorems. 


The number of different ways in which the number n can be expressed as the 


sum of m different numbers ts the same as the number of different ways in which 


, — wea + 


3 can be expressed as sums of the numbers 1, 2, 3, 4, -°° ,m. 


The number of different ways in which the number n can be expressed as the 
sum of m numbers, either equal or unequal, ts the same as the number of 


different ways in which n — m can be expressed as sums of the numbers 


1,2,3, -** ,m. 
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From these there arise the following theorems. 


The number of different ways in which the number n can be expressed as the 


sum of m unequal numbers ts the same as the number of different ways in which 


n— ain can be expressed as the sum of m numbers, etther equal or 


unequal. 


The number of different ways in which the number n can be expressed as the 


sum of m numbers, either equal or unequal, 1s the same as the number of 


different ways in which the number n + mtn can be expressed as the sum 
of m unequal numbers. 


316. We can discover the number of different ways in which the number n 
can be written as sums of the numbers 1, 2, 3, -°-:,m, through the formation of 


a recurrent series. For this reason we develop the rational function 


a 
(4 — 2) — 2®\(1 — c)--- (1 - 2”) 


in a recurrent series up to the general 
term Nz”. The coefficient N of this general term indicates the number of 
different ways in which the number n can be expressed as sums of the numbers 
1, 2, 3, 4,:-°:,m. However, this method of finding N has not a few difficulties 
when the numbers m and n are reasonably large. Since the denominator of the 


rational function has many terms, it is quite tedious to find a large number of 


terms of the series. 


317. This business will be less burdensome if we clarify the simpler cases at 
first, since from these it will be easy to move on to the more complicated cases. 


Let the series which arises from the rational function 
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1 


aoe ~have the general term Nz", and let the 
(1 — x)(l — x*)(1 — 2°): +--+ (1 - 2™) 


general term of the series which arises from 


e™ 


Oe be Mz", where the coefficient M indi- 
(1 — r)(1 — 2*)(1 — x°)--- (1 - &™) 
cates the number of different ways in which the number n — m can be expressed 


as sums of the numbers 1, 2, 3,:°-,m. We subtract the second expression from 


the first, so that what remains is tO It is 


(1 — z)\(1 — 2*\(1 — 23)--- (1 — 2™73) 
clear that the series which arises from this rational function has the general term 
(N — M)zx". It follows that the coefficient N — M indicates the number of 
different ways in which the number n can be expressed as sums of the numbers 
1,2,3, °°: ,(m-—1). 

318. In this way we arrive at the following rule. Let L be the number of 
different ways in which the number n can be expressed as sums of the numbers 
1,2,3, °:* ,(m — 1). 

Let M be the number of different ways in which the number n — m can be 


expressed as sums of the numbers 1, 2, 3, ---: , m. 


Let N be the number of different ways in which the number n can be 


expressed as sums of the numbers 1, 2, 3, -:- , m. 


With these hypotheses, as we have seen, L = N—- Mor N=L1+M. It 
follows that if we have already found how many different ways n can be 
expressed as sums of the number 1, 2,3, -:: ,(m — 1), and how many 
different ways in which n — m can be expressed as sums of the numbers 


1, 2,3, -** ,m, then by addition we know the number of different ways in 
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which the number n can be expressed as sums of the numbers 1, 2, 3, °°: , m. 
With the aid of this theorem, we use the results of the easier cases, which offer no 
difficulties, to find a solution to the more complicated cases. This is the way in 
which the appended table was computed, and this table can be used for further 


results. (See page 280.) 


If we want to know the number of different ways in which the number 50 
can be expressed as the sum of 7 unequal numbers, then we find in the column 


on the left the number 50 — os = 22, and in this row under the heading VII 


we find the answer to be 522. 


Suppose we want to know the number of different ways in which the 
number 50 can be expressed as the sum of 7 numbers, either equal or unequal. 
We find in the first column the number 50 — 7 = 43, and in that row under the 


seventh column the answer is 8946. 


319. The vertical columns of this table are the coefficients of a series. 
Although this series is recurrent, the coefficients have an intimate connection 
with the natural numbers, the triangular numbers, the tetrahedral numbers, etc. 


An explanation of this will not require much work. Since from the rational func- 


e ] e 
tion ——————- we have the series 


(1-21 — 2%) 
1+at 227 + 227 + 324 + 32° + --- , it follows that 


Hi 


2 =a2 +27 + 22° + Q24 + 382° + 32° + --- 2 If we add 
(1 — x)(1 — x“) 


these two series we have 1 + 2x2 + 327 + 42° + 524 + 62° + 7x® + 


which arises by division from the rational function 
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tte = —_. From this it is clear that the last series has the 
(1 — x)(1 — 2°) (1 — x) 


natural numbers for its coefficients. Thus in the series for the second column, if 
we let z = 1 and add two successive terms we obtain the series of the natural 
numbers, 

1+14+24+24+34+34+44+4+5+5+6+6+ 
P+2+34+4+5+6+7+84+9+ 10+ 11+ 124+ 

Conversely, if we begin with the series of natural numbers as in the lower series, 
then we obtain the upper series by subtracting each term of the upper series 


already found from the following term in the lower series. 


320. The series for the third column arises from the rational function 


1 1 (1+ z)(1 + 2 + 2”) 
Since —————- = it 


@- aa -=a-2) Q-2P  fi-a-2a-2)' * ® 
clear that if at first the terms of this series are added three at a time, and then 
the terms of the new series are added two at a time, we should obtain a series of 
the triangular numbers. This is what appears in the following scheme. 
P+1+2+ 3+ 4+ 5+ 7+ 8+10+ 12+ 14+ 16+ 

1+2+4+ 6+ 9+ 12 + 16 + 20 + 25 + 30 + 36 + 42+ 

1+ 3+6+ 10 + 15 + 21 + 28 + 36 + 45 + 55 + 66 + 78 + 


From this scheme it should be clear how to obtain the original series from the 


triangular numbers. 


321. In a similar way the series of the fourth column arises from the 


. . 1 
rational function ———————_—_.—__, and 


(1 — x) — 2’\(1 — 23)(1 — 24) 


(1+ a)\ltot+o%(1+ 2+ 27 + 2°) _ 1 


= ————.. [ff in the given series the 
(1 — 2)(1 — 2*)(1 — 2°\(1 — 2°) (1 — x)? 
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terms are added four at. a time to give a second series, then the third series is 
obtained by adding the terms of the second series three at a time. Finally the 
series of tetrahedral numbers is obtained by adding the terms of the third series 
two at atime. This should be clear from the following calculations. 

1+2+ 3+ 5+ 6+ 9+11 + 15 + 184+ 23+ 27 + 

1+2+ 4+ 7+ 11+ 16+ 23+ 31+ 41+ 53+ 67 + 

1+3+ 74+ 13+ 22+ 34+ 50+ 70+ 95+ 125 + 161 + 

1+ 4+ 10+ 20 + 35 + 56+ 84 + 120 + 165 + 220 + 286 + 

In a similar way the fifth series can be calculated from the series of tetrahedral 
numbers of the second order, the sixth series from the tetrahedral numbers of the 


third order, and so forth. 


322. On the other hand, from the series of geometrical numbers, the series 
of numbers in the table can be calculated by the operations which should be 
obvious from the following schemes. 
W1it+t2+3+4+5+6+7+8+9+ 10+ 


1+1+24+24+37+3+44+47+5+ 5+ 


Wi t1+3+6+ 10+ 15 + 21 + 28 + 36 + 45 + 55 + 
1+2+4+ 6+ 9+ 12 + 16 + 20 + 25 + 30 + 


1+1+2+ 3+ 44+ 5+ 74+ 8+ 104 12 + 


IV 1+4+ 10+ 20 + 35 + 56 + 84 + 120 + 165 + 


1+ 3+ 7+ 13 + 22 + 34+ 50+ 70+ 95 + 
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1+2+ 4+ 7+ 11 + 16+ 23 + 314+ 41 4+ 


1+1+ 2+ 3+ 5+ 6+ 9 +114 15 + 


Veo1i+5+ 15 + 35 + 70 + 126 + 210 + 330 + 495 + 
1+ 4+ 11 + 24 + 46 + 80 + 130 + 200 + 195 + 
1+3+ 7+ 14+ 25+ 41+ 64 + 95 + 136 + 
1+2+ 44+ 74+ 12+ 18+ 27 + 38+ 53 + 


Itit 2+ 34+ 5 + 7+ 10 + 134+ 184+ 


In each of these schemes the first series is a series of geometrical numbers. The 
second series is formed by subtracting a term of the second series from the fol- 
lowing term of the first series. The third series is formed by subtracting the sum 
of two terms of the third series from the following term of the second series. In 
this way we proceed, subtracting the sum of three terms, then the sum of four 
terms, and so forth, from the following term of the preceding series, until we 
obtain the desired series, which begins with 1 + 1+ 2+ °:: . This is how we 


obtain the series exhibited in the columns of the table. 


323. The columns of the table all have the same beginnings and continue to 
have some terms in common. From this we understand that if there were an 
infinite number of columns, the series would agree completely. These series arise 


from the function 


1 


Because the 
(1 — x)(1 — x”)(1 — x°)(1 — x*\(1 — x°)(1 — x°)(1 — x’) ne 


series is recurrent, first we consider the denominator, since from it we obtain the 
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scale of the relation. If the factors of the denominator are multiplied one by one, 
we obtain 
to-r —- et ee t ot? — ol? — gp 4 72? + 728 — 7? 


— 740 4 BL 4 


If we consider this sequence with some attention we will note that the only 
. 38n2- +n . 
exponents which appear are of the form a and that the sign of the 


corresponding term is negative when n is odd, and the sign is positive when n is 


even. 


324. Since the scale of the relation is 
+ 1,+ 1,0,0, ~ 1,0, — 1,0,0,0,0, + 1,0,0,+ 1, 0,0, --: , 
the recurrent series which arises from the rational function 


1 
(1 — x)(1 - x”)(1 — 2°\(1 — x*)(1 — x°\(1 — x°)(1 — x’) rons 


is 


1+ + 222 + 32° + 524 + 7x5 + 1125 + 1527 + 222° 

+ 302° + 42719 + 562! + 77212 + 10128 + 1352'4 + 1762" 
+ 231218 + 207717 + 385218 + 490x!* + 627279 + 79227! 

+ 1002727 + 1250279 + 1570274 + 


In this series each coefficient indicates the number of different ways in which the 
exponent itself can be expressed as the sum of whole numbers. For example, the 


number 7 can be expressed in the fifteen ways shown below: 


7=7 7=4 +24 1 7=3 t+14+17+141 
7=6 4+ 1 7=4+ 1+14+ 1 7T=24+27+24+ 1 

7=90 + 2 7=3 +34 1 7=2+2+1+1+1 
7=5 + 14+ 1 7=3 + 24+ 2 7=2+14+1+1+14+1 


7=4 + 3 7=3 +2+ 141 7T=1+14+1+17+1+171 
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325. If the product 


(1 + x)(1 + 27)(1 + 2°)(1 + 2°)(1 + 28) +--+ is developed, we have the series 


Lt+at a? + 227 4+ Q24 + 32° + 475° + Se? + 628 
+ 82° + 1029 + ++ , 


in which each coefficient indicates the number of different ways in which the 
exponent can be expressed as the sum of different numbers. For example, the 


number 9 can be expressed in the following eight ways as the sum of different 


numbers. 
9=9 9=6+2+1 9=8+1 9=5+4 
9=7+2 9=5+3+1 9=6+4+ 3 9=4+3++2 


326. In order that we may compare these two forms, we let 


P=(1-cr)(1 - 2°) - 2°) — ct) - x°)\(1 — x®) +: 

Q=(1+ r)(l + 27)\(1 + x*\(1 + x*)(1 + 2®\1 + 28)--- 
PQ=(1-27°)\1 - ec‘) - 2) - 28\1 - x\°\(1 — 2l)--- 

Since all of the factors of PQ are contained in P, when P is divided by PQ we 


obtain 
o = (1 — 2) — 2°\(1 — 2°) — 274 — 2°)--- . It follows that 
dQ = ee If this rational function is 


(1 — r)1 —- 2°)\(1 — 2°) - x'\(1 — 2°) 
developed in an infinite series, the coefficient of each term will indicate the 
number of different ways in which the exponent can be expressed as the sum of 


odd numbers. Since this series is the one which we considered in the preceding 


section, we have the following theorem. 


The number of different ways a given number can be expressed as the sum of 


different whole numbers ts the same as the number of ways tn which that same 
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number can be expressed as the sum of odd numbers, whether the same or 


different. 
327. As we have already seen, 


P=it-r1-xe+ r+ 2? — cg — oc! 4+ 72? + 778 
— 73d _ 40 4 


If we substitute 2” for z, we have 
PQ=1-227 —2t+ cl + gt — ot — 730 4+ ot + oP? — 
When PQ is divided by P we obtain 


t— 2? — ot + 79 4+ gt — o24 — 72 4+ 
t-e —~ ert oh + oo? — gl? — gl 4 72? 4 8 


Q= 


It follows that Q is also a recurrent series, and that it arises from the series 5 


multiplied by 1 — 2? — zt + 289 4+ ght — 74 - 


That is, from section 324 we know that 


tlt at 2% + 30% + 5c + Teh + 112? + 1524 


+ 2228 + 302° + 


If this is multiplied by 1 — 22 — 24 + 21° + 24 — --- , we obtain 

L+a + Qc? + 323 + Set + 72° + 112° + 1527 + 222° + 302° + 

— 2? — 23 — 224 — 32° — 52° — 72’ — 1128 — 152° — 

— 24 — 7° — 228 — 377 — 528 — 7z9 — «- - , or 

Q=1t+2+ 2% + 23 + Qx1 + 32° + 42% + 5e? + Oe® + 829+ --- . It 
follows that if the formation of numbers by addition of numbers, either different 
or the same, is known, then we can deduce the formation of numbers by addition 
of unequal numbers and thus also the formation of numbers by addition of only 


odd numbers. 


277 


328. There remain a few problems of this type which are worth notice, and 
which also have some use for the understanding of the nature of numbers. Let 
us consider the expression 
(1+ x)(1 + 2°) + x*)(1 + 28) + 2!) + 23)--- , in which each 
exponent in the sequence is double its predecessor. The series which arises from 
this product is 1 + 27 + 22+ 24 + 7° 4+ 78 + 77 + p38 + +--+ | There could 
remain some doubt as to whether this series is actually a geometric progression, 
and for this reason we investigate the series. We let 
P=(1+ c)(1 + 27)(1 + 2*)\(1 + c8\(1 + 2!®)--- | and suppose 
P=1+ ax + Bx? + yx? + 824 + ex? + C29 + yr? + O28 + vss. Tt) is 


clear that if we substitute x7 for z, then the product becomes 


(1 + 2*)(1 + x*)(1 + 28)\(1 + xl®)Q1 + 232)--- , which is equal to 
r 


follows that 


P 
1+ez 


= 1+ a2? + Bret + yr8 + 828 + ex!? + Crl? + 


When we multiply by 1 + «x we obtain 
P=1+2+ a2? + ag? + Brt + Bor + yo® + yo? + 828 + 82° 4+ 

If we compare this expression for P with the original expression we see that 
a=1,B=a, y=a,56=68, €=£8,C=y,n = y, etc, so that all of the 
coefficients are equal to 1. It follows that the given product P is indeed equal to 


the geometric series 1 + ¢ + 27 + 224+ tt 2° + oo + 7? + 


329. Since each whole number occurs exactly once as an exponent in the 
series which arises from the product (1 + z)(1 + 2*)(1 + xt)--+ , it follows 


that every whole number can be expressed as the sum of terms in the geometric 
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progression with common ratio equal to 2: 1, 2, 4, 8, 16, 32,°°- , and this sum 
is unique. It can be noted that this property is used in weighing. If one has a 
set of weights weighing 1, 2, 4, 8, 16, 32, etc. pounds, then with only these 
weights, anything can be weighed, unless parts of pounds are required. That is, 
with only the ten weights, 1 lb., 2 Ib., 4 lb., 8 Ib., 16 Ib., 32 lb., 64 lb., 128 lb., 
256 lb., 512 Ib., anything up to 1024 lb. can be weighed. Indeed, if an eleventh 
weight weighing 1024 lb. is added to the set, then anything up to 2048 lb. can be 


weighed. 


330. It is frequently shown that in weighing one can use fewer weights, 
namely those in a geometric progression with common ratio equal to 3, that is, 
1, 3, 9, 27, 81,:--° . With these anything can be weighed, unless fractional 
parts of pounds are required. In this case, however, two pans of the balance, 
rather than just one, must be available for placing weights, when necessary. The 
procedure is based on the fact that, from the terms of the geometric progression 
with common ratio equal to 3, any number can be formed when both addition 


and subtraction are allowed. For example 


1=1 o9=9-3-1 9=9 
2=3-1 6=9- 3 10=9+ 1 

3 = 3 7=9-37+1 11=9+3-1 
4=3+1 8=9-1 12=9+ 3 
etc. 


331. To prove this fact we consider the following infinite product 


P= (x7! + 1+ z')\(2~ +1+ x°)(2~ 9 +1+ z*) (x ?" +1+ g?") coe 
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When the series is developed, only exponents will appear which can be expressed 


from the numbers 1, 3, 9, 27, 81,:-- , either by adding or subtracting. 
Whether each and every whole number appears as an exponent of z in this series 
is the question, Let P= ++: + cx? + br? + az 1 4+1+ ax! + Bx? 
+ yo? + 821 + er® + 

It is clear that when z° is substituted for x we obtain 


P 


Tt tt 8 + az + 1+ ar? + B® + yx® 4+ 
xr tit+egez 


It follows that P= +++ + at *+ ax 2+ ar?+2r +142 

+ ar? + az? + ast + B2° + Br® + Br? + +++ . When this expression for 
P is compared with the original expression for P, we have 
a=1,B=a,y=a, S=a,e=8,C=8, etc. and a =1,b =a,c =a, 
d = a,e = b,etc. It follows that 


P=itaeatarrt+ a> t+ ott oP + 78 + go G4 


a i ee a oe 


J 


so that we see that every power of z, both negative and positive, does occur, and 
hence every whole number can be expressed from the terms of the geometric pro- 
gression with common ratio equal to 3, by either adding or subtracting, and this 


is done in a unique way. 
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CHAPTER XVII 


Using Recurrent Series to Find Roots of Equations. 


332. The celebrated Daniel Bernoulli made significant use of recurrent series 
in his investigation of the roots of equations of any degree, in Volume III of the 
Commentaries of the St. Petersburg Academy. There he showed that the values 
of the roots of any algebraic equation can be accurately approximated by the use 
of recurrent series. Since this discovery is frequently very useful, we now will 
explain the process with special care, so that it may be clear in what cases it can 
be used. From time to time the unexpected does occur, and this method does 
not yield a root for a given equation. For this reason we consider from among the 
properties of recurrent series, that very basic one upon which the procedure rests, 


so that the force of this method is perfectly clear. 


333. Since every recurrent series arises from some rational function, let such 


+ cz? + dei t+ eztt +: . . 
a function be at be pee Fe tee From this function there 
1 — az — B2" — yz" — bz — 7 


arises the series A + Bz + Cz? + Dz? + Ezt + Fe? + , whose 


coefficients A, B, C, D, E, F, etc. are determined by 
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=a 

= aA + b 

aB+PBA+te 

=aC + BBt+yAtd 
EBE=aD+6C + yB+ 6A + e 


Sv QB = 
II 


etc. The general term, or the coefficient of the power z", is found by expressing 
the given rational function by partial fractions, whose denominators are factors 


of L — az — Bz* — yz* — --- . This has been shown in Chapter XIII. 


334. The form of the general term depends especially on the nature of the 
linear factors of the denominator, whether they are real or complex, and whether 
they are all different or two or more are equal. These different cases will be 
treated as we proceed. First we consider the case in which all linear factors are 
real and distinct. Let all of the linear factors of the denominator be 


(1 — pz)(1 — qz)(1 — rz)(1 — sz)+-+-+ . From these we obtain the following 


_u_, vi, wi, Xx 
1 — pz 1 — qz 1— rz 1 — sz 


+ +--+ . When 


partial fractions, 


these are known, the general term of the recurrent series _ is 
z"(Up"” + Vq" + Wr" + Xs" + --+-+) which we designate Pr". That is, we 
let P be the coefficient of z”, and we let Q, R,:-- be the coefficients of the fol- 
lowing terms. Then the recurrent series is 


A + Bz + C2? + D2 + +++ + Pz” + Qe”*) + R2™*? + 


335. Now we let n be very large, that is, we continue the recurrent series to 
very many terms. If one number is larger than another, the powers of the larger 
will be even larger than the powers of the smaller. There will be a great 


difference between the powers Up", Vq", Wr”, etc., so that, that which arises 
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from the largest of the numbers p, q, r, etc. will be much greater than the oth- 
ers. In comparison, the smaller ones are almost insignificant when n is an 
infinitely large number. Since the numbers p, q, r, etc. are all different, we sup- 
pose that p is the largest. When n is infinite, then P = Ap”, or at least when n 


is very large P is approximately equal to Ap”. Similarly, @ = Ap"~!, so that 


P = p. From this it is clear that when a series is continued for very many 


terms the coefficient of any term when divided by its predecessor leaves a quo- 


tient which approximates the largest number p. 


336. If in the given rational function 


a + bz + cz? + dz? + 
1 — az — Bz? — yz? — 824 - 


—s the denominator has factors which are all 
real and distinct, then from the recurrent series we can find one simple factor, 
namely 1 — pz, in which p has the largest value. In this business the coefficients 
of the numerators, a, b, c, d, etc., play no part. Indeed, whatever values be 
given to these coefficients, the same value of the greatest of the numbers, p, will 
be found. The true value of p is found when the series is continued to infinity, 
while an approximate value is found when very many terms are found. The 
more terms we find the better is the approximation; the approximation is better 
also to the extent that p is greater than the other values q, r, s, etc. Finally, it 


makes no difference whether p is positive or negative, since in either case the 


powers increase. 


337. By now it should be clear how we can use this investigation to find the 


roots of any algebraic equation. From a knowledge of the factors of the denomi- 
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nator 1 — az — Bz? — yz? — 824 — +--+ , it is easy to find the roots of the 
equation 1 — az — Bz” — yz* — 824 — --- = 0. That is, if 1 — pz is a fac- 
tor, then z = i will be a root. Since we know the largest value p from the 


recurrent series, we immediately know the smallest root of the equation 
2 3 1, ; . ; 
1 — az — Bz" — yz" — ++: = 0. If we let 2 = — in this equation, we obtain 
r 


c™ —oac™ ! — Br™ 2? — yr™"3 — .-+ = 0. By means of the same method 


we can find the largest root of this equation, x = p. 


338. If the given equation is 7” — ar™ ! — Bx™ 2? — yr™ 3 — +--+ =O 
and if the factors are all linear and distinct, then the largest of the roots can be 
found in the following way. We form from the coefficients of the equation the 


a+ bz + cz? + dz? + 


following rational function 3 3 4 
1 — az — B2" — yz? — 82° — 


. We then form 


the recurrent series, where we are free to choose any numerator of the rational 
function, which means that we can choose arbitrarily the first terms of the series. 
Let the series be A + Bz + Cz? + Dz? + +--+ + Pe” + Qz"tl+ +++) then 


Q 


the fraction P gives the value of the largest root z for the original equation and 


the approximation will be closer, the larger we choose the number n. 
EXAMPLE I 
Let the given equation be x? — 3x — 1 = 0, and we want to find the largest 


root. 


a+ bz 


— 3z - 


We form the function then choose the first two terms to be 1 


’ 
22 


and 2. The resulting recurrent series has the following coefficients: 
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2738 


1, 2, 7, 23, 76, 251, 829, 2738,--- . It follows that the quotient 309 


1S 


approximately equal to the largest root of the proposed equation. The decimal 
approximation of this fraction is 3.3027744, while the true value of the greatest 


root is = whose decimal approximation is 3.3027756. The difference is 


only one in a million. We further note that the fractions 2 are alternately 


greater and less than the true root. 


EXAMPLE II 
The proposed equation ts 3x — 4x° = > whose roots are the sines of three 
arcs such that the sine of three times the arc is equal to - 


The equation is expressed in the form 1 — 62 + 8z* = 0 so that the 
coefficients may all be integers. We seek the minimum root, so that it is not 


a+ br + er? 


necessary to substitute i for z. We form the rational function 1-6 373 
z — 62 + 8&& 


and freely choose the first three coefficients to be 0, 0, and 1. We make this 
choice to make the calculations easier for the remaining coefficients in the 
recurrent series. We omit the powers of z and give only the sequence of 


coefficients : 0, 0, 1, 6, 36, 208, 1200, 6912, 39808, 229248. The quotient 


39808) 31h = 0.1736515 is an approximation of the minimum root, which 
229248 1791 


is actually the sine of 10 degrees. From the tables we find that the sine of 10 


degrees is equal to 0.1736482. The calculated value exceeds the tabular value by 


33 


—~—~—~. This root could more easily be found by letting + = i, to obtain 
10000000 2 
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the equation 1 — 3y + y®. In a similar way we obtain the sequence of 


coefficients 0, 0, 1, 3, 9, 26, 75, 216, 622, 1791, 5157, --: . Then the approxi- 
mate root of this equation is y = AT9t _ 199 _ 0.3472949, so that 
59157 573 
1 


r= oy = 0.1736479. This approximate value differs by one tenth the difference 
] 


given by the previous approximation. 


EXAMPLE III 


Suppose the largest root of the equation 1 — 62 + 82° ts desired. 


We let x = o then y> — 3y + 1 = 0. We obtain the largest root of this 


equation from the recurrent series with scale of relation 0, 3, -1. When we take 
the first three terms arbitrarily we obtain 

1, 1, 1, 2, 2, 5, 4, 13, 7, 35, 8, 98, — 1l,::: 

In this series, since we obtain a negative coefficient, it is indicated that the root is 
negative and z = — 0.9396926, which is the negative of the sine of 70 degrees. 
If we change the initial terms we obtain 

1, — 2,4, — 7, 14, — 25, 49, — 89, 172, — 316, 605, — 


and y = — ate or © = ay = — 0.957. This misses the true value 


significantly. 

339. The main reason for this discrepancy is that the roots of the proposed 
equation are the sine of 10 degrees, the sine of 50 degrees, and the negative of 
the sine of 70 degrees. Of these roots the two largest are not very different, so 
that the powers of these roots to which we continued are not different enough 


from each others that the second root, the sine of 50 degrees, does not vanish in 


289 


comparison with the largest. This deviation is also a result of the fact that the 


calculated values are alternately too large and too small. That is, when we take 


316 — —- 158 79 


, f= Tmo Ue = «6: 0.918 . Since the powers of the largest 
172 172 86 


root are alternately positive and negative, so also the powers of the second root 
are alternately added and subtracted. For this reason, in order that the 
discrepancy become negligible it is necessary to take very many terms in the 


series. 


340. There is another remedy for this problem. We can transform the 
equation by a suitable substitution so that the roots are no longer so close to 
each other. For example, in the equation 1 — 6z + 82° = 0, whose roots are 
the negative sine of 70 degrees, the sine of 50 degrees, and the sine of 10 degrees, 
we let x = y — 1. The resulting equation is 8y? — 24y? + 18y —1= 0, with 
roots 1 minus the sine of 70 degrees, 1 plus the sine of 50 degrees, and 1 plus the 
sine of 10 degrees. In this case the smallest root is 1 minus the sine of 70 
degrees, although the sine of 70 degrees is the largest root of the previous equa- 
tion. Now 1 plus the sine of 50 degrees is the largest root, while before the sine 
of 50 degrees was the middle root. Furthermore, in this way any root can be 
transformed into the minimum or maximum root of a new equation by substitu- 
tion. It follows that any root can be found by this method. In addition, since 
the root 1 minus the sine of 70 degrees is much less than the other two, it can 


easily be calculated from the recurrent series. 
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EXAMPLE IV 
Find the smallest root of the equation 8y° — 24y7 + 18y — 1 = 0, which 


when subtracted from 1 gives the value of the sine of 70 degrees. 


We let y = oa, so that z2 — 627 + 9z — 1 = 0, and we find the smallest 


root of this equation by a recurrent series whose scale of relation is 9, -6, 1. In 
order to find the largest root, the scale of relation must be 6, -9, 1. For the smal- 


lest root we form the series with coefficients 


1, 1, 1, 4, 31, 256, 2122, 17593, 145861, --- . The approximate value for z is 
17593 | . 
145861 = 0.12061483. Then y = 0.06030741 and the sine of 70 degrees is equal 


to 1 — y = 0.93969258 which hardly differs from the true value even in the last 
digit. From this example it should be clear how useful an appropriate transfor- 
mation of the equation by substitution can be in order to find a root of the equa- 
tion. It also shows that once this is done, not only the smallest and largest roots 


can be found, but all roots can be found. 


341. If we already know an approximate value of any root of a given equa- 
tion, so that, for instance, the number k is very close to the root, then we let 
c—k=yorz=y +k. In this way we produce an equation whose smallest 
root will be z — k, whose value can be found from a recurrent series very easily, 
since this root is much smaller than any others. Then when & is added to the 
this root we have the root of the proposed equation. This trick has such a wide 


application that it can be used even when the equation has complex roots. 


29] 


342. In particular, without this trick, it is impossible to find a root of an 
equation if the equation has another root which is equal to the first but with 
opposite sign. For example, if an equation has p for its largest root and — p is 
also a root, then although the recurrent series might be continued to infinity, still 
the root p would never be found. For the sake of an example, consider the equa- 
tion 2? — 2? — 52 + 5 = 0. The largest root of this equation is V5, but there 
is also a root equal to — V5. If we follow the method we have been using to 
find this largest root, and we form the recurrent series from the scale of relation 
1, dD, - 5, we obtain the sequence of coefficients 
1, 2, 3, 8, 13, 38, 63, 188, 313, 938, 1563, --- , but there is no constant ratio in 
this sequence. We note however, that when we consider the quotient of alternate 


terms we do have a number which is approximated and this number is the square 


of the largest root. That is, 1563 938 313 are all approximations of 5. The 
313 «1886633 


fact is that whenever only the alternate term quotients approximate a constant, 
then that approximation is of the square of the desired root. The root itself 
r= V5 can be found by making the substitution z = y + 2 to obtain 
1— 3y — 5y2 — y2=0. The smallest root is found from the series with 


coefficients 1, 1, 1, 9, 33, 145, 609, 2585, 10945, --- . The approximate value is 


2080 


10945 = 0.2361. But 2.2361 is approximately equal to V5, which is the largest 


root of the original equation. 


343. Although the numerator of the rational function from which the 
recurrent series arises can be chosen freely, nevertheless a judicious choice is an 


important factor in arriving quickly at a suitable approximation. Since we have 
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assumed, as in section 334, that the general term of the recurrent series is 
z"(Up" + Vq" + Wr® + ---), these coefficients U, V, W, etc. are deter- 
mined by the numerator of the function. It follows that if the value of U is large 
or small, the approximate value of the largest root, p, will be obtained quickly or 
slowly respectively. Indeed a numerator could be chosen in such a way that U 
would vanish, and in that case, even though the series be indefinitely continued, 
the largest root, p, would never be found. This would happen if a numerator 
were chosen which had precisely the factor 1 — pz, since in that case the factor 
would be removed from the quotient. For example, let the given equation be 


x? — 627 + 10x — 3 = 0, whose largest root is equal to 3. If we consider 


+4 ___ Se 3, the recurrent series has a scale of relation 6, -10, 3 and 
1 — 6z + 102° — 32 
the sequence of coefficients is 1, 3, 8, 21, 55, 144, 377,:-- . However, the 


sequence of ratios does not converge to 3. The same series arises from the 


e e 1 e 
rational function To ara 37 4 a? so that the sequence approximates the largest 
— 32+ 2z 


root of the equation z7 — 3z + 1 = 0. 

344. Indeed, the numerator can be chosen so that any desired root of the 
equation may appear. This is done by letting the numerator be the product of 
all the factors of the denominator except the one corresponding to the desired 
root. For instance, in the example just discussed, if we choose 1 — 3z + z’ as 


1 — 32 + 2? 


numerator, the rational function er 
1 — 62 + 10z" — 32 


gives the sequence 


1, 3, 9, 27, 81, 243, --- which is geometric and immediately shows the root to 


be equal to 3. The given rational function is equal to — It is clear that if 
— 3z 
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the initial terms, which can be freely chosen, are chosen in such a way that they 
form a geometric progression equal to powers of one of the roots of the equation, 
then the whole recurrent series will be geometric and show the root itself, even 


though the root may neither be the smallest nor the largest root. 


345. We must beware, lest in seeking the largest or smallest root, unexpect- 
edly we obtain a different root from the recurrent series. Care must be taken to 
choose a numerator which has no roots in common with the denominator. This 
can be accomplished by choosing the numerator to be simply equal to 1 so that 
the remaining terms are completely determined by the scale of relation. In this 
way we are certain to obtain the largest or smallest root from the proposed 
method. For example, given the equation y> — 3y + 1 = 0, we want to find the 
largest root. From the scale of relation 0, 3, -1 we begin with 1 and obtain the 
terms of the recurrent series 1,0, 3 — 1,9, — 6, 28, — 27, 90, — 109, 297, 

— 517, 1000, — 1848, 3517, — 6544, + -:- . This clearly converges to a con- 


stant ratio and indicates that the largest root is negative. The approximate 


6544 
3017 


value of the root is y = — = — 1.860676, while the root should be 


-1.86793852. We have already discussed why the approximation converges so 
slowly, namely, since there is a different root which is not much smaller than the 


largest root and is a positive root. 


346. We have carefully considered the great usefulness of this method for 
finding the roots of equations, we have advised about the general method and 
also special cases where difficulties may arise. We have also shown some artifices 


whereby the process may produce results more quickly. It remains only to 
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discuss the cases when the equation has multiple roots or the roots are complex. 
We suppose that the denominator of the function 


a + bz + cz? + dz? + 
1— az — B22 — yz? — 824 - 


has the factor (1 — pz)’ and that the 
other factors are 1 — qz,1— rz, etc. The recurrent series which arises has a 
general term of the form 
z"((n + 1)Ap” + Bp” + Cg" + - °°) 

We suppose here that n is very large and distinguish two cases. The first case is 
when p is larger than q, r, etc., while the second case is when p is not the larg- 
est root. In the first case, where p is the largest root, due to the coefficient 
n + 1, the remaining terms Bp” + Cq” etc. do not vanish so quickly, in com- 
parison, as before. Indeed if q were greater than p, then the term (n + 1)Ap” 
vanishes slowly in comparison to Bp”. It turns out that the investigation of the 


root involves a great deal of work. 


EXAMPLE I 
Let the given equation be x® — 327 + 4 = 0, whose largest root ts double. 
We seek the largest root with the method proposed earlier. Consider the 


1 . 
1324 403” whose recurrent series has the terms 
— 32 z 


rational function 
1, 3, 9, 23, 57, 135, 313, 711, 1593, --- . We note that the quotient of any 
term by its predecessor is always greater than 2. The reason for this is easily 
seen from the general term. When we omit the terms Bp”, Cq”, etc 


., the 


coefficient of z” is equal to (n + 1)Ap” + Bp”, the next coefficient is equal to 


(n + 2)Ap" *! + Bp" ++. The quotient is (n + 2)A + B 


(n + 1)A + BP which is always 
n 
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greater then p unless n has already increased to infinity. 


EXAMPLE II 


Let the equation be x? — 2? — 54 — 3 = 0, whose largest root ts 8 and 


whose other two roots are equal to -1. 


We want to find the largest root by means of a recurrent series, whose scale 
of relation is 1, 5, 3. We obtain 1, 1, 6, 14, 47, 135, 412, 1228,--- , which 
approximates the value 3 with reasonable rapidity. This is because the powers of 
the smaller root, -1, even when multiplied by n + 1, vanish quickly when com- 
pared to the powers of 3. 


EXAMPLE III 


If the given equation is r* + x” — 8x — 12 = 0, whose roots are 3, -2, -2, 
the largest root emerges much more slowly. The sequence of coefficients for the 
series is 1, — 1, 9, — 5, 65, 3, 457, 347, 3345, 4915, --- and this must be con- 
tinued much further before it becomes clear that the root approximated is equal 


to 3. 


347. In a similar way, if three factors are equal, so that one of the factors of 
the denominator is (1 — pz) and the others are 1 — qz,l1 — rz, etc., then the 


recurrent series has a general term of the form 


2” {nF Bin 2 ap" + (n + 1)Bp" + Cp" + Dg” + Br” + “++ 1. Tf p 


is the largest root and if n is large enough so that the powers q”, r”, etc. vanish 


in comparison to p”, then from the recurrent series we obtain the root approxi- 


(n + 2)(n + 3)A + (n + 2)B + C 
p. Unless n is extremely large, 
(n + 1)(n + 2)A + (n + 1I)B+ C 


mated by 


bo [Re pbs [eH 
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that is, almost infinite, the quotient will be larger than p. Indeed, the quotient is 


equal to p + (nF QATBOOOU If it happens that p is 
9 |" + 1)(n + 2)A + (n+ IB+C 

not the largest root, then the calculation of the root is much more difficult. It 

follows that equations which contain repeated roots are much more difficult to 

solve by this method of recurrent series than those equations in which the roots 


are all different. 


348. We now consider how the recurrent series is to be arranged when the 


denominator of the rational function has complex factors. Let the function be 


a+ bz + ez? + dz? + 
L— az — B2? — yz? — 824 - 


with real factors 1 — qz,1— rz, etc. of 
the denominator and also a trinomial factor 1 — 2pz cos hb + pz”, which con- 
tains two linear complex factors. If the recurrent series arising from this function 
is A + Bz + Cz? + D2? + +--+ + Pz” + Qz"*!, then, according to our pre- 


vious discussions, the coefficient of P is equal to 


A sin(n + Db + Bsin md on 4 oan 4 Dyn 4 
sin 


. If the number p is less 


than one of the others, gq, r, etc., so that the largest root of the equation 
c™ —ar™ | — Ba™ 2? — ye™"3 — --- =O is real, then that largest root 


will be approximated by the recurrent series just as if there were no complex 


roots. 


349. The method of finding the largest real root is not disturbed by the 
presence of complex roots as long as the product of the two conjugate complex 


roots in smaller than the square of the largest real root. On the other hand, if 
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the product of the conjugate complex roots is greater than or equal to the square 
of the largest real root, then the procedure just investigated will not produce the 
desired result. The reason is that the power p”, when compared to the same 
power of the largest real root, will not vanish even if the series is continued to 


infinity. In order to illustrate these facts we give the following example. 


EXAMPLE I 


Let the given equation be r° — 2x — 4 = 0, whose largest root we would Itke 


to investigate. 


This equation has the two factors (x — 2)(x? + 22 + 2). From these we see 
that there is one real root, 2, and two complex roots whose product is equal to 2, 
which is less than the square of the real root. It follows that the real root can be 
found by the method we have given. We form the recurrent series from the scale 
of relation 0, 2, 4 and find the sequence 
1, 0, 2, 4, 4, 16, 24, 48, 112, 192, 416, 832,--- . From this it is sufficiently 
clear that the root is 2. 


EXAMPLE II 


Let the given equation be x® — 4x7 + 82 — 8 = 0, with one real root equal 
to 2 and two complex roots whose product is 4, which is equal to the square of the 


real root. 


We try to find the real root by a recurrent series. In order to simplify the 
process, we let s = 2y. We then have y*® — 2y? + 2y —1= 0, from which we 
obtain the coefficients of the recurrent series, 


1, 2, 2, 1, O, O, 1, 2, 2, 1, 0, 0, 1, 2,2, 1,:°: . Since the same terms continue 
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to repeat, we can conclude nothing except that the largest root is either not real 
or that there are complex roots whose product is equal to or greater than the 
square of the real root. 


EXAMPLE III 


Let the given equation be x° — 327 + 4x — 2 = 0, whose real root is 1, the 


product of the two complex roots ts equal to 2. 


From the relational scale 3, - 4, 2 we form the series with coefficients 
1, 3, 5,5, 1, — 7, — 15, — 15, 1, 33, 65, 65, 1,--- . In this sequence some 


terms are positive, some are negative and the real root 1 can in no way be recog- 


nized. 


350. Suppose that the product of two complex roots is p’ and that this is 
greater than the square of any real root. It follows that compared to p”, the 


other powers q",r”, etc. vanish as n goes to infinity. In this case we let 


p= A sin(n + Ub + B sin nd in and 
sin 


_ A sin(n_ + 2)b + B sin(n_ + 1)d p"*! so that 
sin 


Q 
Q _ Asin(n + 2)hb + Bsin(n + 1)b 


= . This expression never takes a con- 
P A sin(n + 1)b + Bsin no P P | 


stant value, even when n goes to infinity, since the sine always oscillates 


between negative and positive values. 


351. In the meantime, if the fractions ime S are also calculated, then the 


R 


constant A and B can be eliminated, and the number n also leaves the expression 


to give Pp? + R = 2Qp cos. From this expression we find 
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2 2 
Pp + he Likewise we find cos @ = Qp + 8 
2Qp 2Kp 


sions we find p = V(r? — QS)/(Q? — PR) and 


cos db = . From these two expres- 


cos = —— It follows that if the recurrent series is con- 
2V(Q" — PRR" — QS) 


tinued far enough that in comparison to p” the powers of the other roots vanish, 


then we can find the trinomial factor 1 — 2pz cos hb + p22”. 


352. Since the calculations which produce the results stated in the previous 


section may give some difficulty, we here set it out in detail. From the value for 


Q 


— we find 
P 


APp sin(n + 2)> + BPp sin(n + 1)h = AQ sin(n + 1)b + BQ sin no, 


so that A _ @ sin nob — Pp sin(n + 1) 
B Pp sin(n + 2)h — Q sin(n + 1)b 


A _ RF sin(n + 1)b — Qp sin(n + 2)h 


B Qp sin(n + 3)b — R sin(n + 2)b— 


. Likewise 


When we equate these two expression we obtain 

0 = Q’p sin nb sin(n + 3)b — QR sin no sin(n + 2)h 

— PQp’sin(n + 1) sin(n + 3)b — q?p sin(n + 1) sin(n + 2)b 
+ QR sin(n + 1) sin(n + 1)b + PQp’sin(n + 1) sin(n + 2)d. 


We recall] that sin a sin 6 = = cos( a — b)- = cos( a + 6), so that 
1, 1 i 
0= 5! p(cos 3h — cos d) + 9 GRU — cos 2h) + 9 PoP (1 — cos 2d). 


When this expression is divided by 50° we obtain 


(Pp? + R)(1 — cos 2b) = Qp(cos hb — cos 3). We now recall that 


cos & = cos 2p cos d + sin 2h sin d and 
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cos 3d = cos 2 cos & — sin 2d sin d, 


so that cos d — cos 3b = 2 sin 2h sin b = 4(sin cb)*cos ob. Recall also that 


2 Qp? + § 
1 — cos 2h = 2sin ob)’, so that Pp“ + R = 2Qp cos and cos } = ORD 


From these expressions we obtain the results stated above, that is, 


~ R? — QS\V(Q? — PR d co - ——9h Pe 
p= V{ QS )/(Q ) and cos oVig? — PRR? ~ O35) 


353. If the denominator of the rational function from which the recurrent 
series is found has several trinomial factors which are equal, then when the form 
of the general term, which was given above, is considered, it becomes clear that 
the discovery of roots becomes much more precarious. On the other hand, if any 
real root is already approximately known, then by a transformation of the equa- 
tion a much closer approximation can be found. We let z be equal to the sum 
of the approximate value of the root and y, then in the new equation we look for 
the smallest root for y. This value is added to the previous approximation for 
the true value of z. 


EXAMPLE 


Let the given equation be 1° — 3x7 + 52 — 4 = 0, which has a root near 1, 


as is clear when we let x = 1 to produce rc? — 32° + 52 —4 = — 1. 


We let zx = 1+ y and obtain 1 — 2y — y® = 0. In order to find the smal- 


lest root we form a recurrent series with relational scale 2, 0, 1. The sequence of 


terms is 1, 2, 4, 9, 20, 44, 97, 214, 472, 1041, 2296,--- , and the smallest root 
; ; 1041 ; 
for y is approximately 9996 = 0.453397. The approximate value for z is 


1.453397, which is very close and there is hardly any other method which would 
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find the root so easily. 


304. If any recurrent series finally approximates a geometric progression, 
then from the law of the progression this fact is easily detected, that is, some 
root of the equation is the quotient of one term divided by the preceding term. 
Let P, Q, R, S, T,-++: be terms of the recurrent series far removed from the 


beginning, so that it might be taken for a geometric progression. Let 


T=aS + BR + yQ + SP, that is the relational scale is a, B, y, 8. We let 
a z, then KL x”, S x, and a x‘, When these values are substi- 
Q P P P 


tuted in the above equation we obtain z* = az? + Bx? + yx + 3, so that it is 


clear that 2 is indeed a root of the discovered equation. This, with the previous 
method, informs us that the quotient * gives the largest root of the equation. 


355. This method for finding roots can frequently be of help even if the 


equation is infinite. As an illustration consider the equation 
2° 2 zi 

—-=%z7-— — + +++ whose smallest root z gives the arc of 30 

2 6 120 5040 


degrees , or one sixth of a semicircle. We write the equation in the form 


23 2 z! 
0=1—- 22 + — —- — + — +++ . From this we form a recurrent 
3 60 2520 
; Lo: ; , 1 1 1 
series with infinite relational scale 2,0, — —, 0, —,0, — ——,0+ -::- , 80 
3 60 2520 


23 44 1681 2408 


that the terms of the series are 1, 2, 4, ; ; ; ,'c¢ . The 
3.83 60 45 


approximate value for z = AGST45 _ LO81'S _ 5043 _ 0.52356. From our 
2408-60 2408°4 9632 


knowledge of the ratio of the circumference to the diameter the value should be 
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0.523598 which is an error of only 3 The method was useful in this case 
100000 


since all of the roots are real and all of the other roots are sufficiently different 
from the smallest root. Since this is not often the case in infinite equations, the 


method is seldom useful for their solution. 


CHAPTER XVIII 


On Continued Fractions. 


356. Since we have discussed many facts about both infinite series and 
infinite products in the preceding chapters, it does not seem to be incongruous 
that we add something about a third kind of infinite expression, namely, about 
continued fractions or continuous division. Although this area has been little 
cultivated up until this time, we have no doubt that it will be much more widely 
used in the analysis of the infinite in the times to come. From time to time I 
have already given some examples of this kind, which make this prediction no 
less probable. It is especially the applications to the branches of arithmetic and 
common algebra, where I expect this topic to be of considerable aid, and that I 


briefly indicate and develop in this chapter. 


357. By a continued fraction I mean a fraction of such a kind that the 
denominator consists of the sum of an integer and a fraction whose denominator 
again is the sum of an integer and a fraction of the same kind. This process can 


continue indefinitely or can stop at some point. A continued fraction has the fol- 


; . 1 
lowing expression: a + 


oT 
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In the first form the numerators of all fractions are 1, and this is the form we 


consider first, while the second form can have any number for a numerator. 


358. Now that we have given the form of a continued fraction, we next look 
for an equivalent expression in the usual way of expressing fractions. In order 
that we may find this more easily, we proceed step by step. We break the con- 
tinued fraction first into a first fraction, then in a second, next in a third frac- 


tion, and so forth. We proceed as follows: 


a=a 
ating etl 
b b 
at — = Serer 
b+ = ° 
c 
at 1 _ abed + ab + ad + cd + 1 
b + — bed + b+d 
c+ — 
d 
a+ — 
b + 1 
c + i 
d+ — 


e 
abcde + abe + ade + cde + abe t+tatete 
bede + be + de + bc +1 


359. Although in the ordinary expression of these fractions it is not easy to 


find a law of formation according to which the numerator and denominator are 
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to be composed of the letters a, 6, c, d, etc., nevertheless with a bit of attention 
it becomes clear how one can form a given fraction from its predecessors. We 
note that any numerator is the sum of the numerator of its predecessor multi- 
plied by the new letter and the numerator of its second predecessor. The same 


law holds for denominators. When we write in order the letters 


a,6,c,d, *** , the fractions formed from them are easily found as follows: 
a 0b c d e 

Il a ab+i1 abe +ate abcd + ab + ad + ed + 1 

0 1 b be + 1 bed + b+ d 


where each numerator is found if the preceding numerator is multiplied by its 
superscript and added to the numerator of its second predecessor. The same pro- 


cedure applies for the denominators. In order that this law may apply from the 
beginning we have prefixed the fraction - which is not a part of the continued 


fraction, but makes the law of formation clearer. Any of these fractions gives the 


value of the continued fraction up to that letter which is above its predecessor. 


360. In a similar way, the second form 


€ 


et 
f + 


when broken up gives the following values 
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a abc + Ba + ae 
at 3 be + 
b+ & c+ B 


n a _ abcd + Bad + acd + yab + ay 
h + B bed + Bd + yb 


etc. in which each fraction is found from its two predecessors in the following 


way. 
a b c d € 
1a ata abc + Ba + ac abed + Bab + acd + yab + ay 
0 1 b be + B bed + Bd + yb 
a Bp yY re) € 


361. In the above scheme each fraction has a superscript and a subscript. 


a 


Again the first fraction is -, and the second is 7: Thereafter, any fraction is 


formed by multiplying the numerator of the preceding fraction by the superscript 
and multiplying the second predecessor by the subscript. The new numerator is 
the sum of these two products. The new denominator likewise is the sum of the 
product of the denominator of the predecessor by the superscript and the pro- 
duct of the denominator of the second predecessor by its subscript. Any fraction 
found in this way gives the value of the continued fraction up to and including 


the denominator which is a superscript of the preceding fraction. 


362. If these fractions are continued for as long as superscripts and sub- 
scripts are given, then the last fraction gives the true value of the continued frac- 
tion. The preceding fractions approximate the true value more and more closely. 
For this reason they provide a suitable approximation. We suppose that z is the 


true value of 
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It is obvious that the first fraction, - is greater then rt. The second fraction, < 


is less than x, while the third, a + a is greater than z, and the fourth is again 


less, and so forth. The fractions are alternately greater and less than z. We also 
note that each fraction is closer to the true value than any of its predecessors. In 
this way we very quickly and easily obtain an approximate value for zc. 
Although the continued fraction might continue indefinitely, still, provided the 
numerators a, 8, y, 5, °°: do not become too large, we obtain a good approxi- 
mation. If all of the numerators are equal to 1, then there is no problem in the 


approximation. 


363. In order that we may more easily see that the fractions really approxi- 


mate the true value, we consider the differences in the fractions we have found. 


To begin with, we pass over the first fraction -, and we consider the difference 
beteen the second and the third. This difference is 7 When we subtract the 


fourth from the third we obtain We ry The result of subtracting the 
Cc 


fourth from the fifth is Te ¥ Bibed Bd Py)’ etc. It follows that we can 


express the value of the continued fraction by a series whose terms are formed as 


follows: x a + b b( be 4 B) + (bc + B)(bced + Bd + yb) 


If the continued fraction does not continue indefinitely, then the series breaks off 
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after a finite number of terms. 


364. Now we find an expression as alternating series for a continued frac- 


tion in which the first letter a@ vanishes. If 


p= pe + te . 
en 


then, by what we have already seen, 


rae & OB BY 
b b(be + B) (be + B)(bed + Bd + yb) 


5°: rs 


follows 

(bcd + Bd + yb)(bede + Bde + ybe + dbc + BS) 
that if a, B, y,5 °°: are not increasing, for instance, all equal to 1, and if the 
denominators a, 6, c, d,°°-* are all positive integers, then the series of terms 


converges very quickly to the value of the continued fraction. 


365. We can now consider the converse problem. Given an alternating 
series, find a continued fraction such that the series representing the value of the 
continued fraction is the given’ series. Let the given’ series’ be 
rc=A-B+C-D+E-F+ :-:-: . By comparing terms of the given 


series and the series representing the continued fraction we obtain 


A = + so that a= Ab, 

5B __B _ so that B = _Bbe 

A be +B A_—B 
Cle gy 8 Clove + 

B bed + Bd + yb b(B — C) 

D_ d(bc + B) and 5 = De(bed + Bd + yd) 
C’ bede + Bde + ybe + Sbe + BS (be + BUC — D) ’ 


etc. Since B= —. we have be + B= reat 
AC'cd 
= — , Sj bed + Bd + yb = (be + B)d + yb 
Y= — ByB — cy Since Pe Bd + yb = (be + B)d + ¥ 
_ _Abed AC'bcd _ ABbcd we have 
A-—B (A — B\(B-C) (A — B)(B- C)’ 
bed + Bd + yb Bd BDde 
= —— and 6 = ——_———_-.. 
be + B B-C (B — C\(C — D) 
In a similar way we find € = —__ Chef and so forth. 


(C — D\(D — E) 


366. In order that the law of formation may become clearer we let 


P= 5b 

Q=be +B 

R = bed + Bd + yb 

S = bede + Bde + ybe + 8bc + BS 
T = bedef + 

V = bedefg + 


From the law of formation for these expressions we have 


Q=Pc+B 
R = Qd + vyP 
S = Re + 6Q 
T= Sf+eR 
V= 7+ CS 


etc. 


When we use these letters we have 


a o8 | apy — aByd 1 aByse _ 
P PQ OR RS ST 


367. Since we have let 


r=A-B+trC-D+t+E-Ft ss: , we have A = — so that a 
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Then 


AP; 


I 


B= Eso that p= SB, S = UW oo that y = Fos G = Oe, 50 that 


Q C 
= DS. fb _ sh so that € = BT. etc. Further, when we take the 
CQ OD T DR 


differences, we have 


a(Q — ac APe 
A -Bo= = ——_—_—- = — 
PQ Q Q 
pou oblR =P) _ abd _ BOd 
PQR PR R 
cp - aby(S — 82) _ aBye _ CRe 
QRS QS S 
_ aBys(T — «R) _ aBydf _ DSf 
D-E= = = — 
RST RT T 


etc. If we consider products of differences we have 


(A — BYB - Cc) = ABE R ABed 


and so — = 


P (A — B\B-— C)’ 


(B - OC ~ D)= “SEE and 99 5 = BG Spy} 

(C - yp - By = le dF = Goby wy 

Since P = 6, Q = = “ 5 ee, we have 

ed 


mM 
@ 
~ 
io) 


368. Now that we have found values for the numerators a, B, y,6,°°° , 
the denominators 6, c, d, e,:** can be arbitrarily chosen. It is convenient to 
choose them in such a way that the values for a, B, y, 6, etc. will be integers. 
This of course depends on whether A, B, C, etc. are integers or fractions. If we 


suppose that these numbers are integers and make the following choices 6 = 1, 


then a =A; c =A-—B, then B=8B; d=B-C, then y= AC; 
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e = C — D, then 8 = BD; f = D — E, then € = CE; etc. It follows that if 
r=A-B+C-D+E-Ft * , then the value of zx can be 


expressed as the continued fraction 


A 
c= B 
1+ AG 
A-Bt BD 
B-C+ OE 
C-D+—————— 
D-E+-:-:: 

369. If all of the terms of the series are fractions, as for example, 
r= = — 5 + — = + = — +++ , then we have for a, 8, y,5,°°-° the 
following values, a = o B= Abe = Bled 

e A’ B-A’’ (B-A)C —D)’ 
_ C* de D*ef 


(¢- BD — 6)’ € = (D — C\E—D)’ etc. We choose the arbitrary 


values as follows: 
b=A,a=1, ¢=B-—A, = A’, 


d 


lI 
QQ 
| 
& 

2 
| 
% 
iI 
S 
| 
Q 
o 
II 
Q 


etc. and the continued fraction will be 


t= 1 
7 2 
A + A 
B? 
B-At , 
C 
C - B+ —-2,_— 
D-Ct 
EXAMPLE I 
; ; 1 1 1 1 , 
Let the infinite sertes 1 — > + 3 ve + 5 —- «:*-* be transformed into 


a conitnued fraction. 
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We let A = 1,B =2,C = 3, D = 


= 4, Since the value of the pro- 
posed series is log 2, it follows that 
log 2 = | 7 
1+ 1 
1 + 9 
1 + 16 
1 + 35 
1+ 
1+ 
EXAMPLE II 


Let the infinite series 7 = 


-~,-2;,1_1,1- , where w 
4 3 5 7 9 


denotes the circumference of a circle with diameter equal to 1, be transformed 


into a continued fraction. 


When we substitute for A, B, C, D,---: , the numbers 1, 3,5,7,°°° , 


we obtain — = | 
4 i+ 1 

a ae 

2+ ——2 __ 


If we invert the fraction we obtain 4 ————_____——-——_. This 
mn a 


a 


is the expression first found by BROUNCKER as a quadrature of the circle 
EXAMPLE III 
Let the given infinite series be 


a a va 
m mtn m + 2n m + 3n 


mtn, C =m + 2n,°-- , we have the continued fraction 
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c= 
m2 


2 
n + ——(m4 ny __ 
(m_ + 2n) 
nt 3 
+ 
n+ 3n) 


nt 


When this fraction is inverted we obtain 


nt 


EXAMPLE IV 


Since in section 178 we found 


Mm T 
qr cos 
moot ot , a at a 
. mr m n—-m n+tm 2n — m 2n +m , 
n sin —— 
n 
we let A=m,B=n-—-m,C=n+m,D =2n —-—m,:-*: and write the 
mmr 
a cos —— 
. . n 1 
continued fraction ——————— = 3 
. mar m 
n sin m+ 5 
n _ 
n—2m+ nam 


370. If a given series has the form 


—_ L d + —1_ -*+, and we want to 


1 
=— + — - — 
“A AB ABC. ABCD ABCDE 
express it as a continued fraction, then we have 


2 3 = be _ Bed 
A’ B-1’* (B—1\C —1)’ 


a= 


Cde Def 
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If we let: 


I 


b 


; then a = 1; 
— 1, then B = A; 


— 1, then 8 = C; 


ee = 


A 
B 
d = C — 1, then y = B; 
D 
E 


f = E —-1,thene = D; 


etc. It follows that 


r= u 
A+ A . 
B-1+ 0 
C-1+ D 
D-1+ : 
E-1i+ 
EXAMPLE I 
Since we have found that 
Se a Os es 
e 1 1:2 1:2°3 1:2°3°4 
a+ 5 
2+ 1 
3 + 
44+ — 
5+: 


In order to avoid asymmetry at the beginning, we write this 


as 
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EXAMPLE II 


We have also found that the cosine of an arc which is equal to the radius 


can be written as 


r=1- i + 4iig — 1 42.30 + 1 12-30-56 — +++ . Tf we let 
2 2 2 2 
A =1,B =2,C = 12, D = 30, EF = 56,-:- , then we have the continued 
fraction 
1 
r= 7 ; 
1+ - 
1+ 1 
11 + 30 
29 + 
55 +t 
or 
1_ |e L 
° 1+ 5 
11 + 30 
29 + 
55 to 


371. Let the series be of the form 
a= A — Bz + C2? — Dz? + Ezt— Feb + --- , then 


a = Ab, B= Bbcz _ ACecdz 


A — Bz’ (A — Bz)(B — Cz)’ 


5 = BDdez c= CEHefz _ 
(B — Cz\((C — Dz)’ (C — Dz)(D — Ez)’ 


. If we let 
6 = 1, then a = A; 


A — Bz, then B = Bz; 


° 
II 


a 
II 


B — Cz, then y = ACz; 


e = C — Dz, then 8 = BDz; 
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etc. so that 
= A 
1 + Be 1c 
A — Bz + é 
B- Cz + Bbz 
C — Dz + 
372. In order to obtain a more general’ result, we let 
3 4 
~-4 Bu, Gy , Py By 4 , then 
L Mz Nz* Oz3 Pz‘ 
y = Ab g . __Bbbey _ ACM* cdyz 
L’ AMz — Bly’ (AMz — BLy)(BNz — CMy)’ 
2 
6 = ____BDN'deye - ++ | When we choose the following values 
(BNz — CMy)(COz — DNy) 
for 6, c, d,:-:: , the values for a, B, y, °° - result: 
b= L a=A 
c = AMz — BLy B= BL*y 
d = BNz — CMy y = ACM’ yz 
e = COz ~— DNy 58 = BDN* yz 
f = DPz — EOy € = CEO’yz 
etc. It follows that the given series is represented by the following continued 
fraction. 
A 
r= ; 
L+ BL'y ; 
AMz—~ BLy+ ACM" yz 
BNz—-CMy+ :°-: 


373. Let the given series have the form 


_ A ABy , ABCy? ABCDy? 
6 = — - — er rs , then 
L DLMz LMNz DLMNOz 
— _ Ab _ Bbcy _ CMcdyz 
a= ss) B ~ ,y = ’ 
L Mz — By (Mz — By)(\Nz — Cy) 
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DNdeyz EOef yz 


> (We — Cy\(O2 — Dy)’ © ~ (Oe — Dy)(Pz ~ By)’ 


In order to 


find integers we choose as follows: 


b= Lz a = Az 

c = Mz — By B = BLyz 
d = Nz — Cy y = CMyz 
e = Oz — Dy 6 = DNyz 
f = Pz — Ey e = EOyz 


etc. We then obtain the following continued fraction 


Az 
_ BL 
Lz + ye OM 
Mz — By + ¥? DN 
Nz — Cy + y? 
Oz — Dy + 


374. In this way it is possible to find innumerable continued fractions which 
continue indefinitely and whose value is known. Since in previous chapters we 
have discussed infinite series whose sum is known, these series can be transformed 
into continued fractions with the same value. We have given enough examples to 
illustrate this point. It would be desirable to find a method by which any given 
continued fraction could be immediately evaluated. Although a continued frac- 
tion can be transformed into an infinite series whose sum can be investigated, 
still many of those series are so intricate that their sums, even though they may 


be simple, cannot , or can only with great difficulty, be found. 


375. In order that this point may be seen more clearly, we note that there 
are continued fractions whose value we know from other sources, but from the 


infinite series into which they are transformed, we obtain no information. For 
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— 


example, consider the continued fraction z 
2+ 
2+ 


in which all of the denominators, are equal. If we use the method given above to 


form a series we have the sequence of fractions 


0, 2, 2, 2, 2, 2, 2,77: 
1 OL 2 5 Lh 29 
0’ 1’ 2’ 5’ 12’ 29’ 70’ 
I'rom this sequence we have the series 
Pe ee rs Ge 
2 2°5 5°12 12°29 29°70 
; 2 2 
terms two at a time, we have zr = —— —— 
| 1°5 5:29 
c= a . We even have, since 
2 2°12 12-70 
eee ee se 
4 2°2°5 2°5°12 2°12-29 
4 1:5 2°12 5°29 12-70 


Although _ this 


If we combine the 


ay 
29°169 


or 


series is 


strongly convergent, we have no information about its sum. 


376. We consider continued fractions of the kind in 
are all equal or are periodically repeated. 
beginning are dropped, then the fraction keeps the same 


method for finding the value. In the example, since 


which the denominators 


In this case, if some terms at the 


value. There is an easy 
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and 2? + 22 = 1,sothatr +1 = V9. It follows that the value of 


2+ 2 
the continued fraction is equal to V9 — 1. The sequence of fractions we found 
above approximate this value more and more closely and very quickly. In fact 


there is hardly a quicker way of approximating this irrational number with 


rational numbers. Indeed V9 — 1 is so close to - that the error can hardly be 


detected. Notice that V9 — 1 = 0.41421356236 while = 0.41428571428, 
and that the error is in the hundred thousandth place. 


377. Since continued fractions are such a convenient way of approximating 
the value of V9, I will now indicate a very easy way of approximating the square 


roots of some other numbers. For this purpose we let 


1 
C= , 
at i 
a + i 
a + , 
a t+ 
at 
Then zt = u and 2” + ar=1. It follows that 
atazr 


1 \/ ) v a’ +4- a4 : 
c= - 3? + 1 + (1/4)a* = er Now we can use continued frac- 


tions in order to find the square root of the number a? + 4. We illustrate this 
by choosing successively for a the values 1, 2, 3, 4, etc., in order to find 


Vs, V2, V 13, V5, Vv 29, V10, V 53, etc., where we have given the square root 


in its simplest form. 
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1, 1, 1, 1, 1, 1 
011235... _V5-1 
1’ 1’ 2’ 3’ 5’ 8 y) 
2, 2, 2,2, 2 2 
O12 5 2. ~Vo_4 
1’ 2’ 5’ 12’ 29’ 70 
3, 3, 3, 3, 3, 38 
Oo 1 3 10 33 109... _ ViI3~3 
1’ 3’ 10’ 33’ 109’ 360 2 


4, 4, 4, 4, 4, 4 
O14 17 72 30... _VWe_o. 


1’ 4’ 17’ 72’ 305’ 1292 


We should note that the approximation is more rapid the larger the value of a, 


for instance, in the last example V5 =2+ ap where the error is less than 
1 ; ; . 1292 

——————,, where 5473 is the denominator of the next fraction ; 

1292-5473 5473 


378. This method does not give an approximation of the square root of all 
numbers, but only those which are the sum of two squares. In order to extend 


the method to include all numbers we let 


1 
r= , 
at i 
b + 7 
at i 
b + 7 
a+ 
b + 
Then 2 = ——b—— = —2t2  andso ar? + abs = b. 
at 1 ab + 1+ ar 
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It follows that 


_ VV 222 
b + V(1/4)b? + (b/a) =—-02 + “ab + dab 


r= i = . From this expres- 
2 2a 


sion we can obtain the square roots of all numbers. For example, let a = 2 and 


_ V14- _ V4 
6 = 7, then rc = ——s— = tat . The approximate value of 


z is obtained from the following sequence of fractions. 


2, 7, 2 7, 2 7 


O 1 7 15 112 239 

1’ 2’ 15’ 32’ 239’ 512. 

_ V7 
We have the approximate value of 7+ 3N7 is 239 so. that 
2 510 
V7 = os = 2.6457516. The true approximate value of V7 is 2.64575131 and 
; 3 
the error is less than ————— . 
10000000 


379. We extend this method even further by letting 


1 
I= i 
a+ , 
b+ i 
c+ i 
at i 
b+ , 
c+ 
at: 
It follows that 
1 1 
t= nr ae 
a t+ a + 
1 br + bc + 1 
b + 
ct+ez 
br + bc + 1 


= 80 that 
(ab + l)t + abe tate 


(ab + 1)z* + (abc + a — 6 + c)z = be +1, and 
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— abe -at+6b-c +t V(abe ta +b +c) +4 
r= . 
2(ab + 1) 

We note that the quantity under the radical is again the sum of two squares, so 
that it is no more helpful than the first method. In a similar way, if four letters, 
a, 6, c, d, are continually repeated in the denominators of continued fractions, 
then the result is like the second method, which contained only two letters, and 


so forth. 


380. Just as continued fractions are very useful for the extraction of square 
roots, so also they can be used for solving quadratic equations. It is clear from 
the above calculation that z is the root of a quadratic equation, but conversely, if 
x is the root of any quadratic equation, we can use continued fractions to solve 


the equation. Let 2? = ax + b be a given quadratic equation, so that 


r=art o When we substitute in the last term for z the value already 
r 


obtained we have x = a + ————-. In a similar way we proceed indefinitely to 
at+— 
x 
obtain the infinite continued fraction rc = a + b 5 
at ; 
at 
at 


Since the numerators, 6, are not equal to 1, this expression is not too convenient. 


381. In order to use continued fractions in calculations we note that any 


ordinary fraction can be expressed as a continued fraction. Let the fraction be 
r= BR in which A > B. When A is divided by B we obtain a quotient equal 


to a@ and a remainder C. Then the previous divisor, B, is divided by the 


remainder C’ to give a quotient 6 with remainder D. Next we divide C by D. 
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This operation, which is the usual method for finding the greatest common divi- 


sor of A and B, is continued until it comes to an end, as follows. A = aB + C, 
so that 2 = a+ 2: B= 0C + D, so that 2=0+ 2, ¥=-—1 . 
b B C CB D 
b+ = 
C 
C= cD +E, so tht 2--+2,2=- u ; D = dE + F, so that 
D D ¢ E 
c+ — 
D 
Pe d + f Be —i_. etc. It follows by substitution that 
E E D F 
d+ — 
E 
r= 2 =a+=4+——— = a+ ——— = *++ . so that x 
b + a b + - 
c+ — 
D 
can be expressed in terms of a,b,c,d, etc. as _ follows. 
xr=at | i 
b + j 
c + i 
d + i 
e + 
f + +: 
EXAMPLE I 
1461 


. We convert this fraction into a continued 


Let the given fraction be 


fraction with all numerators equal to 1. We begin the operation which leads to 


the greatest common divisor of 59 and 1461. 


1461 _ 4, , 45 
59 59 
8,44 
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14 14 
ag 
3 3 
Saiyt 
2 2 
2 240 
1 
It follows that = 24 + | ; 
1+ ; 
3+ ; 
4+ 7 
1+ = 
2 
EXAMPLE II 


Decimal fractions can also be transformed into continued fractions. 


V2 = 1.41421356 = saoneonn we begin the operation with 
141421356 _ + 41421356 100000000. _ 
100000000 100000000 41421356 
41421356 _ i+ 7106780 17157288 _ 
17157288 17157288 7106780 
7106780 _ 1 1219324 2943728 _ 
2943728 2943728 1219324 


1219324 _ 0 4 209364 


Since 


17157288 


41421356 


2943728 
7106780 


905080 
1219324 


= etc. From these calculations we see that the denomi- 


5905080 905080 


nators are always 2, so that 


Vo=1+4 u 
0+ 


but this is the expression already found earlier. 
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EXAMPLE Il 


Something especially deserving our attention is the number e, whose loga- 
rithm is 1, and whose value is 2.718281828459. It follows that 


e —1l 


= 0.8591409142295 . If we express this decimal fraction as a continued 


fraction, using the method given, we obtain the following. 


10000000000000 _ i+ 1408590857704 


8591409142295 8591409142295 
8591409142295 _ + 139863996071 
1408590857704 1408590857704 
1408590857704 _ n 9950896994 
139863996071 139863996071 
139863996071 _ 551438155 
9950896994 9950896994 
9950896994 _ 18 + 25010204 
551438155 551438155 
Sol4sslo5 _ 22 + 1218667 etc. If the value for e at the beginning had been 
25010204 25010204 


more exact, then the sequence of quotients would have been 
1, 6, 10, 14, 18, 22, 26, 30, 34, --- which form the terms of a geometric progres- 


sion. It follows that 


This result can be confirmed by infinitesimal calculus. 


382. Since fractions arise from this operation which very quickly approxi- 
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mate the value of the expression, this method can be used to express decimal 
fractions by ordinary fractions which approximate them. Indeed, if the given 
fraction has a very large numerator and denominator, then a fraction expressed 
by smaller numbers can be found which does not give the exact value, but is a 
very close approximation. This is the problem discussed by WALLIS and has an 
easy solution in that we find fractions, expressed by smaller numbers, which 
almost equal the given fraction expressed in large numbers. Our fractions, 
obtained by this method, have a value so close to the continued fraction from 
which they come, that there are no other numbers, unless they be larger, which 
give a closer approximation. 


EXAMPLE I 


We would like to find a fraction which expresses the ratio of the circumfer- 
ence of a circle to the diameter such that no more accurate fraction can be found 
unless larger numbers are used. If the decimal equivalent 3.1415926535 --- is 


expressed by our method of continued division, the sequence of quotients is 


3, 7, 15, 1, 292, 1, 1, ---: . From this sequence we form the fractions 
i 3 22 333 399 108993 -++ | The second fraction already shows that 
0 1 7 106 113 33102 


the ratio of the diameter to circumference to be 1:3, and is certainly the most 
accurate approximation unless larger numbers are used. The third fraction gives 


the Archemedian ratio of 7:22, and the fourth fraction give the Metian ratio 


which is so close to the true value that the error is less than oe . 
113°33102 


addition, these fractions are alternately greater and less than the true value. 


327 
EXAMPLE II 


We would like to express the approximate ratio of one day to one solar year 
in smallest possible numbers. This year is 365 days, 5 hours, 48 minutes, and 55 


20935 


seconds. That means that one year is 365 : 
86400 


days. We need be concerned 


only with the fraction, which gives the sequence of quotients 4, 71, 1, 6, 1, 2, 2, 4 


and the sequence of fractions OL 7 8 55 63 181 The hours, 


1’ 4’ 29’ 33’ 227° 260’ 747 
minutes, and seconds which exceed 365 days make about one day in four years, 
and this is the origin of the Julian calendar. More exact, however, is the eight 
days in 33 years, or 181 days in 747 years. For this reason, in 400 years there are 
97 extra days, while the Jultan calendar gives 100 extra days. This is the reason 


that the Gregorian calendar in 400 years converts three years, which would be 


leap years, into ordinary years. 


END OF THE FIRST BOOK. 


